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ABSTRACT. In this paper, we establish global C? a priori estimates for solutions
to the uniformly parabolic equations with Neumann boundary condition on
the smooth bounded domain in R™ by a blow-up argument. As a corollary, we
obtain that the solutions converge to ones which move by translation. This
generalizes the viscosity results derived before by Da Lio.

1. Introduction. In this paper, we consider the large time behavior of smooth so-
lutions to the following uniformly parabolic equations with linear Neumann bound-
ary value condition,

u — F(V2u) =0 in  x (0, 00),
u(z, 0) = up(x) on Q x {0}, (1)
G(z, Vu) =0 on 90 x (0, 0),

where  C R" is a smooth bounded domain, F' is a smooth real function defined on

8™, 8™ denotes the space of n X n real symmetric matrices, G(z, Vu) = u, —(z), v

is the inner unit normal vector of 9Q and ug, ¢ € C°°(Q) such that G(z, Vug) = 0.
Suppose F' satisfies the following structure conditions:

(F1) AL < F(r), [F(r)] < polr];

(F2) [Fx(r)| < palXY];

(Fg) FX)((’I“) < 0,

for all x € Q,r € S™, X € 8", where A, ug, 41 are positive constants. In addition,

we assume
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(F4) There is a smooth function Fi, such that
s 'F(sr) = Foo(r) locally uniformly in C*(S™), as s — +o0.
Our main result is the following global C?—estimates.

Theorem 1.1. Let 2 be a bounded domain in R™ with smooth boundary. Assume
F satisfies (F1)-(F4), ¢ € C*(Q), then we have the uniform (int) estimate for the
solution to (1),

lue ()l + IVuC Dl o) + IVl Bl em < O (2)
where C' is independent of t.

In [6], Huang and Ye exhibited a convergence result under assumptions on a-priori
estimates,

Theorem 1.2 ([6]). Let Q be a bounded domain in R™ with smooth boundary.
Assume F satisfies (F1) and (F3), ¢ € C*°(Q). For any T > 0, assume that

u € C4+"’4+TQ(Q x (0,T)) is a unique solution to the nonlinear parabolic equation
(1) which satisfies

Hut('at)”c*(ﬁ) + ||VU('7t)||c(§) + ||v2U('7t)||c(ﬁ) < Ch,

and

- 1
ZGPk (z, Vu)yy > o (3)

2
k=1

where C1 and Cy are positive constants independent of t > 1. Then u(-,t) converges

to a function U + 7t in C<(Q)NC4 " (D) ast — oo for any D cC Q, ¢ < 1 and

o < a, that is

lim ||U(',t)_(U(')+7t)“cl+c(§) = 07 tilinoo ”u('at)_(U(‘)—i_Tt)HC“r&(ﬁ) =0. (4)

t——+oo

Joint with Theorem 1.2, we have the following convergence result.

Corollary 1. Let Q be a bounded domain in R™ with smooth boundary. Assume
F satisfies (F1)-(F4), ug, o € C®(Q), such that G(z,Vug) = 0, then the unique
smooth solution u(z,t) to equation (1) converges to Tt + U in the sense of (4),
where (U, T) is a suitable solution to

(5)

F(V2U) =7 in Q,
G(z,VU) =0 on 9.

The constant T depends only on Q, ¢ and F. The solution to (5) is unique up to a
constant.

In the note, we deduce the estimate (2) for the problem (1).
Our work is motivated firstly by [3], where Da Lio studied the large time behavior
as t — 400 of the viscosity solution x to the Neumann boundary value problem

xt + F(z,Vx,V2x) =X  in Qx (0,00),
x(z,0) = xo(2) on Q x {0},
L(z,Vx)=p on 99 x (0, 00),
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where F' and L are at least continuous functions defined respectively on QOxR”xS™
and 2 x R™. The author got a convergence result x — oo, as t — +00 uniformly
in €, where u is a solution to

F(x,Vu,Vu) = A in Q x (0, 00),
L(z,Vu)=p on 90 x (0, 00),
under the assumption that F' satisfies

(*F1) The function F is locally Lipschitz continuous on Q x R™ x 8™ and there
exists a constant K > 0 such that, for any z,y € Q, p,q¢ € R*, M,N € 8",

[F(z,p, M) = F(y,q, N)| < K{|lz —yl(1+[p| + lq| + [M[+[N]) +[p— gl + |M = NI}
(*F2) There exists ¢ > 0 such that, for any z € Q, p € R", M, N € 8" with N >0,
F(z,p,M + N) — F(z,p, M) < —Tr(N).

(*F3) There exists a continuous function Fi, such that
t F(x,tp,tM) — Foo(x,p, M)  locally uniformly, as t — +oo0,
and L satisfies

(*L1) There exists § > 0 such that, for every (x,p) € 92 x R, and s > 0, such
that
L(x’p + sn(:r)) - L(l’,p) > 53;
where n(x) denotes the unit outward normal vector to 9 at x.
(*L2) There is a constant K > 0 such that, for all z,y € 99, p,q € R™, such that

\L(z,p) = L(y, @) < K[(1 + [p[ + la)x = y[ + [p — q]-
(*3) There exists a continuous function Ly, such that
t'L(z,tp) — Lo locally uniformly, as t — +oo0.

More relative work can be found in [2].

Another motivation of the paper comes from [7] in which Kahane considered
the heat equation subject to a homogeneous Neumann boundary condition on the
smooth and convex domain as follows

u —Au =0 in  x (0, +00),
u(z,0) = up(x) on  x {0},
u, =0 on 00 x (0, +00).

He got an estimate for the spatial gradient of solutions in terms of the gradient of
the initial data. However, the zero Neumann boundary condition and the convexity
of the domain play important roles in the proof of the estimate of the gradient. We
will in this paper get rid of these two restrictions to obtain the gradient estimate to
the solutions of the diffusion equations and generalize the result of [7] to uniformly
parabolic differential equations.

For the smooth solutions case, Schniirer [12] studied a class of curvature flow in
R™*! with second boundary condition

X=—(InF—1Inf),
v(M) = v(Mo), (6)
M|t:0 = Mo,

where X is the embedding vector of a smooth strictly convex hypersurface with
boundary, M = graph(—u) |q, u : Q@ — R, v is the upwards pointing unit normal
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vector, X is its total time derivative and Q C R”, n > 2 is a smooth strictly convex
domain, f : @ — R is a given smooth function, and F is a curvature function.
Schniirer transformed the curvature flow into some sort of (1) and then he showed
the boundary condition is strictly oblique and derived the C2-a priori estimates.
Finally he proved that there is a smooth solution M (¢) = graph(—u(-,t)) | to (6)
for all times ¢t > 0 which exists for all positive time and converges smoothly to a
translating solution M = graph(u®) |q of the flow (6). Huang-Ye [6] established
a generalization of Schniirer convergence result as we state in Theorem 1.2.

A similar convergence result was obtained by Ma-Wang-Wei [11] for graphic mean
curvature flow with Neumann boundary condition.

n

v %y - ;0 x (0.50)
ij=

uy, = () on 08 x (0, 00),

u(x,0) = uo(w) on ,

where ) is a strictly convex bounded domain in R™ with smooth boundary for
n > 2, ug and ¢ are smooth functions satisfying ug, = ¢ on 9€2. They proved that
up to a constant the solutions converge to a translating solution A\t + w. In other
words, (w, \) is a solution to

n

-Zl((gij — %)U” = )\ in Q,
,]=

u, = @(z) on Of.

In fact, [11] provides a good approach to convergence result under assumption of
uniform (in ?) [lui(-, 1)l c @), [Vu(- )], estimate to quasi-linear equation which
is inspired by [1]. However, the strict convexity of the domain plays an essential
role in the proof of the result. After we establish the estimate for [[u(-,?)[| (),
[Vu, )o@ | V2u(:, t)llc@)» we could apply the proceeding in [6] or [11] to obtain
the convergence result. Specifically in this paper, we will apply Theorem 1.2 to
obtain the Corollary 1 after we obtain the estimate (2).

In the rest of this paper, we use a blow-up technique to bound the oscillation
of u(-,t) and then obtain the estimate of || Vu(-,?)[|g, and ||V2u(~,t)||c(§). All
a priori estimates are based on the computation of equations satisfied by some
function for the solution and the distance, this kind of auxiliary function method
is usually adopted to get the a priori estimate to the solutions, on can refer to [10],
[11] ete. In Section 2, we deal with the special case with F(V?u) = Au. In Section
3, we deal with general F satisfying (F1) — (F4).

2. Asymptotic behavior for the diffusion equations. In this section, we study
the asymptotic behavior of the following diffusion equation with Neumann boundary
value. As we all know, the diffusion equation is the most typical one among the
uniformly parabolic equations and we treat it firstly.

u —Au =10 in Qx[0,7T),
u(z,0) = up(x) on Q x {0}, (7)
Uy = on 00 x [0,T),

where Q is a bounded smooth domain in R", ¢, uq € C*°(Q) and ug, = ¢ on O .
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Lemma 2.1. Let 2 be a bounded domain in R™ with smooth boundary, n > 2. If

u(z,t) is a smooth solution to (7), then sup |u|? = sup |us(z, 0)|2, so there is a
Qx[0,T) Q

constant C depending only on ||V?ugl|co(q) such that
[[utl| Lo (@x[0,7)) < C-

Proof. A direct computation gives

0
(@ — A)(’U,?) = QUtUtt — QUtAUt — 2‘VU,¢|2 = —2|Vut|2 S 0.
We apply the weak maximum principle to get
sup |w]? = sup |ug|?.
Qx(0,T) (Q@x{0})U(82x (0,T))

On the other hand, (u?), = 2uzuy, = 0, Hopf Lemma leads that the maximum
cannot occur on 99 x (0,7, then

sup Jurl? = sup |us]? = sup|Aug|.
Qx(0,T) Qx{0} Q

O

Let v(x,t) = u(x,t) — u(xo,t), zo € Q be a fixed point. In the following of this
section, we firstly give a time-independent bound for |v| via a blow-up technique.
With the help of C? estimate of v, we then get the bound for ||v||¢2. Estimates for
|Vu| and |V2u| then follow naturally. Finally we apply the Schniirer convergence

result([12], see also[6]) to obtain that the smooth solution converges to a translating
solution.

Lemma 2.2. Let Q be a bounded domain in R™ with smooth boundary, n > 2.
If u(z,t) is a smooth solution to (7), v(z,t) is defined as above, then there is a
constant Ay > 0, independent of T, such that

lvllcoxo,m)) < Ao-

Proof. Let A = ||v||cox[o,r)). Without loss of generality, we suppose A > ¢ :=
osc(ug) > 0. (Otherwise we get a constant solution to (7).) Suppose A is un-
bounded, that is to say A — co as T' — oo. Let

v(x,t).

w(z, t) = 1

It is easy to see

w(xg,t)=0for t€[0,T) and sup |w|=1.

Qx[0,T)
And w(x,t) satisfies
w; — Aw = —4ez0.l) in Q x [0,7),
w(z,0) = % (ug(x) — ug(zo)) on  x {0}, (8)
w,(z,t) = Lo(x) on 00 x [0,T).

To complete the proof, we need the following propositions.
Proposition 1. Suppose w € C*2(2 x [0,T)) and satisfies
wy — Aw = f(t) in Q x[0,7),
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for f € C([0,T)), Then ¥V Q' CC Q,

sup |[Vw| <C,
Q' x[0,T)

where C' is a positive constant depending only on dist(QY',09), [|w||L=@x[0,7));

11l o= (j0,7))-

Proof. We will prove that for 0 < 7" < T, we can bound |Vw| in €’ x [0, 7”] indepen-
dent of 7" and then take a limit argument. Denoting by M = [|w| 1@ x[0,1)), N =

—x 2
£l o= (fo.7y) and wo = L (ug(x) — ug(x0)). For any z1 € ', let n = (1 — EZ2ly+

where R is small such that R < dist(£Y,09), and
H = n*|Vw|* + Bw?,

where B is a positive constant to be determined later. Suppose H obtains its

maximum at (zg,%9) € Q x [0,7"].
Case 1. n(zg) = 0. Then
|\ Vw|?(z, t) < H(z, t) < H(xo, to) = Bw?(zo, to) < BM?.
Case 2. tg = 0. Then
n?|Vw|*(x, t) < H(z, t) < H(xg, to) < |\Vw0||2co(§) + BM?.
Case 3. n(zg) # 0 and ¢y > 0. At (z0,%0), we compute
0= H; = (11°)i|Vw|* + 7 (|[Vw]*); + B(w?);,
0 < Hy = °(|Vwl?), + B(w?),

and

4Bw
0> Hy; = (2nmi; — 6mim;)|Vw|? — T(wmj +w;ins) + 0 (IVwl?)ij + B(w?)y;.

Hence
0>n*(AH — Hy)
=(2n°An — 61*|Dn|?)|[Vw|* — 8 BnuVwVn
+ 0 (A(Vw]?) = ([Vwl?)s) + B (A(w?) — (w?)y)
=I4+ 1T+ I+ 1V,
where

I:= (2n*An — 67%|Dn|*)|Vw|?,

II:= —8Bnw Y  VwVn,
i,j=1
1L := 7 (A(Vwl?) = (IVw]?)e) = 25" V2w]?,
IV := Br2(A(w?) — (w?),).
By direct computation, we have
2 2
Vnl <=, |V < =.
Vil < 7 IVl < 4
By (9), we obtain that
28
1] < ZyrPIDwP,

11| < Bn?|Dw|* + = BM?.
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Now we deal with the fourth term.
IV =B’ (A(w?) — (w?);)
=2Bn*|Vw|? + 2Bn*wAw;; — 2Bn*ww, = 2Bn*|Vuw|* + 2Bn*wf
>2Bn?|Vw|* — 2Bn*MN.
Combining with these terms together, we have
O>I+II+III+1V

2_ %BMQ —2BMN.

28
>(B - =)l Duf’ - o

Taking B\ = % + 1, we have
1°|Vw|? < C(M, R, || Dwol| coggys [1f oo o,y))-
Combining these cases above, we derive the estimate

n?[Vw|? < C(A, po, 1, M, R, [[Vwol| gogays | fllcoo.y)-

Hence,
Vel(z, t) < C(M, R, Vol o | Flosgor), ¥ € .

Now Proposition 3 is proved. O

Remark 1. If f = *W’ and ||w| g (ax[0,1)) We have
sup |Vw| < C(dist(Q',09), | f]| 2= (o,1)))
@' x[0,T)
= C(dist (€', 09), [Juo|lc2(q),0sc(ug))-
Suppose Q is a bounded domain in R?, n > 2, 9Q € C3. Set
d(x) = dist(z, 08)

and

Oy ={zeQ:d(x) <o}
Then there exists a positive constant o; > 0 such that ¥V o < 01,d € C3(Q,). As
mentioned in Lieberman [10] or Simon-Spruck [13], we can take Vd in Q, which is

a C? vector field and v = Vd on the boundary. As mentioned in the book [5],we
also have the following formulas

n
IVu[+|V20 < C(n,Q), |v|=1, Y V'Vl =0, Vj=1,---,n inQ,. (10)
=1

Proposition 2. Let 2 be a bounded domain with smooth boundary in R™ andn > 2.
Suppose that w € C32(Q x [0,T)) is a solution to (8) for ug € C*(Q),p € C3(Q)
and u € C32(Q x [0,T)), which is a solution to (7). Then for <oy, there holds

sup |Vl < C,
Q, x[0,T)

where C'is a positive constant depending only on Q,n, [luol|c2(q), 0sc(uo), [[¢l s @) -
Proof. We will prove that for 0 < 77 < T, we can bound |Vw| on 092 x [0,T"]

independent of 7" and then take a limit argument.
Let

H = ¢?Y|Vh|* + Buw?,
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where h = w — %gpd, B and ( are positive constants to be determined later. Denote
—%g@d by P. Suppose that H obtains its maximum at (xq,ty) € Q, x [0,7"] .

Case 1. g € 09). We choose a proper coordinate around zq, such that 3% = .
Note that at (zg, to),

d,=1,d, =0, fora=1,---,n—1, and d,; =0, fori=1,---,n.
Then we find
h,=0, hy=w, and hp,=0, fork=1,---,n—1.
Denoted by b;; the Weingarten matrix of 02, we then have at (xq,%) ,
0 >H, = Bd,|Vh]* + (IVh*), + B(w?),

n—1

=BIVA> + 2 hihin + 2hn b + 2Bww,
k=1
n—1 0
— 2 . s
=B|Vh|* +2 Z hihibi +2Bw
i,k=1
:=I + II + III,
where
_ 2 _ 2 2 . B 2 2
I=B|Vh|]* = B(|Vw|* + [VP[* + 2 wP;) > 5 [Vwl” = BIVP[,
i=1
n—1 n—1
i,k=1 i,k=1
||80||cl(§)

2
III| = |2Bw~—| £ 2B
] = 2Bw | < 20

Hence we obtain
0>H, =1+11+1II

lellen

>0 — BIVPP 2|V — 281

Taking 5 = 4sup |b;;| + 2, we get
o

[Vw[*(z0,t0) < C(Q,m, [luoll L=y, |#llor @)

Case 2. xg € 902, N Q. In this case, the estimate follows from the interior gradient
estimate.

Case 3. tg = 0. We have
[Vw|?(0,0) < C(Qn, [luollcr (a))-
Case 4. (z9,t0) € Q5 x (0,7']. In this case, we have
0 <H; = e”*(|Vh[*); + B(w?),
0 =H; = Bdie"|Vh|* + "4 (|Vh|?)i + B(w?);.

Since the Hessian of H at (zo,to) is non-negative definite, by the equalities above
we have
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0 >H;; = (Bdij + °did;)eP|Vh|* + Bd;e”(|VR[),
+ Bd; e (IVh|?); + P4 (Vh|?)i; + B(w?);
=(Bd;; + B2d;d;)eP |V h|? + 4|V h|?);
+ B(w?)ij — Bd;Bd;eP|\Vh|* — Bd; B(w?); — Bd;Bd;eP Y| Vh|* — Bd; B(w?);
=(Bdij — B*d;d;)e’?|Vh|* — 2BBw(dyw; + djw;) + e’ (|Vh|?)i; + B(w?)s; .
Then
0 >AH — H,
=(BAd — B2|Vd|*)e?Y|Vh|?* — 4BBw(Vd, Vw) + e’?A(|Vh|?) + BA(w?)
— e(|Vh|*); — B(w?),
=(BAd — B2|Vd|*)e?4|Vh|* — 4BBw(Vd, Vw) + B(A(w?) — (w?),)
+PUA(VAP) = (IVAI?))
=J1 4+ Jo+ I3+ J4,
where
1J1] = [(BAd = B2[Vd|*)e™ VR < (82 + BC)e (2] Vw|? + 2| VP[?),
|J2| = [4BBw(Vd, Vw)| < B|Vw|? +4Bj3?,

ug (o, t)
A b

J3 = 2BwAw + 2B|Vuw|? — 2Bww; = 2B|Vw|? + 2Bw

T4 >2eP4> " hi(Ahy — hyy)
k=1

=21 " (wy, + Pr) (Awy, + APy, — wie)
k=1

n
=2¢P4 Z(kaPk + PrAPy)
k=1
> — eﬂdiamQ‘V’w‘Q — C(Q,’I’L, H(p”cd(ﬁ), ||’LL0HLoo(Q))
Hence,

0>AH-H, =J1+Jo+J3+J4
> — (8% + BC)e ¥ (2] Vw|* + 2|VP|?) — B|Vw|* — 4B*

U (o, t fam
+2BIVuf? 4280 0 s g2 (0, gl ooy ol @)
By taking B = (2(ﬁ2 + BC’) + 1)6/8‘115‘““Q + 1, we have
[Vw[*(z0,t0) < C(Q,n, [uollo2(0)s el @))-

Since

66d|Vh|2(x’t) < H(.I,t) < H(x()’t()) < C(Qana HUJO”CQ(Q)a ”90”03(5))’
these four cases together with |[VA|?> > |Vw|*> — |[VP|? give

|Vw|(z,t) < C(Q,n, |luollc2(n), 0sc(uo), ||<p||03@)) in Q, x [0,7"].
Remark that the bound is independent of T”, we finish the proof. O
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We deduce the estimate of w; from that of u;. Joint with Proposition 1 and 2
we then get the uniform C*© estimate for k € Z*+ and 0 < a < 1 by the Schauder
theory.

Proof of Lemma 2.2. We continue the proof of Lemma 2.2. For n € ZT, denoted by
W, = Wlg, (g, ) and assume that A, = sup |wy] is attained at the point (zn, tn).
Qx][0,n]
For (z, s) € Q x [0, 1], we define that g, (z, s) = w,(z, s +t, — 1). Then g,(z, s)
satisfies that
90 _ Ng, = —LEta=D 5y 0 (0, 1],

ds An
gn(2,0) = wy(z, tn —1)  on Qx {0},
%:% on 99 x [0,1].

Since we have derived the uniform spatial C' estimate of w, independent of

t € [0, n], so are g,(x, s) for s € [0, 1]. Thus we can conclude that the function

sequence g¢p(z, 0) = wy(z, t, — 1) is uniformly bounded and the derivatives are

also uniformly bounded. Arzela-Ascoli theorem then assures that there exists a

subsequence of g, (x, 0) , without of loss of generality we assume g, (z, 0) , converges

to a continuous function go(z) defined on Q satisfying go(zo) = 0 and sup |go(x)| <
€N

1.

The uniform C*% estimate for g, on Q x [0, 1] can also be obtained by the
relation between g, and wy,, thus we can select a subsequence of g,, converges in
the sense of C** for k € ZT and 0 < a < 1 to g on Q x [0, 1]. Obviously, we have

99 _Ng=0 in € [0,1],
9(z,0) = go(z)  on Qx {0},
%:0 on 0§ x [0,1].

By a simple limit argument we can conclude that g(zg, s) = 0 for s € [0, 1] and
lg(z, 1)| = 1 for some z € Q. This is a contradiction with the maximum principle
and Hopf Lemma for the parabolic differential equations. Now we finish the proof
of Lemma 2.2. O

Theorem 2.3. For any T > 0, if u is a smooth solution to (7), then we have the
estimate,

e Ol @) + IVul Olleg) + ||V2u('=t)||C(§) <C,tel0,T),
where C' is a constant independent of t and T.
Proof. The equation for v is
vy — Av = —uy(x0, 1) in Qx[0,7T),
v, = on 002 x [0,T),
v(x,0) = ugp(zr) — uo(xo) in Q.

By Lemma 2.2 we have |[v| < A, a similar proceeding as in Proposition 1 and
Proposition 2 gives

IVo(, Dllg@ <€
Schauder theory then gives
19200, 8)l @ < C-
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Noting that v(x,t) = u(x, t) — u(zo,t), we then obtain
IVul e + IV O)lle@ < C-
Combining this with Lemma 2.1 we complete the proof of Theorem 2.3. 0

3. Asymptotic behavior for the uniformly parabolic equations. In this sec-
tion we deal with the general uniformly parabolic equations, here we should com-
plete the estimate of the second derivative of the solutions while only the gradient
estimate is needed for the diffusion equations. We in the following focus on

u — F(V2u) =0 in Qx[0,7T),

u(x,0) = up(z) on 2 x {0}, (11)

Uy = @ on 002 x [0,T),
where (2 is a smooth bounded domain in R", ¢, ug € C°°(Q) such that Up,, = P on
00. Moreover, we suppose that F satisfies conditions (F1)-(F4).

Lemma 3.1. Let 2 be a bounded domain in R™ with smooth boundary, n > 2. If

u(z,t) is a smooth solution to (11), then sup |us|> = sup |u(z,0)|?, so there is
Qx[0,7) Q

a constant C' depending only on po and ||V?ugl|co(q) such that
|t oo (@xj0,7)) < C.

Proof. Let us denote % lr=v2u F(r) by FY and let L = Fi79;; — ;. By taking
derivative of u; = F(V?u) with respect to t, we have

n
_ E iJ
Ut = Fu]uijt.

3,5=1
Then

n n n
L(u?) =2 Flupuy +2 Y Flupu; — 2wy =2 Flugug > 0.
ij=1 ij=1 i,j=1
We apply the weak maximum principle to obtain
sup fugl® = sup Jug |
Qx(0,T) (2% {0})U(892x (0,T))
We explore the possibility that the maximum occurs on 92 x (0, 7). Since d,u? =
2uzuy, = 0, Hopf Lemma tells us this can not occur. Thus
sup | = sup |ug|? = sup | F(VZup)|>.
Qx(0,T) Qx{0} Q
O

Let v(z,t) = u(x,t) — u(zg,t) with zo € Q. Similarly as in Section 2, we firstly
give a time-independent bound for |v| via a blow-up technique. With the help of
CY estimate, we get C? estimate for v. Hence estimates for [Vu| and |V?u| follows.
Finally we apply the Schniirer convergence result to obtain that the smooth solution
converges to a translating solution.

Lemma 3.2. Let Q be a bounded domain in R™ with smooth boundary, n > 2.
If u(z,t) is a smooth solution to (11), v(x,t) is defined as above, then there is a
constant Ag > 0, independent of T, such that

vl coaxpo,r)) < Ao (12)
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Proof. Let A = [|v||coax[o,r)). Without loss of generality, we suppose A > ¢ :=
osc(ug) > 0. (Otherwise we get a constant solution to (11).) Suppose A is un-
bounded, that is A — oo as T — oo. Let

w(z,t) = U(i{ t).

Then w satisfies

wy — ZF(Av2 )= —wl@ll iy 0% [0,T),
w(z,0) = (Uo( ) — uo(z0)) on Q x {0}, (13)
w, (z,t) = Lo(z) on 00 x [0,T).
It is easy to see w(xp, t) =0, sup |w|=1. To complete the proof, we need the
Qx(0,T)

following propositions.
Proposition 3. Suppose w € C*2(Q x [0,T))
{wt — LF(AV?w) = f(t)  in Qx[0,T),
(z,0) = wo(x) n £,
for f € C([0,T)), wo € C*(Q). Then there holds ¥ Q' CC Q,

sup |Vw| <C,
Q'x[0,T)

where C' is a positive constant depending only on X, po, p1, dist(Q',00),
1wl zoe @x (0,15 1 fllLo<(0,7))s lwollLos(0)- O
Proof. We will prove that for 0 < 77 < T', we can bound |Vw| in ' x [0, T"] indepen-
dent of 7" and then take a limit argument. Denoting by M = [|w| 1@ x[0,1)), N =

—zq]?
£ 1l o< ([0,7)), and wo = %(uo(a:) —ug(xp)). For any x1 € Q') let n = (1 — %)*
where R is small such that R < dist(£Y,09), and

H = n*|Vw|* + Bw?,

)

where B is a positive constant to be determined later. Suppose H obtains its
maximum at (xg,%y) € Q x [0,7"].

Case 1. n(z¢) = 0. Then
|\ Vw|*(z, t) < H(z, t) < H(zo, to) = Bw?(xo, ty) < BM>.
Case 2. tg = 0. Then

|\ Vw|?(z, t) < H(x, t) < H(zo, to) < vaonéo + BM?.

()
Case 3. 1(zo) # 0 and t9 > 0. At (zg, ), we compute
0= H; = ()il Vw|* + n*(|[Vw|?); + Bw?);,
0 < Hy = n*(|Vwl?); + B(w?),,
and

4Bw
0> Hj = (2nmij — 677%77J)‘V7~U‘2 - T(wmj +w;ni) +n (\Vw\ )ij + B(w )

We denote BT l,—av2w F(r) by Fi. Tt follows from the structure conditions
(F1) and (F2) that
)\61‘]‘ S Fij S uléij and |Fij| S M- (14)
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Hence
n ..
0>n*(>  FYHy; — Hy)
i,j=1
= Z F9(20°n:5 — 6n°nim;) | Vw|? — 8Bnw Z FYw;n;
i,j=1 i,j=1
+0' (Y0 FI(Vw)iy — (Vw)) + B (Y FY(w?)y; — (w?),)
i,j=1 i,5=1
=14+ 1T+ 1T+ 1V,
where

L= 3" Fi@pPn; — 6n’nm;)|Vwl?,

ij=1

Il := —8Bnw Z Fijwmj,

ij=1
L=t ( Y Fi (V) — (IVwl?)),
ij=1
IV = Bi*( Y FY(w?)y; — (w),).
ij=1
By (14) and (9), we obtain that
28111
1] < anlvaQ,
16 5 9 64 5 9
1] < EBnM,uﬂVw\ < ABn*|lVuw|* + WBM ui.

and

111 :2774 Z Fij’(UkiTUkj + 27}4 Z Fij’wkwkij — 27)4 Z WE Wkt
ij,k=1 i,j, k=1 k=1
=2on? Z Fijwkiwkj > 2774)\|V2w|2.
ij k=1

where the second equality is due to taking derivative along the direction of xj on
both sides of the equation w; — 4 F(AV?w) = f(t).
Now we deal with the fourth term.

IV =2Bp* Y Flwmw; +2Bp*w Y  FYw;; — 2Bp*ww; :=IVy + 1V, + 1V,
i,j=1 1,5=1
By (14), we have

IV, = 2Bn? Z Fww; > 2B\ Vw|?,
ij=1

n B 1
IVo| = [2Bn*w Y Fw;;| < 2BMn? 1 |V?w| < Ap*|V2wl* + LB,
ij=1
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1
[TV3| = [2Bn?w(f(t) + ZF(AVQw))| < 2BMN + 2BMn? o |V2w|

1
< 2BMN + \p*|V2w|? + XB2M2p3.

Combining these terms together, we have
0>I+II+1III+1IV

2811
R2

_ 64
AR?

1
BM?*u? — —B*M?(u? + p?) — 2BMN.

>(BA— 5

)n?[Vwl®
Taking B\ = 2%# + 1, we have
1 [Vwl* < C(\ po, 1, M, R, || flleogo,my)-
Combining these cases above, we derive the estimate
17 |Vw|? < C(, ko, s M, R, [[Vawol| co ey [Lf oo,y )-
Hence,
[Vw|?(z, t) < C(A, po, pr, M, dist(2',09), Vo | co gy | fllcogo.ry), Vo € 2.

Now Proposition 3 is proved. O

Remark 2. Note that f = fW,M =1 1n (13), we have

sup |Vw| < C(A, po, p1, dist (€, 0Q), lluol|c2 (0, 0sc(uo)).
Q' x[0,T)

Proposition 4. Let Q be a bounded domain in R™ with smooth boundary, n > 2.
Suppose that w € C32(Q x [0,T)) is a solution to (13) for ug € C?(Q), ¢ € C3(Q)
and u € C32(Q x [0,T)) is a solution to (11). Then V o < o1, there holds
sup |Vw| < C,
Qo %[0, T)

where o1 is defined in Section 2, and C is a positive constant depending only on €2,
n, A, pos H1, [[uolle2(e), osc(uo), ll¢lles)-
Proof. We will prove that for 0 < 77 < T, |Vw| can be bounded on , x [0,7"]
independent of 7" and then take a limit argument.

Denoting by M = |lwl| e (ax[o,1)) as in Proposition 3, and N = || 4elZ0) || g 107y
Let

H = ¢?YVh|* + Buw?,
where h = w — ¢d, ¢ = 4, B and j are positive constants to be determined later.
Denote —¢d by P. Suppose H obtains its maximum at (xg,t) € Q, x [0, T"].
Case 1. x( € 0f). The same proceeding as the case 1 in Proposition 2 and also
taking 8 = 4sup |b;;| + 2, we obtain
oQ

|Vw|2(l’0,to) <Oy n, HUOHLOC(Q)a H<PH01(§))~

Case 2. 1z € 00Q,N€. In this case, the estimate follows from the interior gradient
estimate in Proposition 3.

Case 3. tp=0. We have
|V’LU|2(£C0,O) < C(Q,n, Uo).
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Case 4. (z0,%0) € Q, x (0,7"]. In this case, we compute
0 = H; = Bd;eP?|Vh|? 4+ #4(|Vh|?)i + B(w?);,
0 < Hy = P4(|Vh|?); + B(w?),,
and
0 >Hj;
=(Bdij — B*did;)e’|Vh|* — 2BBuw(djw; + djw;) + " (|VA[*)i; + B(w?)i;.
Then
0>> FYH; - H,
i,j=1

= > FY(Bdi; — B*did;)e?|Vh]? — 2BBw > FY(dw; + djuw;)
ij=1 i,j=1
+B(Y Fi(w?); — w?),) + (Y FU(VA?); — ([Vh))
4,j=1 i,j=1
=J1+Jo+ J3 + J4.

Use (14) again, we have

[T1| =D F9(Bdij—B2did;) e |V h|?| < g (B2 +BC?) e em (D) (2] Wy |2+ 2| VP ?),

i,j=1
LIS 4
[Jo| = [2BBw Y FY(dyw; + djw;)| < 4BBM | Vw| < BA|Vw|® + X,BQMQM%.
ij=1

For the third term, we have

J3=2B Y FYww; +2B >  FYww;; — 2Bwwy := Jg1 + Ja2 + Jss,
i,j=1 ij=1
where
J31 >2B\Vwl|?,

A 2B% 3
a2 <2Bpu|[VZw| < §|V2w|2 + T“H
A 2B2 2 M?
Jag <2BjuoM|V?w| +2BNM < Z|Vul* + % +2BNM.
For the fourth term, we have
n n n B
J4 = 265(1 Z F”hkihk]’ + 2€Bd Z hk( Z F”hkij - ]’th) = J41 + J42,
i,j,k=1 k=1 d,j=1

where
Ja1 = 2PN\ V20)?

> 2PN V20 + V2P +2 ) wiPir)
i k=1
> >\|v2w‘2 _ 2€Bdiam(Q)/\|v2P|2’
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and . .
J42 :26’8d Z hk( Z Fijhkij —_ hkt)
k=1 iy=1
=27 “(wy, + Pr) (Y F(wije + Piji) — wie)
k=1 ij=1
=2¢P4 Z wp F9P . + €4 Z PLFPyjp,
1,J,k=1 i,J,k=1
> — P2 — C(A, 1, Qm, [[uoll L= (o) 19l os @)-
Hence

0>J1+J2+J3+ 14
Z(B)\ o (B2 + BOQ)eﬁdiam(Q) _ eﬁdiam(ﬂ)) Vw|?
— C (A 10 1, 2, ol < 0y, N, 9] s )
Let B\ = 21 (8% + BC?)ePdiam() 4 pfdiam(Q) 1 1 we have
[Vw|? (20, to) < C(X, o, i1, 1, [[uol| Lo @), N, 0l s -
Combining these cases together, we have,
[Vw|? < C(A, po, g1, [[uol|c2(q), 0sc(uo), el cs@y»n. @) in Qo x [0, T'].
Since the bound is independent of the choice of T”, we complete the proof of Propo-

sition 4. O

In the following, we will give the global bound for the second derivatives. First
of all, we give the interior estimate for the second derivative of w.

Proposition 5. Suppose w € C*2(Q x [0,T)) is a solution to

wy — 5 F(AV2w) = f(t) in Qx[0,T),
w(z,0) = wo(x) in €,
for f € C([0,T)) and wy € C?(2). ThenV Q' CC Q, then holds
sup |Vw| < C,
Q' x[0,T)
where C is a positive constant depending only on X, pio, p1, dist(Q',09Q), |lwollc2 (),
I £l (0,75 lwllcr@xio.ry)-
Proof. Firstly, we remark that, to bound the second derivatives, it is sufficient to
give an upper bound for u,,,V 7 € S, due to structure conditions (F1) and (F2)
as well as the boundedness of ||w; | coaxjo, 7)) and || fllco(o,r))-

As before, for any 0 < T < T, we will bound |V2w| on Q' x [0,7"] independent
of T'. Denoting by My = |lw|c1x[0,1)), M, N are defined as in Proposition 4. For
any x1 € ', let n = (1 — ‘1_1%72”2)4‘, where R is small such that R < dist(Q’,0Q),
and let

H = n*(wee + BIVwl?),
where ¢ € "1, and B is a positive constant to be determined later. Suppose H
obtains its maximum at (xo,t) € Q x [0,T"].
Case 1. o€ QN {z:n(x)=0}. Then
n*wee(z) < H(w,t) < H(zo,t9) = 0.
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Case 2. tg=0. Then

n*wee < H(x,t) < H(wo,0) < [[V2wollooax 0.1)) + BlIVwol|Zox 0.7)-

Case 3. o€ QN {z:n(x) >0}t > 0. At (o, o), we have
0= H; = (1)i(wee + BIVw|?) +1°(wee + B|Vw|?);,
0 S Ht = 772(U)CC + B|V1U|2)t,
and
0> Hyj = (2nmi; — 6miny) (wee + BIVwl?) + 1 (wee + BIVwl*);;
We denote % lr—avzw F(r) by F¥. Hence
0>n*(Y_ FYH; — Hy)

ij=1

=Y FI@pPn; — 6nning) (wee + BIVwl?) +0* (Y Flweeij — weer)

i,j=1 i,5=1
+ Bt ST FI((TuP) — (V)
=I1+11 +IJI:Il
where
e §Z1n2<\wcc|+B|Vw\2> Ll + 2R BME + L,

11T =2Bn* Z F9 (wi,(wrij — wrwpe) + wrwg;) > 2Bn* A Vw2
i,9,k=1
Remark that from the concave structure condition (F3), we have IT > 0.
Therefore we have

0> 1411+ II1 > 2Bnp*\|V2w|? —

ul o 8#1 141

Taking B = 145;;21?‘27 we have
n4|wCC|2 < C()‘v M, My, R)
Combining these cases together, we have
nz‘de < C(A’ K1, dlSt(Qv aQ)v Mla ||w0||CQ(Q))'

Hence

. SI[IOPT] |V2w| < C(A, po, pur, dist (€', 09), Mu, ||woll o2, || fll o< (0, 7))-
/>< s !

1217

Noting that some quantities in the bracket above are due to the process when we

bound |V2w| by the positive part of VZw. Thus Proposition 5 now is proved.

O

Now, we are in position to estimate the second derivative of w near boundary.

Proposition 6. Let Q be a bounded domain in R™ with smooth boundary, n > 2.
Suppose w € CH2(Q x [0,T)) is a solution to (13) for u, ug, ¢ described as in
Proposition . Then there is a constant C = C(,n,ug, v, A, 1) such that for

o <oy,

sup \V2w|§C(1+ sup  |wyul),
Q, x[0,T) o0 x[0,T)
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where o1 is defined in Section 2.

Proof. We will prove that for any 0 < 77 < T, we can bounded V2w on Q, x [0,7”]
independent of T".
Let

H(z, t, &) = e (wee + Buwg?),
where o and B are positive constants to be determined later and £ € S™~ ! is a fixed
unit vector. We may assume that |wee| > 1, otherwise there is nothing needed to
do. We firstly show the following differential equality

n

> F9H;;—H, >0 mod VH on Q, x (0, T']. (15)
i,j=1
In fact,
0=H; =ad;H+ ead(wggi + B(wg)i),
Hy = e (weer + B(wg”)1),
Hyj = (adij — o’didj) H + e (wgeij + B(wg?)sj)-
Hence

zn: FYH;; — H,

ij=1
= i F¥(ady; — o®d;dj)H + e i Fweeij — weer)
i,j=1 ,5=1
+ Be* (Y FU(wd)i; — (wd)y)
Q=1
=T+ + II;,

where IT > 0 by (F3) and
|I‘ < Ml(aCQ + a2)ead|w§§| + Co(Oé, M1, M, Q)a

I = 2Be® >~ Fwgiwe; + 2Bewe » | F (wei; — wer)

ij=1 ij=1

n
> 2Be*d\ Z lwei?.
i=1
n ) n
According to Cauchy inequality that [wee|® = | 3 wei'[* < 3 wg;, we have by the
i=1 i=1
assumption |wee| > 1 that
IIT > 2Be® \wee|.

Now we take B = 5 (ul(aé + a?) + Cp) and then conclude that (15) is valid.

By the maximum principle, the maximum point of H, denoted by (zg, to, &o),
must occur on Q, x {0} x 5”71, (9Q, N Q) x [0, T'] x S"~! or 92 x [0, T"] x S"~1,
In the following, we deal with these three cases one by one.

Case 1. (g, tg, &) € 2 x {0} x S"~L. In this case, we have
Weyg, (To, to) < max {H (zg, 0, §n), 0} < C(ug, Q).
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Case 2. (xg, to, &) € (8(2,, N Q) x [0, T'] x S™~1. In this case, we can get the
estimate of the second derivative of w according to the interior estimate derived in
Proposition 5

Case 3. (9, to, &) € 9Q x [0, T'] x S~ . Then we have in this case
0>H,= O‘(U}Eoéo + ngo) + Weogow + QBwéowEOV'
Now we firstly assume that & L v.
n . .
We denote Y w;;7'p! by wr,. Then by taking tangential derivatives of the

ij=1
. o _
boundary condition w, = ¢, where ¢ = %, we have

Z cpqz wi k), €8 = Z CPg,Ed,

P,q=1 p,q=1
where C?P1 = §,, — VPV1 = §py — dpd, in Q,, as defined in [10]. Then

Weow = Gy — > wirEl, (16)
k=1

it follows that a constant A = A(p, C, IVwll co@xo, 7)) can be found such that
lwegw| < A. (17)

Taking double tangential derivatives of the boundary condition, we obtain

S CICP(w ))& = D CIUCTE,) 806,

%,5,k,p,q=1 1,3,p,g=1
then
n n
_ iq i i ¢J D ¢q k k k
Wepor = Z OJqC,ng)P&L)gO +¢50§0 - Z 5050 (wkpyq +wqup +wkypq)
i,5,p,q=1 p,q,k=1
n
qvip i k
> Gorg(wprt),.
1,p,q,k=1
Hence,

|w§OEoV + 23w§0w§0V| < 26’|V2w| + C(H¢||C2(§)’ év ”vw”CO(ﬁx[o,T))a B).
Since w; is bounded, F(r) is uniformly elliptic, we have for any (z,t) € Q, x
[0,T7],

\V2w(xo,to)] < Co(A, 1, uo)(1+  sup w%(ffo,to))-
yesn—1

Without loss of generality, we suppose that sup w%(mo, to) = wee > 0. Denoted
,yes'n—l

by ¢ the tangential part of ¢ to 9Q and ¢+ the perpendicular part of ¢ to 9. we

then have by (17)
[V2w(zo, to)| < Co(1 + wee(wo, to))

(1 + U}CTcT + QUJCTci + wcch)

(1 +2A + WeTeT + |U)VV|)

o

o

IA AN IAN A
QQQQQ

1+ 2A + H(zo, to, o) + |wuul)
1+ 2A + wepe, + BvaHQCU(ﬁx[O,T)) +[www)-
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Therefore,
[Wegor + 2Bwe,we,u|

< 2006’(1 + Wepgp + |wl/V|) + C(HQSHC?(Q)’CN" vaHCO(ﬁx[O,T)y B).
Plug this inequality into (3), we then derive by taking a = 2C,C + 1 that

Weogo (To,t0) < C(1+  sup |wy,), (18)
0% [0,T)
where C' = C(A, w1, [luollcz)s 19llc2@y, €5 IVwllco@xio, 7))> B)-
If & is not a tangential vector, we can also bound it now. Similar as the discussion
above, we denoted by &/ the tangential part of £, and 5 the perpendicular part
of &y to 9. we then have by (16) and (18) that

Weogo =Weg el +2WeT el + Weyed
< C(1+ [ww|)
Combining these cases together, we derive that

sup  |[VZw| < C(1+ sup |wy]),
Q, x[0,77] 80X [0,T)
where C' = C(\, u1,Q,n, @, ug, ”vw”CO(ﬁx[O,T)))’ but independent of T'. So we
have completed the proof of Proposition 6. O

Proposition 7. Let Q be a bounded domain in R™ with smooth boundary, n > 2.
Suppose w € CH2(Q x [0,T)) is a solution to (13) for u, ug, ¢ described as in
Proposition 4. Then there holds
sup ‘wuv| S Cv
o2 x[0,T)
where C'is a positive constant depending only on 2, n, X, po, p1, ||uollc2(qy, 0sc(ug),
lellc2 -

Proof. We will give a T independent bound for |w,,| on 9Q x [0,T"] for any 0 <
T’ < T, and then take a limit argument. Now we give an estimate for w,, via
barrier function argument. Let

My = sup |VZw|.
Qx[0,T)

As before, we consider G(z, t) = Y w;v'—% as a function defined on 2, x [0, T7].
i=1

Remark that |G| < C(||Vw|lcox o,y o, [¢llco) = C.
Let the barrier function be

H(zx, t) =4CK(d - Kd*) + G,

where )
K > %0, (19)
is a positive constant to be determined later.
It is obvious that
H=0 ondQx][0,T]. (20)
Observing that if Ko = %, we have

H>0 on (00, NQ) x[0,T7]. (21)
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On Q, x {0}, remark that G(z, 0) is a function only dependent of ug(z) and we
may assume

max |AG(z, 0)|
K>CHy\ e, (22)
4C

where C' is from (10).
We now compute AH (z, 0) on €, x {0}. Since Ko = 3, we have

AH(z,0) = 4CK(Ad — 2KdAd — 2K) + AG
<4CK(C - 2K)+ AG
< —4CK?*+AG <0.
Joint with the fact H(z, 0) > 0 on 02, by (20) and (21), we deduce that
H>0 on Q,x {0}

We now set out to consider the function H(x, t) on the domain Q, x (0, T”"].
Denoted by F = % lr=av2w F(r), then on Q, x (0,7"],

Tij

Zn: Fi9G; — Gy

i,j=1
n n n n 1
ij k k ij k k ij
= E FYw0" — E Wi V" + E FY9(wipvi +wjpy;’) — E ZFjapij
i,4,k=1 k=1 i,g,k=1 i,j=1
n 1 n
ij k k ij
= g Fj(wikuj +wjkVi)_Z E Fp,;,
i k=1 ij=1
Hence,

‘ Z FijGij — G| < Co(p1, Qm, ||U’OHC'2(SZ)a HLPHC?(Q))(l + Ma).

4,j=1

It follows that on Q, x (0, 7”]

> FiH; - H,
i,j=1
=4CK > F(di; — 2Kdid; — 2Kdd;j) £ (> F7Gy; — Gy)
1,j=1 i,5=1
<ACK (111C — 2K\) 4 Co(1 + M),
< —4CNK? + Co(1 + M),
<0

provided

(23)
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Combing (19), (22) and (23), we set

max |AG(x, 0)]
Q

1 c - Co(1+ M
K=t mC o (UM -
20, A ANC 4C
and
_ 1
7T oK
then

H,>0 ondQx[0,T].
On the other hand, we have
H, =4CK + G,
A 1
=4CK + (wr*v' + wkvlkyl — Z(pll/l).

Hence we obtain by Proposition 6 that for any (z,t) € Q, x [0,7"],

|wy| < Cy/1+ My < C1+ |wyyl,
Thus,
|w,,| < C.
and we complete the proof of Proposition 7. O
Proof of Lemma 3.2. We now can continue the proof of Lemma 3.2. Almost the

same proceeding as the final part of the proof of Lemma 2.2, we can derive by
(F1), (F2) and (F4) the following uniformly parabolic differential equation

99— Fo(V29) =0 in Qx[0,1],

9(x,0) = go(z) on Q x {0}, (24)
s on 99 x [0,1],

where go(7) is a continuous function defined on Q with go(x¢) = 0 and sup |go(x)| <
€N
1.

It follows from Fu(0) = 0 which is a corollary of (F1) that (24) can also be
expressed as

1 id .
Se 3t fy Fi(tV3g)dt - gi; =0 in Q x [0,1],

g(z,O) = go(x) on Q x {0},
%:0 on 99 x [0, 1].

However, just as the proof of Lemma 2.2 we have that g(zg, s) = 0 for s € [0, 1] and
lg(Z, 1)| = 1 for some Z € Q. This also violates the maximum principle and Hopf
Lemma for the parabolic differential equations. Hence we derive (12) and complete
the proof of Lemma 3.2. O

Theorem 3.3. Suppose u is a smooth solution to (11), then we have the estimate
lue s Oll oy + IVuC D@ + 1Vl Dl o@ < O,

where C' is a constant independent of t and T .
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Proof. The equation for v is
v — F(V20) = —uy (20, t) in Qx (0,7),
vy, =@ on 990 x (0,7T),
v(zx,0) = ugp(z) — uo(xo) in Q.

By Lemma 3.2 we have |v| < Ay, a similar proceeding as Proposition 3 and Propo-
sition 4 gives

[vllc2@xior)) < C.
Combining this with Lemma 3.1 gives that

lue (s )l @y + IVuC Do) + IVt Do < €, te 0, T).
This finishes the proof of Theorem 3.3. O

Acknowledgments. Both named authors would like to owe thanks to Prof. X.
Ma for his constant encouragement. During the review process, the referee gave
a lot of important advice to improve our paper, we would like to show our great
thanks to them for their hard and careful work.

REFERENCES

[1] S. J. Altschuler and L. F. Wu, Translating surfaces of the non-parametric mean curvature flow
with prescribed contact angle, Calc. Var. Partial Differential Equations, 2 (1994), 101-111.

[2] G. Barles and F. Da Lio, On the boundary ergodic problem for fully nonlinear equations
in bounded domains with general nonlinear Neumann boundary conditions, Ann. Inst. H.
Poincaré Anal. Non Linéaire, 22 (2005), 521-541.

[3] F. Da Lio, Large time behavior of solutions to parabolic equations with Neumann boundary
conditions, J. Math. Anal. Appl., 339 (2008), 384-398.

[4] Z. Gao, X. Ma, P. Wang and L. Weng. Nonparametric mean curvature flow with nearly
vertical contact angle condition, J. Math. Study, 54 (2021), 28-55.

[5] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2%
edition. Springer-Verlag, Berlin, 1983.

[6] R. Huang and Y. Ye, A convergence result on the second boundary value problem for parabolic
equations, Pacific J. Math., 310 (2021), 159-179.

[7] C.S. Kahane, A gradient estimate for solutions of the heat equation. II, Czechoslovak Math.
J., 51 (2001), 39-44..

[8] J. Kitagawa, A parabolic flow toward solutions of the optimal transportation problem on
domains with boundary, J. Reine Angew. Math., 672 (2012), 127-160.

[9] G. M. Lieberman, Second Order Parabolic Differential Equations, World Scientific Publishing
Co., Inc., River Edge, NJ, 1996.

[10] G. M. Lieberman, Obliqgue Derivative Problems for Elliptic Equations, World Scientific Pub-
lishing Co. Pte. Ltd., Hackensack, NJ, 2013.

[11] X.-N. Ma, P.-H. Wang and W. Wei, Constant mean curvature surfaces and mean curvature
flow with non-zero Neumann boundary conditions on strictly convex domains, J. Funct. Anal.,
274 (2018), 252-277.

[12] O. C. Schniirer, Translating solutions to the second boundary value problem for curvature
flows, Manuscripta Math., 108 (2002), 319-347.

[13] L. Simon and J. Spruck, Existence and regularity of a capillary surface with prescribed contact
angle, Arch. Rational Mech. Anal., 61 (1976), 19-34.

Received May 2020; revised January 2021; early access October 2021.

E-mail address: gzh2333@mail.ustc.edu.cn
E-mail address: peihewang@hotmail.com


http://www.ams.org/mathscinet-getitem?mr=MR1384396&return=pdf
http://dx.doi.org/10.1007/BF01234317
http://dx.doi.org/10.1007/BF01234317
http://www.ams.org/mathscinet-getitem?mr=MR2171989&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2004.09.001
http://dx.doi.org/10.1016/j.anihpc.2004.09.001
http://www.ams.org/mathscinet-getitem?mr=MR2370659&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2007.06.052
http://dx.doi.org/10.1016/j.jmaa.2007.06.052
http://www.ams.org/mathscinet-getitem?mr=MR4206464&return=pdf
http://dx.doi.org/10.4208/jms.v54n1.21.02
http://dx.doi.org/10.4208/jms.v54n1.21.02
http://www.ams.org/mathscinet-getitem?mr=MR0737190&return=pdf
http://dx.doi.org/10.1007/978-3-642-61798-0
http://www.ams.org/mathscinet-getitem?mr=MR4229236&return=pdf
http://dx.doi.org/10.2140/pjm.2021.310.159
http://dx.doi.org/10.2140/pjm.2021.310.159
http://www.ams.org/mathscinet-getitem?mr=MR1814630&return=pdf
http://dx.doi.org/10.1023/A:1013745503001
http://www.ams.org/mathscinet-getitem?mr=MR2995434&return=pdf
http://dx.doi.org/10.1515/crelle.2012.001
http://dx.doi.org/10.1515/crelle.2012.001
http://www.ams.org/mathscinet-getitem?mr=MR1465184&return=pdf
http://dx.doi.org/10.1142/3302
http://www.ams.org/mathscinet-getitem?mr=MR3059278&return=pdf
http://dx.doi.org/10.1142/8679
http://www.ams.org/mathscinet-getitem?mr=MR3718053&return=pdf
http://dx.doi.org/10.1016/j.jfa.2017.10.002
http://dx.doi.org/10.1016/j.jfa.2017.10.002
http://www.ams.org/mathscinet-getitem?mr=MR1918081&return=pdf
http://dx.doi.org/10.1007/s002290200265
http://dx.doi.org/10.1007/s002290200265
http://www.ams.org/mathscinet-getitem?mr=MR0487724&return=pdf
http://dx.doi.org/10.1007/BF00251860
http://dx.doi.org/10.1007/BF00251860
mailto:gzh2333@mail.ustc.edu.cn
mailto:peihewang@hotmail.com

	1. Introduction
	2. Asymptotic behavior for the diffusion equations
	3. Asymptotic behavior for the uniformly parabolic equations
	Acknowledgments
	REFERENCES

