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_h<�: Ã����d�ü

Ù¥G : X → Y¡�ëê�*ÿ�N�(½¡��ü�f). �ü�f´£ãëê�êâ�m'X�

êÆ�.§~Xµ3/�t&¤�¥�±ï��(Å!Ê�ÅÄ�§[2]¶3ê�Uíý�¥ï��

6N�§[3]¶3êâ©Û¥ï�� ²�ä[4, 5]. 3¢S¯K¥§*ÿo´¹kD(�(�.D(§

ÿþD(½ê�Ø�)§ÙäN/ª·�Ï~J±(½§�ÙÚO5�²~´�±¼��. ùp·�

�ÄXe�\5DÑ�.

y = G(u) + η, (1.2)

Ù¥ηL«*ÿDÑ. 'uÙ¦/ª�D(�.§�?�Úë�;Í[6].

320­V@Ï§ÄuéÔn¯K��ú@£§ïÄöÊH@�§£ãÔn¯K����(êÆ

�.7L´·½�§=÷vêÆ[Hadamard[7]31923c�Ñ�·½5Vg§Ù�¹n�^�§é

uþã¯KäN�Lã�µ

1. ¯K�)´�3�µéu¤k�y ∈ Y§���3��u ∈ X§¦�y = G(u);

2. ¯K�)´���µéu¤k�y ∈ Y§�õ�3��u ∈ X§¦�y = G(u);

3. ¯K�)ëY�6uêâµëêuëY/�6uÿþêây.

,
§/�t&¤�!�Æ¤��;.��¯K¿Ø÷vùn�^�µ�DÑØ3G���¥�§
)�UØ�3¶��Äk�ÿþêâ½>.ÿþêâ��ÿ§)�UØ��¶�ü�f=¦´�_

�§G−1�õ´Ã.�f. 'uùn��¡�{²�ã§í��Ö©z[8]1��!. �´Ï�ù
�

Ï§Ø·½��¯K3é���ã�mSvkÚåÆâ.�¿©­À. c�é�Æ�Tikhonov�¬

CÄ5/JÑ
�Kz�{[9, 10]§ÙÄ�g�´µ�ÄØ·½¯K����k;�å�¯K§ù

´�¯K���Cq·½¯K§|^ù�Cq·½¯K¼��¯K�­½Cq). ²LA�c�u

Ð§�Kz�{/¤
´L�nØNX§3���Banach�mþïá�Kz�{´Ø·½¯KïÄ

���­�+�[11]. 'u�Kz�{�CÏuÐ§©z[12]��Ñ
´L��ã.

�Kz�{Ï~�åu3�^êâ�Ä:þ�Ñ��ëê���Ün�O. �ù�g´ØÓ§

31970c�Ø©[13]¥§Franklin�é�5�¯KòÙ=z���dÚOíä¯K§3�©Hilbert�

mþ�[í�
pdk�!pdD(�¹e���d��. �u��O�Uå���§��d�ü

�{¿vk��Æâ.�­À. ØÓu�Kz�{§��d�ü�{ò��þ!*ÿDÑÑï��

�ÅCþ§�Å5�N
*ÿöéÙê��Ø(½5. l��d�ü�{��Ý5w§�¯K�)

Ø´ëê�ü�Cq�O§
´�¤k�^&EÑ�K\�.¥������VÇ©Ù§ù�VÇ

©Ù%¹
k��*ÿØ(½5§´ëê&E���£ã. Äu��VÇ©Ù§/dÚOûünØ§

·��±�ÑÜn�ü�ëê�O(~Xµ��þ�§�����O)§¿|^��©Ùµ�ü��

O���5. Äu��©ÙJø�&E§·��?�ÚÚ\ÚO©Û�{§3¢S¯K¥9Ïûü§

~Xµ�Æ¤�¥��Kuÿ[14].

g1970cFranklin�ó���§�é��d�ü�{�uÐÌ�8¥3k����díä�

{. �7X/�t&¤�¯K§Tarantola3Ù;Í[15]¥*Ð
k���m¥���d�ü�

{§AO/§3;Í�15ÙlÃ���m¥�����O(êÆnØ�¡¿Ø��î>)��Ý

�ã
��d�{�éó�{. 3;Í[6]¥§Kaipio�Somersalo���ã
k����d�ü
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nØ9Ù3X��ä�¤�!>{|¤�!1Æä�¤��Ãõ+�¥�A^. 3;Í[16]¥§

Calvetti�Somersalo�[/0�
��d�ü+�¥��ÆO��{. ,
§ �©�§�¯K

��Ñ´Ã���[1]§�)��ëê!�©�§XÚ��±9�üÑ\�êâ. �
A^k�

����d�ü�{§þã©z¥æ�����{´kò�¯KlÑ§��lÑ��¯K§,

�|^k����d�ü�{¦)lÑ��¯K§·�¡�/klÑ!2��d0. /klÑ!

2��d0�g´��
2��A^§��¡�X�
¯K§~Xµ(1) 32004c�Ø©[17]¥§

Lassas�Samuli�ØyL²µÄuk���m��C�k��Ñ���d�{Ã{�ÑlÑØC�

��þ��O§=��þ��±>��5�¬�XlÑ�ê�O\
��§ù`²�C�k�Ø´

Ã���m¥û½�VÇÿÝ. (2) k���m¥�ï��Åirê��Åó�Akâ�{(Markov

chain Monte Carlo, MCMC)�Ä��ÇéulÑ�ê�O\¿Ø��§�XlÑ�Ý�O\Ä�

�Ç¬×�eü[18]§ù��
��d�ü�{3p�¯K¥�A^.

�
)ûù
¯K§Cotter, Dashti, Robinson�Stuart32009cmM5�Ø©[3]¥JÑ
Ã�

���d�ü�·½5nØ. ¯¢þ§1970cFranklin�Ø©[13]¥®²k
Ã����d�ü·½

5nØ�Ö/§�ÙïÄ=�épd©Ùb�e��5�¯K§��{J±��í2���5!�

pd������¹. ��§Stuart3Ø©[19]¥�[�ã
Ã����d�ü�·½5nØ!#

�Ä��ÇØ�lÑ�Ýeü�ê��Åó�Akâ�{§±9ù�#�nØµeXÛA^3*

ÑXê�ü!ÅÄ�§Å��ü!_�9D�!Uíý�!/e0�'6Xê�ü�¯K¥. Ã�

���d�ü�{æ^
�k��nØØ����Ý§Áãk3Ã���m�ï��d·½5n

Ø!��Ä��{§?
òlÑí´��U����Ú§·�¡�/k��d!2lÑ0. ��u

/klÑ!2��d0�g´§/k��d!2lÑ03êÆnØþ��E,§I�$^Ã���

©Banach�mþ�VÇÿÝnØ!�Å©ÛnØ�§�Ù��5
éõÐ?µ(1) �ï
��d·

½5§=µ��VÇÿÝ�3!���ëY�6u*ÿêâ. Ã����d�ü�·½5nØò 

�©�§�·½5nØ���d�ü�;�/éX
å5. (2) Ã����d�ünØ�Ñ
Ã�

��m¥�n�)(Ã���mþ���VÇÿÝ)§l
´uÚ\ê� �©�§©ÛnØ§�Ñ

k��%C)�Âñ�Ç�O. (3) Ã����d�ünØ¦�·��±�²(/ïáå��dnØ

�Ã���mþ��Kz�{[10]�m�éX. (4) ��3Ã���mþ�ï��d�ünØ�±�

Ð/|^Ã���mþ�¯K£~Xµ �©�§�¯K¤�5�§l
�EÄ��ÇØ�6u�

�lÑ�p��{. 3�kFÝ!Hessian &E�Ä��{�E¥§�N´Ú\/k`z!�lÑ0

�`z�{. ¯¢þ§k©ÛÃ���mþ�¯K§òlÑí´��U����Ú�ïÄg´§2

�/Ñy3��+�¥§~XµÅÄ�§���5ïÄ[20]§ÅìÆSïÄ[21, 22].

²L�5c�¯�uÐ§Ã����d�ünØ��{®²ÅÚ¤��¯KïÄ¥���­�

c÷+�§�©�3l��d·½5!k��lÑ%C!��:�O!ÚOÄ��{!CqÄ��

{!ÚOnØ��¡Înyk�ïÄó�§�²Ã����d�ü�{�Ä�ïÄg´!Ø%ïÄ

¯K!®k(JÚ�{±9�5�U�ïÄ��§���
)ù�+��Æöl·��ïÄÀ�J

ø����XÚ�o(. �,·�¦
���ãå§��u·�¤�§�
k¿g�ÌK¿vk�

�¹?5§~Xµ�`¢��O[23]ÚO��.ïÄ[24–26].

�©�Ì�SüXeµ312!¥§·�©o��!În��d�ü�·½5nØ±9ê�%
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C�{. äN
ó§312.1�!§·�{ü/0�Ã���mþ�pdVÇÿÝ§¿�Ñk�V

ÇÿÝ��
�#?Ð. 312.2�!§·�l�*��Ý�ÑÃ����dúª§¿{ã��d

�ü�(P, d)·½5. 312.3�!§�7Xk��lÑ§·�{ãk��lÑ%C�Ä�g´. 3

12.4�!§·�éÃ����dnØ������O!ÚOûünØ?1
{�0�§?
�ã


��d�{��Kz�{�'X. 313!¥§·�©o��!În��d�ü���Ä��{. 3

13.1�!§·�£�
Metropolis-Hastings�{���µe§¿Äu��µe{ã
~��o«l

ÑØCÄ��{. 313.2�!§·�é8ÜKalmanÈÅ?1
{²�0�§¿�Ñ
�#�ïÄ

?Ð. 313.3�!§·�ln�;.�~fÑu{ü0�

gÅìÆSïÄ�C©íä�{. 3

13.4�!§·�à�uDarcy6�ü¯K§lê�¢���Ý&?
lÑØC5§l
�²3Ã�

��m�E�{�7�5. ��§·�314!¥§�7X��Â Ç�O!Bernstein-von Mises½

n0�
Ã����d�üÚOnØ�CÏuÐ.

2 ��d�ünØ

3ù��!§·�k50�A«~��½Â3�©Banach�mþ�VÇÿÝ. 3é~��VÇ

ÿÝk
Ä��
)�§·�òé��d·½5nØµe?1{�0�. aqu �©�§�·½

5nØ§��d�ü�·½5nØ´?Ø��d��O�!ê�%CnØ!��ÚO5�©Û�ê

ÆnØÄ:. �e5§·�ò{ü�0�lÑ%C���nØ©Ûµe. 3�Ù��§·�{�£

������OnØ. k'�����O�?Ø�«
��d�ü�{��Kz�{�m�éX.

2.1 k�VÇÿÝ

��d�ü�{ïÄ¥�9��k�VÇÿÝ!DÑVÇÿÝ!��VÇÿÝ��
óÑ½Â

3�©Banach�mþ§Ï
�©Banach�mþ�VÇÿÝnØé��d�ü�{�ïÄäk­�

�¿Â. Ã���©�mþVÇÿÝnØ®²k
é��ïÄ{¤§'uù�¡���?Ø§a,

��Öö�±ë�[27–30]. e¡·�±pdÿÝ�~§éÙÌ�g�?1{�0�.

-HL«�©�Hilbert�m§Ùþ�SÈÚ�êP�〈·, ·〉Ú‖ · ‖. ��
ó§·��±�H =

L2(D;R)§=½Â3Lipschitz>.�m«�D ⊂ Rdþ�²��È¢�¼ê§Ù¥dL«�m��ê.

3�©Hilbert�mHþ§·�±Xe�ª½Â�Å¼ê

u = u0 +

∞∑
j=1

γjξjφj , (2.1)

Ù¥{φj}∞j=1L«�mHþ��|IO��Ä§ξ = {ξj}∞j=1´½Â3VÇ�m(Ω = R∞,B(Ω),P)þ

�ÕáÓ©Ù��ÅCþS�§γ = {γj}∞j=1L«äkP~5�Ã�S�§u0 ∈ HL«�Å¼
ê�þ�. ��
ó§·�¡L�ª(2.1)�Karhunen-LoèveÐm§A�¼êx{φj}∞j=1�Karhunen-

LoèveÄ. -HtL«Hilbert scale�m§Ùþ��ê�½ÂXe

‖u‖Ht =

(
∞∑
j=1

j
2t
d |〈u, φj〉|2

)1/2

.
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½ÂXe�m

L2
P(Ω;Ht) :=

{
v : D × Ω→ R |E(‖v‖Ht)2 <∞

}
,

Ù¥EL«¦Ï". e·�b�ξ1 ∼ N (0, 1)§γj � j−
s
d �t < s − d

2
§K�Å¼êuáuHilbert�

mL2
P(Ω;Ht)§¡��©Hilbert�mþ�pd�Å�§¿¡uÑl½Â3�©Hilbert�mHþ�pd

ÿÝN (u0, C). éu�mHþ�VÇÿÝµ§·��±½ÂÙ���fXe

C =

∫
H
u⊗ uµ(du),

Ù¥⊗L«Hilbert�mþ�ÜþÈ[31]. éupdÿÝN (m0, C)§ÏL{ü�í�§·���

C = Eu⊗ u =
∞∑
j=1

γ2
jφj ⊗ φj . (2.2)

Ï~ùp����f´���½!é¡�,�f§�N´wÑ{γ2
j , φj}∞j=1´���fC �A��-A

��þé.

À�pdÿÝ��k�ÿÝ§�Å¼êÏ~áuHt½Ct(0 < t < s − d
2
)§=�Å¼ê��1

w§Ï
Ã{�xØëY�¼ê§~X©¡~�¼ê. ,
§3ã�­ï��¯K[32]¥JÑ�U


�±>���C�(total variation, TV)�K¼�
2��A^[12]. ÄuTV�K3�Kz�{¥�

��¤õ§<�ÁãJÑTVk�ÿÝ. 3k���m§TVk�ÿÝ�½Â´N´�Ñ�§�3Ø

©[17]¥�öy²
k��k¿Â�TVk�ÿÝÃ{��í2�Ã���m§AO�§��þ�Ø

ä��±>��5��Øä�lÑØC5. �
)ûù�¯K§Lassas��E
lÑØC�Besovÿ

Ý[33]. �?�Ú§Dashti�3Ã���©Hilbert�mþÄuÐmª(2.1)�Ñ
BesovÿÝ�½Â§

{ü5ùµ�ξ1Ñlq-�ê©Ù�γ÷v�½�P~5�§�Å¼êu=�±w�´lBesovÿÝæ

����. ��§3Ø©[34]¥§�ö?�Úí2
BesovÿÝ�½Â§|^C�IBesov¼ê�m

nØ§�Ñ
C�IBesovk�ÿÝ�½Â§¦�Besovak�ÿÝ�±3ÛÜ«��x¼ê��

È!��5.

�éBesova.�k�ÿÝ§Ø©[35–37]¥¤Ð«�ê�(JL²Besovk��±�±>�§

��±>��5��6uHaar�ÅÄ§Ï
ØëY:� �¬��u3Haar�ÅÄ��©�:

?. �éù
Øv§Huttunen�JÑ
Cauchy�©k�[38]¶Yao�JÑ
TV-Gaussk�ÿÝ[39]¶

Hosseini�XÚïÄ
�Ü�êP~�k�ÿÝ§�Ñ
��d·½5©Û[40].

��ù��!�(å§·�k7�`²�eÃ���mþ�pd�Å��pd�Å|kX

���éX§3k�ÿÝ��E!��ÚOnØ©Û�ïÄ¥§ù�éXäk­���^. «

�D ⊂ Rdþ��ÿN�u : D × Ω→ Rn¡����Å|´�µ��¡§éu?¿�½�x ∈ D§N
�u(x; ·)´��uRnþ��ÅCþ¶,��¡§éu?¿�ω ∈ Ω§u(·;ω) : D → Rn´���þ|.

éu«�Dþ�?¿�:8{xk}Kk=1(K´?¿���ê)§e�Å�þ(u(x1; ·), . . . , u(xK ; ·))´pd
�Å�þ§K·�¡u´��pd�Å|. éupd�Å|·��±½Âþ�¼ê§���¼êX

e

u0(x) = Eu(x), c(x, y) = E(u(x)− u0(x))(u(y)− u0(y)). (2.3)

5
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d���¼ê§·��±½Â���fXe

(Cφ)(x) =

∫
D

c(x, y)φ(y)dy. (2.4)

3;Í[41]�1�Ù§�ölÃ��ÚO�.ïÄ��ÝépdL§£pd�Å|¤?1
[

��?Ø§�[�0�
pdL§�à85�. 3;Í[42] �1�!nÙ±9N¹p§�öl�ë

��dÚO�Ü5ïÄ��ÝépdL§?1
[��0�§¿�{ã
pdL§�Ã���mþ

�pd�Å��m�'X. ¯¢þ§pdL§�Ã���mþ�pd�Å�3éf�^�eÑ´�

d�§ë�Xe½n2.1£Ág;Í[42]¥ÚnI.7¤µ

½½½nnn2.1 éu��pdL§u = (u(x;ω) : x ∈ [0, 1]d)§eÙ��;�áu�mCβ([0, 1]d)§

Kù�pdL§´�mCα([0, 1]d)(α < β)þ�pd�Å�.

'updL§�pd�Å��0�±9ùü«ØÓ*:3��d�ü¥�A^§a,��Öö

�±?�Úë��CÑ��;Í[43]. É��Ý ²�äïÄ�éu§�ÝpdL§¼�
2�'

5. �C§Dunlop�[44]lH{5��Ýé�ÝpdL§?1
[�&?. Abrahamd�[45]ò�Ý

pdL§^u��d�üïÄ§�Ñ
��ÿÝ�Ü5�O§�3Darcy6�ü'ßÇ¯Kþ��


�²;pdk��¯�Â �Ç�O.

2.2 ·½5nØ

3ù��!¥§·�¿Ø��lî>�êÆnØí���Ý�ãÃ����d·½5nØ§


´lk����dúªÑu§¦þl�*��Ý`²Ã����d·½5nØ�Ø%g�.

3²;Ö7[6]¥§Kaipio�Somersaloék����d�ünØ?1
�[�?Ø. -X,YL«�

©Banach�m. �
{'§·��ÄXe��.µ

y = G(u) + η, (2.5)

Ù¥y ∈ YL«*ÿ��êâ§u ∈ XL«��O�ëê§η ∈ YL«*ÿDÑ.

3k���m�b�e§=µ-Nu, Ny���ê§�X = RNu , Y = RNy§·��±��Xe
���dúªµ

ρy(u) =
1

Zy
ρ(y − G(u))ρ0(u), (2.6)

Ù¥ρ0(u)L«k�VÇ�Ý§ρ(y − G(u))L«q,¼ê§ρy(u)L«��VÇ�Ý§ZyL«8�z

~êäkL�ª:

Zy :=

∫
RNu

ρ(y − G(u))ρ0(u)du.

ù���dúª¤á�^�´Zy > 0. �[�Øy§Öö�±ë�;Í[6]�½n3.1 £½Ù¥©È

�[46]¤.

ò��dúª(2.6)í2�Ã���m¬���¯K´µÃ���mþØ�3Ï~n)��Ý¼

ê£VÇÿÝ'uLebesgueÿÝ�Radon-Nikodym�ê[47, 48]¤. äN
ó§·�kXe±��½

n2.2(a,��Ööë�;Í[49]¥�½n10.41).
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½½½nnn2.2 -(X, ‖ · ‖)´Ã���©Banach�m§µ´ÙþÛÜk��²£ØCÿÝ§Kµ = 0.

@oXÛ*Ðk�����d½n�Ã���mQº������g´Ò´ò�Ã���Å�

�'��Ý¼êU��VÇÿÝ. äN
ó§eX,Y´Ã���©Banach�m§-µ0, µ
y©OL«

k�VÇÿÝ���VÇÿÝ§�A ⊂ B(X), Ù¥B(X)L«�mXþ�¤kBorel�ÿ8�¤�8

Ü§K�*5ù�òúª(2.6)?1XeU�µ∫
A

µy(du) =
1

Zy

∫
A

ρ(G(u); y)µ0(du), (2.7)

Ù¥Zy :=
∫
X
ρ(G(u); y)µ0(du). I�5¿§ùp�È©«�´Ã���©Banach�mþ�Borel�

ÿ8£~Xµ8ÜA�±d,�Sobolev�m¥�¼ê�¤¤§'uùaÈ©��[)ºë�[27, 50].

��
ó§��dúªA�´�È©«�AÃ'�§Ï
·��±?�Ú�ÑÃ���©Banach�

mþ���dúªµ

dµy

dµ0

(u) =
1

Zy
exp (−Φ(u; y)) . (2.8)

ùp·��Ì©z[3, 19, 51]¥�S.§òq,¼êρ(G(u); y)�¤
þ¡�/ª§Ù¥ ³¼

êΦ(u; y) = − log ρ(G(u); y)Ï~¡�Kéêq,¼ê.

lk�����dúª��U�L5���dúª(2.8)´Äk²(�êÆ½Âº£�´�½

�§ù�/ª���dúª3ÚO©z¥@®Ñy§��é²;�ÚOÆ¯KkX´L�ïÄ¤

J[41, 52]. ØÓu²;�ÚOÆïÄ§3�¯K�ïÄ¥ ³¼êΦ(u; y)p%¹XE,���5�

f(~XµDarcy6�§[19]!Navier-Stokes�§[3]!*Ñ�§[53, 54])§Ï
²;�ÚOÆïÄ�{

�nØ¤JJ±��A^u¹Ã��¼êëê��¯K(~Xµ �©�§�¯K[1]). @31970c§

Franklin[13]3pdk�!pdDÑ�b�e§�é�5�¯K[�?Ø
XÛ�ïÃ����d

�ünØ. Tarantola3¦�;Í[15, 55]¥�é�5�¯K3Ã���m�µee&?
��d�

ünØ£��5¯K�&?8¥u�����O¤. ��2009c§Cotter�3Ø©[3]¥ÄgJÑ


·^u �©�§�¯K���d�ü·½5nØ£·^u��5¯K¤§¿Øy
��Ø�Ø

 Navier-Stokes�§�êâÓz¯K���d·½5. 3Ø©[19]¥§Stuart?�Ú±_*ÑXê!

ÅÄ�§Å��ü!��9D�!Uíý��¯K�~§����²
ù�nØµe§4��íÄ


��d�ünØ�uÐ. ��§Dashti�Stuart3[51]¥fz
Ø©[3,19]¥�^�§�Ñ
���

����d�ünØµe.

-Prob(X,µ0)L«�©Banach�mXþ'uÿÝµ0ýéëY�VÇÿÝ�¤�8Ü§dHell(·, ·)L
«ÿÝ�Hellingerål§K©z[51] ¥¤�ã���d·½5�Xe½Â.

½½½ÂÂÂ2.1 éu��d�ü¯K(2.8)§XJe¡n:¤á

1. µy ∈ Prob(X,µ0)�3£��ÿÝ�3¤§

2. µy3Prob(X,µ0)¥´��(½�£��ÿÝ��¤§

3. dHell(µ
y, µỹ) 6 C‖y − ỹ‖Y£��ÿÝ'u*ÿêâÛÜLipschitzëY¤§

K·�¡��d�ü´(Lipschitz, Hellinger)·½�.
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þã��d�ü�(Lipschitz, Hellinger)·½5¼�
2�'5. ¯õïÄö�éØÓ� �

©�§�¯Ky²
Ù��d�ü�(Lipschitz, Hellinger)·½5§~XµDarcy6*ÑXê�ü

¯K[56, 57]§ÄuY²8�{��¯K[58]§õª_0�Ñ�¯K[59, 60]§�ÛÜ�©�§�ü

¯K[61, 62]§äkDirac
��Helmholtz�§�
¯K[63]§�x¬5)��Cahn-Hilliard�.[64].

�
y²��d�ü�(Lipschitz, Hellinger)·½5§��
ó§·�I��ü�f£¼êëê�*

ÿêâ�N�¤3Ü·��mþ´ÛÜk.�ëY�§¿�é*ÿDÑ�VÇ©Ù�I�?1·�

�b½. ù
^�k�J±�y£~XµÅìÆS+��©a¯K§DÑ�òz©Ù��¯K¤§Ï


LatzCÏ*Ð
��d�ü�(Lipschitz, Hellinger)·½5[65, 66]§JÑ
��d�ü�(P, d)·

½5.

½½½ÂÂÂ2.2 -PL«�©Banach�mXþ�VÇÿÝ�¤�8Ü§(P, d)L«Xþ�VÇÿÝ�

¤�±d�Ýþ�Ýþ�m§K��d�¯K¡�(P, d)·½�´���d�¯K÷vXen^5

�µ

1. µy ∈ P�3£��ÿÝ�3¤§

2. µy3P¥´��(½�£��ÿÝ��¤§

3. N�y → µy'uÝþd´ëY�£��ÿÝ�­½5¤.

I��Ñ§½Â2.1�½Â2.2�Ì�«O3���ÿÝ�­½5. 3½Â2.1¥I��y��ÿ

Ý'u*ÿêâ3HellingerÝþe´ÛÜLipschitzëY�§ù3Hadmard¤JÑ�·½5½Âp´

ØI��. ½Â2.2fz
ÛÜLipschitzëY§=�¦��ÿÝ'u*ÿêâ3Ü·�Ýþe´ëY

�. 3ù�½Âe§·��ÑXe�o�^�(î>Øã�[66])µ

1. q,¼ê'u¤k�êây ∈ YÚA�¤k�u´��;

2. éu�½�y ∈ Y§q,¼ê'uk�ÿÝµ0�È;

3. éu?¿�êây ∈ Y§q,¼ê������'uk�ÿÝµ0�È�¼ê��;

4. éuA�¤k�u§q,¼ê'uêâyëY.

Äuù
^�§Latz[65, 66]�y
(Prob(X), dProk)§(Prob(X), dTV )§(Prob(X,µ0), dHell)·½5.

ùpProb(X)L«Xþ�VÇÿÝ�¤�8Ü§dProkL«ProkhorovÝþ§dTVL«VÇÿÝ��C

�Ýþ. ù�*Ð4���°
éu�ü�f�DÑ©Ù�b�§ÿ°
Ã����d�ünØ�

·^��. k'��d�ü·½5�#�ïÄ?Ð§�±?�Úë�[67–71].

5552.1 3~��'uÃ����d�ü�ïÄ¥[19, 51]§·�Ñ¬�Ä�©�Banach�m½

�©�Hilbert�m. �I�3Ø�©��mþ�Ä¯K�§·�¬Ï¦3Ø�©�m����©f

�mþ�ï��d�ü��'nØ(ë�©z[51]�12-3Ù). �â·�¤�§ùÙ¥��Ï�U3

uµ

• 3Ø�©�Ã���mþBorel σ-�ê��mþdm¥)¤�σ-�ê´Ø���§,
3éõ

¯K�©Û¥§ùüö���5¬�54���B. a,��Öö�±ë�;Í[27]11.1!§Ù¥

NõÄ:�½nÑ�6uü�σ-�ê´���¶
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• ��ÄØ�©�Ã��Ýþ�m�§Ï~¤½Â�VÇÿÝ�| 8�VÇ�UØ´1§$�

�UVÇ´0 (ë�©z[42]�1A.4�!)§ù���ú@�¶

• �Ã���m"y�©5��ÿ§þ©¥úª(2.7)�¿ÂÒ¬Ø�²(§ÙJ±ÏLBochnerÈ

©5n)(ë�©z[27]�11.1-1.2�!)§�UI�Ú\#�êÆóä.

2.3 lÑ%C

a' �©�§�·½5nØ§��d�ü�·½5nØ�ê�¦)C½
nØÄ:. Äu·

½5nØ§·��±�N´�élÑ��©Ù�%C�Ç?1©Û§��lÑ���©Ù�XlÑ

�\�Âñ�Ã���mþ��ÿÝ��Ç�O. Äk§·�k{��£��e��d�ü�lÑ

O��{§Ì�à�uÄuk���ê�%C�{[8, 72, 73]. 'uÄuk��©!Ì�{��lÑ

%C§a,��Öö�±ë�[74, 75].

-D ⊂ Rd´k.ëÏ�m«�§·��ÄVh´L2(D)�m�ÄuëYLagrangeÄ¼ê{φj}∞j=1�

k��lÑ�m. P�Ä¼ê�'�!:�{xj}nj=1§l
·�kφj(xi) = δijÙ¥i, j ∈ {1, . . . , n}.
3ù��b�e§·�I�ÚOíä�´¼êëêu ∈ L2(D)�n�%Cuh =

∑n
j=1 ujφj ∈ Vh. �ä

N�§I�ÚOíä�´�þm = (m1, . . . ,mn)T. 3ù��!±9�¡�Qã¥§çNi1Ñ^

5L«�þÚÝ
.

¢SlÑO�¥é­���:´XÛO�¼ê�mL2(D)þSÈ. éuu1, u2 ∈ L2(D)§·�P

k��%C¼ê�u1h, u2h ∈ Vh§l
´�

(u1, u2)L2(D) ≈ (u1h, u2h) ≈ (u1,u2)M = uT
1Mu2, (2.9)

Ù¥u1,u2´k��¼êu1h, u2héA��þ§Ý
M = (Mij)i,j=1,...,n½ÂXe

Mij =

∫
D

φi(x)φj(x)dx.

lþ¡�{�Qã§·���L2(D)�lÑ%C�m´��­MSÈ�îAp��mRnM§
Ø´
Ï~�îAp��mRn. 3��d�ü�{¥§·�¬��l�mL2(D)��mL2(D)��f£Ã

���m�Ã���m¤§lL2(D)�q��mRq��f£Ã���m�k���m¤§±9r ��
mRr�L2(D)��f£k���m�Ã���m¤§±9ù
N��éó�f. XÛ3L2(D)�lÑ

%C�mRnMþ�Ñ�f9Ùéó�f�lÑ/ª´lÑO��'�. ÏL{ü�í�[72]§·��

±��

1. éu�fB : L2(D)→ L2(D)§ÙlÑCq�fB : RnM → RnMäkXe/ª

B = M−1K,

Ù¥K = (Kij)i,j=1,...,n�Kij =
∫
D
φiBφjdx. ?�Ú§�fB�éó�fB∗ = M−1BTM .

2. éu�fF : RnM → Rq§Ùéó�fF \ : Rq → RnM�XeL«

F \ = M−1FT.

9
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3. éu�fV : Rr → RnM§Ùéó�fV � : RnM → Rr�XeL«

V � = V TM .

éupdk�ÿÝN (u0, C0)§·��C0 = A−2§Ù¥A´½Â��D(A) = {u ∈ H2(D) :

3«�>.∂Dþ÷vα∇u · n = 0}£nL«	{���¤��©�f. äN
ó§éuu ∈
D(A), f ∈ L2(D), ·�kAu = f÷v−α∆u+ βu = f, x ∈ D,

α∇u · n = 0, x ∈ ∂D.
(2.10)

Ù¥α, β > 0. éu�fA§·��±��ÙlÑ�fA = M−1K§Ù¥

Kij =

∫
D

α∇φi(x) · ∇φj(x) + βφi(x)φj(x)dx.

l
Ã���mþ�pdÿÝN (u0, C0)�±^äkXe�Ý¼ê�k��pd©Ù?1%C

π(u) ∝ exp

(
−1

2
‖A(u− u0)‖2M

)
. (2.11)

ùp∝L«�''X§=a ∝ bL«�3~êC¦�a = Cb. Äuù��lÑ�ª§lpdÿÝ¥?

1æ��%CO�úª[72]Xe

u = u0 +K−1M 1/2ξ, (2.12)

Ù¥ξ ∼ N (0, I)(ùp�IL«Ï~�îAp��mRnþ�ð��f). I�`²�´ùp�Ý


M��
ó¿Ø´é�Ý
§ÏdXÛO�M 1/2ξ¿Ø´²��(��
ó§Ý
M 1/2Ø2´D

ÕÝ
§Ï
·���=O�M 1/2ξ§¿Øw«O�ÑM 1/2)§a,��Öö�±ë�[76]. Äuù

��lÑ�ª§·��éN´O�úª(2.4)¥���féA�pdØ¼ê�%CØ¼êch(·, ·)§Ù
O�úªXeµ

ch(x,y) = Φ(x)TK−1MK−1Φ(y), (2.13)

Ù¥Φ(x) = (φ1(x), . . . , φn(x))T.

Äu¤ã�lÑ�{§·�?�Ú�±����fG�lÑGn%C§l
�� ³¼
êΦ(u; y)�lÑ/ªΦn(u;y). XJ·�b�*ÿêâáuk���m§��DÑ©Ù�pd

©ÙN (0,Γ)§Ò�±��k��lÑCq��dúªXeµ

ρy(u) ∝ exp

(
−1

2
‖(Gn(u)− y)‖2Γ −

1

2
‖A(u− u0)‖2M

)
. (2.14)

ÄuXþ�lÑ�{§��dÚO�ü�{�^u¦)�X��5��¯K§~Xµ�¥/�0�

��ü[72]!3X�6Ä¯Kp�ü>.^�[77]!õªÑ�êâ_
¯K[78]!/�t&�Å/�

ü¯K[79].
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5552.2 3XþlÑ%C��E¥§'u�ü�f�lÑ�6u�ü�f�äN5�. AO�§

313!¥·�òéÚOO��{?1{�£�§3éõ�ÚOO��{¥§·�I�O� ³¼

êΦ(u; y)'uëêu�FÝ!Hessian�f�. XÓXØ¥¤ã§aqu �©�§(PDE)�åe�

`z¯K¥/klÑ!�`z0�/k`z!�lÑ0�?Ø§·�Ó�¡�/klÑ!���

d0�/k��d!�lÑ0ü«©ÛO��ª.

3�©¥§·�à�u/k��d!�lÑ0�Ã����d�ünØ�O��{. ùü«©

Û�O��ª�k`":§J±l�©°���Ý?1�ã. 3PDE�å`z¯K¥§'uùü

«O��ª�?Ø§·�í�[8, 80, 81]. 3Ø©[82–84]¥§l��d�ü�¡éùü«O��ª?

1
?Ø. �oN
ó§'uùü«O��ª�?Ø�ék�§�XJ�9O�FÝ!Hessian�f

�§PDE�å`z¯Kp[��ïÄ3��d�üïÄ¥Ó�äk­�d�.

3ù��!�1�Ü©·�{²�0�
Äuk���lÑ§e¡·�élÑ%C�Ç�O?

1{���ã[82, 85]. -µyn§Φn(u; y)´é��ÿÝµy±9 ³¼êΦ(u; y)3X�n�f�mþ�%

C§K·�k

dµyn
dµ0

(u) =
1

Zyn
exp (−Φn(u; y)) , (2.15)

Ù¥Zyn =
∫
X

exp (−Φn(u; y)) dµ0(u). ùpΦn(u; y)�w�´d�ü�fG�lÑ�Ñ� ³¼ê�
lÑ%C. 3Ø©[82]¥y²
Xe'�½n.

½½½nnn2.3 b�Φ�Φn÷vÜ·�^�£�©¥Ø2Kã§¤I^��y
��d�ü�¯K

�lÑ%C¯K�·½5¤. éu?¿�ε > 0§�3~êK = K(ε) > 0¦�

|Φ(u; y)− Φn(u; y)| 6 K exp(ε‖u‖2X)ψ(n), (2.16)

Ù¥limn→∞ ψ(n) = 0. 3ù
^�e§·�k

dHell(µ
y, µyn) 6 Cψ(n), (2.17)

Ù¥C´�lÑ�ÝnÃ'�~ê. ÄuHellingerål�5�§·�á���
��þ�§����

�f�lÑ%C�O.

�·�b�*ÿ�y ∈ RNy§=*ÿ�m´k���§b�DÑÑlpd©ÙN (0,Γ)�§ ³

¼ê�lÑ%C ³¼êäkXe/ªµ

Φ(u;y) =
1

2
‖G(u)− y‖2Γ, Φn(u;y) =

1

2
‖Gn(u)− y‖2Γ. (2.18)

XJ·�b�

|G(u)− Gn(u)| 6 K(ε) exp
(
ε‖u‖2X

)
ψ(n), (2.19)

K·�á��±��

|Φ(u;y)− Φn(u;y)| 6 K(2ε) exp
(
2ε‖u‖2X

)
ψ(n). (2.20)

l
d½n2.3á��±����%CÿÝµy
n%Cý¢��ÿÝµ

y��Ç�O.
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±�§ÚOÄ��{(~Xe©¥J9�ê��Åó�Akâ(MCMC)Ä��{)3�OÚOþ

£Xµþ�¤��ÿØ�Ï~´±
√
N(NL«���ê) ��ÝP~�. ½n2.3¥�lÑØ��O�

ÚOÄ�Ø��O(Üå5¦�·�éO�Ø�k
��\�n)§l
3)û¢SA^¯K¥

�Ð�²ïlÑ°Ý�Ä�°Ý£O�]
k�¤. þãlÑ%CnØ�2�A^u¯õ�¯K�

©Û¦)¥§~XµÄuNavier-Stokes�§�êâÓz¯K[82]§Darcy6�§'ßÇ�ü¯K[85]§

_/G(|Ñ�¯K[86]§V­ÅðÆ�üÐ�¯K[87]§ó�Yå^6ì��CG��O¯K[88]§

¿1Ä��{�©Û[89].

2.4 �����O

��d�{ò�¯K=z�ÚOíä¯K§l
�Ñ
�¯KØ(½5©Û���nØ©Ûµ

e. �
�Ð�n)��d�ünØ§·�k7�O(�n)��d�ü�{�²;�Kz�{�

m�éX�«O. 3k����d�ü�{�?Ø¥§ù�éX´w,�§=µ��d�ü���

���OéA
,
�K`z¯K§²;��Kz�{O����)�±@�´��d��VÇ�

��:§Ï~¡�����:�O[6, 46]. �3Ã���©Banach�mþ§ù�éX¿Ø´w,�§

$�����:�OTXÛ½ÂÑØ2´w,�. e¡§·�±pdVÇk�!Besovk��ïÄ

�~�ã����(maximum a posteriori, MAP)�OïÄ�Ø%(Ø.

-XL«Ã���©Hilbert�m§·��ÄXþ�pdk�VÇÿÝµ0 = N (0, C0)§EL«p

dÿÝµ0�Cameron-Martin�m(Ùþ��ê½Â�‖C−1/2
0 · ‖X). ½ÂXe�¼

I(u) =

Φ(u) + 1
2
‖u‖2E XJu ∈ E,

+∞ XJu /∈ E.
(2.21)

-z ∈ E§B(z, δ) ⊂ XL«¥%3z�»�δ�m¥.

½½½nnn2.4 - ³¼ê÷vXe^�µ

1. éu?¿�ε > 0§�3�εk'�~êM ∈ R¦�éu?¿�u ∈ X§·�kΦ(u; y) >

M − ε‖u‖2X .

2.  ³¼êΦ(u; y)'uu´ÛÜkþ.�.

3.  ³¼êΦ(u; y)'uuÛÜLipschitzëY.

?�Úb�µ0(X) = 1§éu?¿�z1, z2 ∈ E§·�k

lim
δ→0

µy(B(z1, δ))

µy(B(z2, δ))
= exp (I(z2)− I(z1)) . (2.22)

ù�½n3Ø©[90]¥�y²§�ù�(Ø�^u©ÛNavier-Stokes�§�'�êâÓz¯

K. ½n2.4¥|^¥%3z ∈ E��¥?���VÇ�'�5½ÂMAP�Ow,�k���m

¥MAP�O�½Â���§¿��ª(2.22)`²¦)MAP�O�du¦)�¼I(u)����.

5552.3 ½n2.4¥�¥�¥%��uk�pdÿÝµ0�Cameron-Martin�mE��·�AÏ

5¿§ù��N
Ã���¹�k���¹�Ø%«O. 3Ã����¹e§Cameron-Martin�

12
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mE3�mXþ´È��§�Ó�E´��"ÿ8§=µµ0(E) = 0. 3k���mRn¥§��
mX = E = Rn§Ïdµ0(E) = 1. ù�Ø%«O��µk���mþ�©Û¿ØU==-�m�

ên→∞Ò��Ã���mO(�(J§~X3Ø©[91]¥§�ö©Û
MAP�O§�Ùy²=é

k���/¤á.

3½n2.4¥¤½Â�MAP�O�¿Âe§�â·�¤�J±���kBesovk�!©�k��

¹eÙ��A�¼4�¯KéA'X�î��x. 3Ø©[92]¥§ÄuÿÝ�Fomin��5nØ§�

öJÑ
f����(wMAP)ù�#�Vg§½ÂXe.

½½½ÂÂÂ2.3 -B(z, δ) ⊂ XL«±z�%§δ��»�¥§XJ�3u ∈ supp(µy)�éu¤kh ∈
Ek

lim
δ→0

µy(B(u− h, δ))
µy(B(u, δ))

6 1, (2.23)

K·�¡u´wMAP�O.

þã½Â¥��mEØ7´k��Cameron-Martin�m£éu�pdÿÝ�vkù�Vg¤§


´÷vXe�¦��mµ

1. �mE3�mX¥´ÿÀÈ��§

2. Pdhµ
y : B(X)→ R´ÿÝµy÷Xh�Fomin�ê[93]§·�b�éu¤k�h ∈ Ek

ddhµ
y

dµy
∈ C(X),

=µdhµ
y'uµy�Radon-Nikodym�ê´ëY�.

Äu½Â2.3§3Ø©[92, 94]¥��
Besovk�ewMAP�OéAuXe�¼4�¯Kµ

arg min
u

1

2
‖G(u)− y‖2Γ + ‖u‖pBsp,p . (2.24)

�
�Öö���N�<�Ø�u�\E,�êÆ[!§ùp'uBesovk�ewMAP�O��¼

4�'X�`²¿vk�Ñ���^�. 'u��dnØ��KznØ�éX§a,��Öö�±

?�Úë�[34, 95–100].

�����OéX
��d�ü�{��Kz�{§éÙïÄäk­��¿Â. ,��¡§�

����O´��ÿÝ��«:�O§AO�§3��dÚO¥��þ�(posterior mean, CM)�

O

û =

∫
X

uµy(du) (2.25)

´�\~^��«:�O. XJ·�I�Äu��ÿÝ�Ñ��:�O£��dûünØ¤§=«:

�O´�Ð�ÀJº¯¢þ§ùü«�OÑk�U¤�é<s��O. aqu©z[6]¥1nÙ¤Ð

«�ã3.1§·�3ã1¥�Ñ
�����{ü�«¿ã. lã1�>�fã¥�±w�CM�OØ

´��Ð��O§Ó��m>�fã`²MAP�O3ã«��¹eØ´��Ð��O. 3��dÚ

13



_h<�: Ã����d�ü

ã 1 ü�����Ý¼ê`²�����O���þ��OÑk�UØ´��Ð��O. ã¥MAPL«�����O(maximum a

posteriori, MAP)§CML«��þ��O(conditional mean, CM)

OûünØ¥§<�½Â
��d��(Bayes cost)^±�xÏ"��§l
éCM!MAP�OJ

ø����n). XJ·�PC(·, ·)���¼ê§@o��d��(P�BC(·))�½ÂXeµ

BC(û) =

∫
X

C(u, û)µy(du), (2.26)

Ù¥û´��:�O. ·�w,F"Ïé¦���d�����:�O§=µ

ûC = arg min
û
BC(û). (2.27)

²;�ÚOnØ(�u�Ì§e¡�Ñ�(Ø´k���m�(Ø§=µu´k���þ)w�·�§

�C(u, û) := ‖u− û‖2X�§¯K(2.27)�)=�CM�O. ,
§·�I����¼ê�

C(u, û) =

0, ‖u− û‖∞ 6 δ,

1, ‖u− û‖∞ > δ.
(2.28)

¿�Äδ → 0�4��¹�âU��MAP�O. �±w�§CM�O¥��¼ê�À���g,§Ï

d3ÚOÆ�©z¥<�éCM�O�� O. �Ø©[101]¥�Ñ§3p�£k��¤¯K��#

ïÄ¥§CM�OO�þ�J±¼�§Ó�MAP�OO�þ��3éõ�¹e�±�ÑéÐ��O

(J. �
����n)MAP�O§�öy²
µÄuBregmanål¤�Ñ���¼ê§MAP�O

´¦���d�����:�O§l
3�½§Ýþ`²
MAP�O´��Ü·���d�O. 3

Ø©[92, 102]¥§�öÒCM!MAP�O3Ã���m��/e�
[��?Ø§��
aq�(

Ø§Ó�`²
MAP�O�±w�Bregmanål��¼ê�Ñ���d�O. 'u:�O�?�Ú

?Ø(~Xµ��ë�.�:�O§:�OéA�4�z�¼�Âñ5©Û)§a,��Öö�±?

�Úë�[103–106].

3 ��ÚOO�

3þ�!¥·�£�
Ã����d�ü�·½5!%CO�!��:�O�nØ§ù�!

·�à�u��VÇÿÝ&E�O�. 31��!§·�{��0�Ã���mþ�Metroplis-

Hastings�{§�Ñ~��ê��Åó�Akâ(MCMC)Ä��{. 31��!§·�éÃ���
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�d�ü�8ÜKalmanÈÅ�{?10�§¿£��
�#?Ð. 31n�!§·�éC©íä�

{?1{�0�§AO�§éCÏ3Ã���muÐÑ�nØ�{?1£�. ��§·�éÃ��

�m¤�E�{�lÑØC5?1{ü�&?§l
Áã`²��o�Ú\Ã����{.

3.1 ÚOÄ��{

�â12.2�!�0�§·�
)�Ã����dúªäkXe/ª

dµy

dµ0

(u) =
1

Zy
exp (−Φ(u; y)) . (3.1)

e¡·�Äu©z[18, 19, 51]éMCMC�{�g�?1{��0�. -P (u, dv)L«Markov=£Ø§

=µé?¿�u ∈ X§P (u, ·)´�m(X,B(X))þ�VÇÿÝ. �
l��VÇÿÝ¥Ä�§l
Ä

u�þ��O�ÚOþ£~Xµ��þ�§����¤§·�I�Markov=£ØP (·, ·)'u��ÿ
Ý´ØC�§=µ ∫

X

µy(du)P (u, ·) = µy(·). (3.2)

N´w�§XJMarkov=£ØP���VÇÿÝµy÷v[�²ï(detailed balance)^�

µy(du)P (u, dv) = µy(dv)P (v, du), (3.3)

KMarkov=£Ø'u��ÿÝ´ØC�. ÄuMarkov=£ØP·�ÒUUìXe��ª�

EMarkovóµ

u0 → P (u0, ·)→ u1 → P (u1, ·)→ u2 → P (u2, ·)→ u3 → · · · .

du=£ØP'u��ÿÝ´ØC�§·�ÒU¢yl��ÿÝ¥Ä��þ���. �±w��

EMarkovó�'�3uµXÛ�E=£ØP (·, ·)?

�{ 1 Metropolis-Hastings�{���O�µe

éu�½�a : X ×X → [0, 1]§UXeÚ½)¤��{u(k)}k>0µ

1. ��k = 0§À�u(0) ∈ X;

2. )¤#���v(k) ∼ Q(u(k), dv);

3. �VÇa(u(k), v(k))§�u(k+1) = v(k)¶ÄK§�u(k+1) = u(k);

4. -k → k + 1§�£Ú½2.

3�{1¥§·�Ð«
Metropolis-Hastings�{���O�µe§ÙÏL�É½áýMarkovØQ

£Äu�Å �©�§�E§e©¥�[0�¤�Ñ�ïÆ¼êëê§�E·�Ï"�Markov=£

ØP . l�{1�É�áý�O�L§¥§·�N´��=£ØPäkXe�/ªµ

P (u, dv) = Q(u, dv)a(u, v) + δu(dv)

∫
X

(1− a(u,w))Q(u, dw). (3.4)
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ù�/ªÐwå5�UØN´n)§·��±�ÄA ⊂ B(X)§K�*þ·�k

P (u,A) =


∫
A
a(u, v)Q(u, dv) +

∫
X

(1− a(u, v))Q(u, dv), u ∈ A,∫
A
a(u, v)Q(u, dv), u /∈ A.

Äuþ¡�úª§·�Ò�±��N´n)úª(3.4). ÏL{ü�í�§·���[�²ï^

�(3.3)�duXeúª¤áµ

µy(du)Q(u, dv)a(u, v) = µy(dv)Q(v, du)a(v, u). (3.5)

÷XØ©[18]¤ã�g´§·�3�m(X ×X,B(X)⊗ B(X))þ½Â

ν(du, dv) = µy(du)Q(u, dv), νT(du, dv) = µy(dv)Q(v, du),

Ù¥B(X)⊗ B(X)L«¦È�mþ�¦Èσ�. 3©z[51](½n21)¥y²
Xe½n.

½½½nnn3.1 b�νÚνT´�m(X ×X,B(X)⊗ B(X))þ��dÿÝ§¿�k

ν(du, dv) = r(u, v)νT(du, dv).

éu3(3.4)¥½Â�Markov=£ØP§Ù÷v[�²ï^�(3.3)½(3.5)��d^�´

r(u, v)a(u, v) = a(v, u), ν − a.s..

AO�§XJ·�À�

a(u, v) = min{1, r(v, u)} = min

{
1,
dνT

dν
(u, v)

}
K[�²ï^�g,÷v.

�±w�§�EMCMC�{�����'�Ú½´À�Q. 3Ã���mnØ¥§<�Ì�Ä

uÃ��Langevin�§�ïQ. äN
ó§Ã��Langevin�§äkXe/ªµ

du

dt
= −K(C−1

0 u− γDΦ(u; y)) +
√

2KdB
dt
, u(0) = u0, (3.6)

Ù¥C0´k�ÿÝµ0 = N (0, C0)����f§K´ý^��f§B´�mXþ����f�ð��
f�Brownian$Ä§DΦ(u; y) L«é¼êëêu �Fréchet�ê. ��
ó§C−1

0 ´�©�f§l


�§(3.6)��´�� �©�§. ÄuCrank-Nicolson%C�ª§·��±��

v = u− 1

2
δKC−1

0 (u+ v)− δγKDΦ(u; y) +
√

2δKξ0, (3.7)

Ù¥ξ0´pdxD(. e¡¤ã��{§�γ = 1�§�é^�*Ñ(conditioned diffuion)¯K3Ø

©[107]¥JÑ. ��§3Ø©[108]¥�*Ð�
γ = 0��¹§¿�¤uÐ��{?�Ú�^uê

âÓz+�[109]¥. I�`²�e§ëêγ = 0�¤uÐ��{§31998c�Ø©[110]¥®²�J

9(í��L§¿Ø´ÄuXþ��Å�©�§(3.6)§'5��Ø´�¯K�Ã����d�ü�

{). e¡·�©o«�¹©O\±0�.
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�¹1µγ = 0,K = I.

3ù«�¹e§Ã��Langevin�§äkXe/ªµ

du

dt
= −C−1

0 u+
√

2
dB

dt
, u(0) = u0. (3.8)

þã�§�Crank-Nicolson%C�ª�µ(
I +

1

2
δC−1

0

)
v =

(
I − 1

2
δC−1

0

)
u+
√

2δξ0, (3.9)

¡�Crank-Nicolson(CN)ïÆ. e
(
I + 1

2
δC−1

0

)−1
N´O�§K�±ÏL(3.9)�)#���§=µ�

{1�Ú½2. XJC0 = A−2§Ù¥Ad(2.10)½Â§KO�
(
I + 1

2
δC−1

0

)−1
���duO�üg �

©�§(2.10).

�¹2µγ = 0,K = C0.

3ù«�¹e§Ã��Langevin�§äkXe/ªµ

du

dt
= −u+

√
2
dW

dt
, u(0) = u0, (3.10)

Ù¥W´C0-WienerL§. ÙCrank-Nicolson%C�ª�µ

(2 + δ) v = (2− δ)u+
√

8δw, (3.11)

Ù¥w ∼ µ0 = N (0, C0). -β =
√

8δ/(2 + δ)2§Kúª(3.11)���

v =
(
1− β2

)1/2
u+ βw. (3.12)

Ï~§·�¡(3.11)½(3.12)�ý^�CN(preconditioned CN)ïÆ. Äu12.3�!¥¤0��lÑ

�{§·���w�lÑ%C�±ÏLúª(2.12)¯�O�. éu�¹1Ú2§/Ïu½n3.1§·��

±O���¼êaXeµ

a(u, v) = min {1, exp (Φ(u; y)− Φ(v; y))} . (3.13)

'u¼êa��[í�L§§Öö�±ë�©z[51]�15.2!. òúª(3.9)�(3.13)�\����

{1¥§·�Ò��
Crank-Nicolson(CN)�{. òúª(3.12)�(3.13)�\����{1¥§·�Ò

��
ý^�Crank-Nicolson(pCN)�{.

5553.1 3�¹1Ú2¥§duÀ�
γ = 0§3MarkovØQ¥Ø¹kq,¼ê¤Jø�&E§

·��±y²�Å�©�§(3.8) Ú(3.10)´'uk�ÿÝØC�§?
·��±��(©z[51]¥

~7�~8)µ ∫
X

µ0(du)Q(u, dv) = µ0(dv).

�¹3µγ = 1,K = I.

3ù«�¹e§Ã��Langevin�§/ªXeµ

du

dt
= −C−1

0 u− γDΦ(u; y) +
√

2
dB

dt
, u(0) = u0. (3.14)
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Äuù��Å �©�§§·��±��Crank-Nicolson LangevinïÆ(CNL)Xeµ

(2C0 + δ)v = (2C0 − δ)u− 2δC0DΦ(u; y) +
√

8δC0w, (3.15)

Ù¥w ∼ µ0 = N (0, C0). /Ïu½n3.1§·��±O���¼êaXeµ

a(u, v) = Φ(u; y) +
1

2
〈v − u,DΦ(u; y)〉+

δ

4
〈C−1

0 (u+ v), DΦ(u; y)〉+
δ

4
‖DΦ(u; y)‖2. (3.16)

òCNLïÆ(3.15)�¼ê(3.16)�\����{1¥§·�Ò��
Crank-Nicolson Langeivn(CNL)�

{. 'u(3.15)�(3.16)��[í�L§§Öö�±ë�Ø©[108]�14!±9N¹.

�¹4µγ = 1,K = C0.

3ù«�¹e§Ã��Langevin�§/ªXeµ

du

dt
= −u− C0γDΦ(u; y) +

√
2
dW

dt
, u(0) = u0, (3.17)

Ù¥W´C0-WienerL§. ?
§·��±��ý^�Crank-Nicolson Langevin(pCNL)ïÆ

(2 + δ)v = (2− δ)u− 2δC0DΦ(u; y) +
√

8δw, (3.18)

Ù¥w ∼ µ0 = N (0, C0). ?�Ú§/Ïu½n3.1§·��±O���¼êaXeµ

a(u, v) = Φ(u; y) +
1

2
〈v − u,DΦ(u; y)〉+

δ

4
〈u+ v,DΦ(u; y)〉+

δ

4
‖C1/2

0 DΦ(u; y)‖2. (3.19)

òpCNLïÆ(3.18)�¼ê(3.19)�\����{1¥§·�Ò��
ý^�Crank-Nicolson Langeivn

(pCNL)�{. 'u(3.18)�(3.19)��[í�L§§Öö�±ë�Ø©[108]�14!±9N¹.

5553.2 ØÓu�¹1Ú�¹2§3�¹3Ú�¹4¥§duÀ�
γ = 1§3MarkovØQ¥¹

kq,¼ê¤Jø�&E§·��±y²�Å�©�§(3.14)Ú(3.17) ´'u��ÿÝµyØC

�§a,��Öö�±ë�[51, 111, 112]
)�[�b��y²L§. ùpI�`²�´§3©

z[51, 111,112]¥§�öé ³¼êΦ(u; y)�
Xeb�µ

Φ(u; y) 6M1(1 + ‖u‖)N1 , ‖DΦ(u; y)‖ 6M2(1 + ‖u‖)N2 , (3.20)

Ù¥N1, N2´ü��~ê§M1,M2´�uÃ'��~ê§‖ · ‖L«Ü·��ê£©z¥¿ØÚ�§ù
p¿Ø�?1[��î�êÆØy§=��
oÑ?Ø¤. ù
^�éuéõ��5�¯K´Ø

·^�£ØØ^=«�ê¤§~Xµ­�Darcy6'ßÇ�ü¯K(©z[51]�11.3!�1334�~3).

â·�¤�§3©z[51]�15.6.1!§�ö�Ñ½N�±ÏLÚ\Ê�(stopping time)�y²�{

fz^�(3.20)¦��±A^u­�Darcy6'ßÇ��ü¯K§��8£2024c8�¤E,vkÑ

y�'�ïÄ.

5553.3 'uXþ¤ã�Ã���mMCMCaÄ��{§nØïÄ©�ü��¡µ �4

�(scaling limit)�ÌmY(spectral gap)©Û. 3 �4��¡§Ø©[113–115]¥�©ÛL²µIO

�MCMC�{ïÆ©Ù���I��âlÑ�Ý�,��ê~�§�
O(�OÚOþ§¤I�

Ä�þ¬�XlÑ�Ý�O\
O�¶Ã���mMCMCa�{ïÆ©Ù���ÃI�âlÑ�

Ý?1N�§Ï
�
O(�OÚOþ§¤I�Ä�þØ¬�XlÑ�Ý�O\
O�. /k`z
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2lÑ0�ïÄ¥�kaqu �4��?Ø§a,��Öö�±ë�Ø©[84]�N¹(Ù¥�Ñ


��{ü�ê��~)±9PDE�å`z¯K�;Í[80]. 3ÌmY©Û�¡§Ø©[116]¥�©ÛL

²µIO�MCMC�{�ÌmY¬�XlÑ�Ý�O\
~�§pCN�{�ÌmYØ�6ulÑ

�Ý. �C§Ã��MCMCÌmY�©ÛnØ��*Ð�
�pdk�ÿÝ��/[117].

5553.4 ØÓu�¯K¦)�²;�Kz�{§��d�ü�{���)¿Ø==´¼êëê

�ü��O(�,§·��±ÏL��dûünØ�Ñ÷v�½I¦�:�O§ë�12.4�!)§


´����ÿÝ§Ï
·�ØU^��þ��:�O�5�5�½Ä��{�Âñ5!µ�Ä��

{�Ä��Çp$. 'uÄ��{�Ä�´Ä¿©§ïÆ©Ù��´ÄÀ�Ün§XÛ�äØÓÄ

��{��Ç�§·��±xÑ���,(trace)§O����g�'5§O�k���ê�. ùp

�u�Ì§Ø2�[��0�§Öö�±ë�;Í[118].

'uÃ���mMCMCa�Ä��{§�kéõ��&?�SN(~Xµ�pdk�eÄ��

{��E§Metropolis-within-Gibbs�{§Hamiltonian Monte Carlo�{�)§a,��Ööí�?

�Ú�Ö[74, 115,119–130].

3.2 8Ük�ùÈÅ

ù�!�Ì�8�´�ã|^8Ük�ùÈÅ¦)Ã¡���d�¯K�Ä��nÚ�{. �

d, ·�k£�Ä��k�ùÈÅ9�'�{. �
Bun)�'�{�Ä�g�Ú.�Ü6, e¡

·�klk���/XÃØã, �'�{�Ã¡�í�ÚA^[131–133]�k���/´²1�.

k�ùÈÅ´dÑ)u:ß|�êÆ[k�ù(Rudolf Emil Kalman, 1930 - 2016) �
)û�

�Ê1¥��Ê9��¯K
JÑ�, @Ï�©zk [134, 135] �. k�ùÈÅ�Ä�g�´|^X

Ú�Ä��.Ú*ÿêâ, ÏL48��ª�OXÚG�, ¿¦��O�G�äk��þ��, l


k�/òD(ÚØ(½5�Ä3S. äN/, �Ä�ÅÄåÆ�.

vk+1 = ψ(vk) + ξk, 0 6 k 6 K − 1, v0 ∼ N (m0, C0), ξk ∼ N (0,Σ) i.i.d., (3.21)

9êâ*ÿ�.

yk+1 = h(vk+1) + ηk+1, 0 6 k 6 K − 1, ηk ∼ N (0,Γ) i.i.d., (3.22)

Ù¥v0 �S�{ξk} 9{ηk} �pÕá, �é¤k�j Úk, ξj Úηk ��pÕá. 3¢SA^¥, (3.21)

ª�±n)���G�üz��Å�©�§�lÑz, =¦d3&Ò´d(½5N�ψ ¤��, �Å

ÄåÆ�. (3.21) ¥��Åþξk ��±@�´(½5N���.Ø�. P

Yk = {y1, y2, · · · , yk},

K (3.21)9 (3.22)�éá=�êâÓz+� [136,137]�Ï^êÆ¯K,ÙÌ�?Ö�±{ã��Ñ

½%CÈÅ©ÙP(vk|Yk) (filtering distribution) ½²w©ÙP(vk|YK) (smoothing distribution), ù

ü«�/�«O3uG�vk ´Äuck ����*	�´Äu���mªÝ�êâ5?1íä�,

e©¥Ì��écö?1�ã.

19



_h<�: Ã����d�ü

� (3.21) 9 (3.22) þ��5�., =b�¤ávk+1 = Ψvk + ξk,

yk+1 = Hvk+1 + ηk+1,
(3.23)

Ù¥v0 9S�{ξk} 9{ηk} �b�Xc¤ã. duvk+1 9yk+1 Ñ´pd�ÅCþ���C�, Ïd,

P(vk|Yk) �´pd©Ù, �dÙþ�9������x. 'uP(vk|Yk) �þ�9����w«S�
�#úª=�¤¢�k�ùÈÅ�{(Kalman filter, Kf).

P

π̂k+1 = P(vk+1|Yk) = N (m̂k+1, Ĉk+1), (ýÿ©Ù)

πk+1 = P(vk+1|Yk+1) = N (mk+1, Ck+1). (©Û©Ù)

�¶gÂ, ýÿ©Ùπ̂k+1 Ò´(ÜG�üz�§Ú®kêâYk éG�vk �Czª³?1ýÿ, 
©

Û©Ùπk+1 K´3ÿ�#êâyk+1 ��¹e|^êâYk+1 éýÿ(J?1��. e¡�½n�Ñ


Kf �äN�xµ

½½½nnn3.2 [137, ½n8.3] éu¤k�1 6 k 6 K − 1, d(3.23) ¤(½�ÈÅ©ÙP(vk|Yk) ��
��Ck ´�½�, � 

m̂k+1 = Ψmk,

Ĉk+1 = ΨCkψT + Σ,

C−1
k+1 = (ΨCkψT + Σ)−1 +HTΓ−1H,

C−1
k+1mk+1 = (ΨCkψT + Σ)−1Ψmk +HTΓ−1yk+1.

ùp·�Ñ�Xþ½n�y², a,��Öö�ë�[137, ½n8.3]. ��5¿�´, þ¡½n

¥�����#v^�êâ&E, �ýÿÚ½¥����´±��C���ª�6uc�G��

���, 
©ÛÚ½����K´±��5��ª�6c�G�����. /ÏuWoodbury ú

ª[137, Ún8.6], Kf �±�d/U���{2 �/ª, Ù¥�Kk q¡�k�ùOÃ(Kalman gain).

�±y²Kf �Ñ
G�þ���`z�O[137, ½n8.7]. éuKf �Ù¦í��ª½�#úª, �ë

�[136,138–140] 9Ù¥�ë�©z.

I��Ñ�´, Kf �U?n�5�ÅÄåÆ�.Ú�5*	êâ�.��/, ��ÅÄåÆ�

.���5��êâ*	�.��5��/, =¤ávk+1 = ψ(vk) + ξk,

yk+1 = Hvk+1 + ηk+1,
(3.24)

Ù¥v0 9S�{ξk} 9{ηk} �b�X(3.21) (3.22) ¤ã. d�, eG�vk À�Ùþ�mk ��6Ä, =

÷v:

ψ(vk) ≈ ψ(mk),

l
k

m̂k+1 = E[vk+1|Yk] = E[ψ(vk) + ξk|Yk] = ψ(vk) ≈ ψ(mk)
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�{ 2 k�ùÈÅ�{ (Kf)

�½Ð©©Ùπ0 = N (m0, C0);

1. ��k = 0;

2. ýÿ:

m̂k+1 = Ψmk, Ĉk+1 = ΨCkΨT + Σ;

3. ©Û:

mk+1 = m̂k+1 +Kk+1(yk+1 −Hm̂k+1),

Kk+1 = Ĉk+1H
T(H Ĉk+1H

T + Γ)−1,

Ck+1 = (I −Kk+1H)Ĉk+1;

4. -k → k + 1; ek < K�£Ú½2§ÄKÑÑýÿ©Ùπ̂K = N (m̂K , ĈK) 9ÈÅ©Ù

πK = N (mK , CK).

9

Ĉk+1 = E[(vk+1 − m̂k+1)⊗ (vk+1 − m̂k+1)|Yk]

≈ E[(ψ(vk)− ψ(mk) + ξk)⊗ (ψ(vk)− ψ(mk) + ξk)|Yk]

= E[(ψ(vk)− ψ(mk))⊗ (ψ(vk)− ψ(mk))|Yk] + Σ

≈ Dψ(mk)E[(vk −mk)⊗ (vk −mk)|Yk]Dψ(mk)
T + Σ

= Dψ(mk)CkDψ(mk)
T + Σ,

Ù¥Dψ(mk)�ψ(·)3mk ?�Fréchet�ê,�m̂k+1 ÚĈk+1 �O�L§¥^�
ξk �Yk 9ξk �vk

��pÕá5. �I3Kf ¥òýÿþ�m̂k+1 Ú���Ĉk+1 ��A�O�=��*Ðk�ùÈÅ�

{(Extended Kalman filter, ExKf). �±wÑExKf ´ÏL�5z��ª5%Cýÿ����, l


ÙO��dÌ�3u��5N�ψ �Fréchet �ê�O�. 'uExKf �uÐ9XÚ5nØ, �ë�

©z[141], ExKf 3Uíý�¥�A^�ë�[142], du�õê/¥ÔnA^¥�G��m�êÑé

p, ù�Ò¦ExKf �A^C�Ø�¢S.

lc¡�Øã��, 3p��/�A^¥, ÃØ´Kf �´ExKf, ýÿ���(AO´Fréchet �

êDψ(·)) ��OÚ�;ÑòC�$�Ú[B, 8Ük�ùÈÅ(Ensemble Kalman filter, EnKf) �

´�
�Ñù�(J
�)�, ÙÄ�g�´ò��âf8Ü�üz�k�ù.�{�(Ü, ¿3�

#L§¥¦^Tâf8Ü�²����5%CýÿÚ½����Ĉk+1. 'uEnKf �@ÏuÐ�ë

�[143–146], CÏ�nã5©zk[136,137,147] �. 8c3EnKf �Ä:þuÐÑ
�X���'�

{, �Ü©Ñ�B\2Â��5���¦�pd-ÚîS�½Levenberg-Marquardt�{�(Ü��

�`zµeS[137, Part III Kalman Inversion], ·�òù�a�{Ú¡�EnKf �{.

e¡·�ò£�ù�!�ÌK, =�ãXÛ|^EnKf 5¦)��d�¯K

y = G(u) + η, u ∈ X, y ∈ Y, η ∼ N (0,Γ) (3.25)
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¿�Ñ����{µe. �d, ·�k±êâO2��ª�E<óÄåXÚ:zk+1 = Ξ(zk) + sζk, s ∈ {0, 1},

dk+1 = H̃zk+1 + η̃k+1,
(3.26)

Ù¥Ξ(zk) =

 uk

G(uk)

 :=

 uk

pk

, H̃ =
(

0, I
)

: X × Y → Y , {ζk} �{η̃k} �i.i.d. S�(ζ0 ∼

N (0, Σ̃), η̃0 ∼ N (0, Γ̃)), {u(j)
0 }Jj=1 ��À����þu �k�VÇ©Ù��Åæ�. e�üN

�G : X → Y ´��5�, K(3.26) ¥�G��.zk+1 = Ξ(zk) + sζk =���5�, �êâ*ÿ�

.dk+1 = H̃zk+1 + η̃k+1 ´�5�, ù�(3.24) ª��/´���.

b�1k Ú¦^�âf8ÜP�{z(j)
k }Jj=1 =

{ u
(j)
k

G(u
(j)
k )

}J
j=1

,K{z(j)
k }Jj=1 �²����=�:

Ĉk : =
1

J

J∑
j=1

(z
(j)
k − zk)⊗ (z

(j)
k − zk) =

 Cuuk Cupk
(Cupk )T Cppk

 ,

Ù¥

zk =
1

J

J∑
j=1

z
(j)
k =

 1
J

∑J
j=1 u

(J)
k

1
J

∑J
j=1 G(u

(j)
k )

 :=

 uk

pk

 ,

Cuuk =
1

J

J∑
j=1

(u
(j)
k − uk)⊗ (u

(j)
k − uk),

Cupk =
1

J

J∑
j=1

(u
(j)
k − uk)⊗ (G(u

(j)
k )− pk),

Cppk =
1

J

J∑
j=1

(G(u
(j)
k )− pk)⊗ (G(u

(j)
k )− pk).

3Kf �{¥, �I�òþ���#O��âf8Ü{z(j)
k }Jj=1 ��#, 
òýÿÚ�����#O�

�âf8Ü�²������#, Ò�±��¦)�¯K(3.25) �EnKf �{(�{3) [148].

ùp·�òEnKf �¤�{3 �/ª, 8��´²(Ù�DÚKf �m�éX. ¢SA^¥, 34

�õê�/e, ·�  �'5��þu �&E, Ïd�±ò�{(3) ¥�²����Ĉk+1 ��#{

z�Ü©²����Cupk 9C
pp
k ��#, 
òâf8Ü{z(j)

k } ��#{z���þâf8Ü{u
(j)
k } �

�#, l
��/J,EnKf �O��Ç, äN[!�ë�[149, Algorithm 1].

¯¢þ, EnKf �±w�´ÈÅ©Ùπ(vk|Yk) �Ó�S��Akâ(sequential Monte Carlo,

SMC)%C[131,133,137]. P

πJk (zk) =
1

J

J∑
j=1

δ(zk − z(j)
k ), (3.27)
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�{ 3 8Ük�ùÈÅ�{ (EnKf)

�½Ð©âf{z(j)
0 }Jj=1;

1. ��k = 0;

2. ýÿ:

ζ
(j)
k ∼ N (0, Σ̃), i.i.d., j = 1, 2, · · · , J, ẑ

(j)
k+1 = Ξ(z

(j)
k ) + ζ

(j)
k ,

m̂k+1 =
1

J

J∑
j=1

ẑ
(j)
k+1, Ĉk+1 =

 Cuuk Cupk
(Cupk )T Cppk

 ;

3. ©Û:

η̃
(j)
k ∼ N (0, Γ̃), i.i.d., j = 1, 2, · · · , J, d

(j)
k+1 = dk+1 + τ η̃

(j)
k , τ ∈ {0, 1},

z
(j)
k+1 = m̂k+1 +Kk+1(d

(j)
k+1 − H̃m̂k+1), Kk+1 = Ĉk+1H̃

T(H̃ Ĉk+1H̃
T + Γ)−1;

4. -k → k + 1; ek < K�£Ú½2§ÄKÑÑâf8Ü{z(j)
k }Jj=1, k = 1, 2, · · · ,K.

��ÅÄåÆ�.¥���5'X�f½êâDÑ���, ÈÅ©Ù�Cqw¤´pd©Ù, �J ¿

©��, πJk (zk) ���ÈÅ©Ù��Ð%C, l
EnKf ÑÑ�âf8Ü�À�ÈÅ©Ù�%Cæ

�(d�, (3.26) ¥�ëês = 1, Ù8�´¦�âf8Ü�¯��·Ü�m) [150, 151]. ��, ��

ÅÄåÆ�.¥���5'X�r½êâDÑ���, πJk (zk) %CÈÅ©Ù��J��, =BXd,

EnKf ÑÑ�âf8Ü�þ�EUéÐ/%CG�Cþ, �ØLù«�/�ÐòEnKf n)�S�`

z�{[137] (d�, (3.26) ¥�ëês = 0) 
Ø´��%Cæ��{.

EnKf�{y33�¯K!�ÝÆS9êâÓz�+�¼�
2�A^, V)å5��kXen

��¡��Ï[137]: (1) EnKf �±3Ø�O�ÅÄåÆ�.(3�¯K¦)¥K��üN�G) ��

ê��¹e?1O�, Ù��´¦^ÚO�5z5%C�'�ê, ùéu�.�êJ±O�½öç�

�.Òw�c�­�; (2) �âf8Ü�5�J �u��þ��ê�, ¦^²����
Ø´�.�

���±wÍü$O�¤�; (3) �ÅÄåÆ�.���5'XØ´�r�, âf8Ü�©Ù�¹


��þØ(½5�k^&E, l
âf8Ü���±��ÈÅ©Ù(3��d�¯K�/K���V

Ç©Ù) �%C�Åæ�.

��I��Ñ�´, éEnKf �©Û´(J�, �'nØïÄ�?um©�ã. éu�5�/, �

âf5�J →∞ �, EnKf òÂñuk�ùÈÅ©Ù[152–154]; 
éu��5�/, âf8ÜKØU

éÐ/%C�A�ÈÅ©Ù[155]. 3��²þ|µee, 'uEnKf �{�nã�ë�[156], Tµe

�©ÛEnKf �{%Cý¢ÈÅ©Ù�O(5Jø
nØÄ:. éuâf5�Ø�½ö�½âf5

��/, EnKf �{EUJøûÐ�G��O, ù��À�EnKf �{Ã��Æ�`:��, �'�n

Ø©Û�ë�[131–133,157–161] �.

o�, duEnKf kX�{{ü!O�þ�!�#N¦^Ü©!$�!²��'&E�`:, �

Xêâ�¯�O�±9<ó�UEâ�×�uÐ, �±ý�EnKf �{ò¬kX�\2,�A^c

µÚuÐ�m.
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3.3 C©íä

±pCN�{��L�Ä��{I��þÄ�l
O���ÚO&E§�é­�Darcy6�'ß

Ç¯K§Ø©[18] ¥Ä�
106���§=O�
106� �©�§. �â·��O�²�§éu�

E,��¯K§��I�Ä�105 − 107���â�±k���O��ÚO&E. ¦)106� �©�

§´O�þ4Ù
��O�?Ö§Ï
±pCN��L�Ã���mÄ��{�´J±A^u�Å/

�ü[162]��5��ü¯K.

2012c§AlexNet[163]3ImageNet'm¥¼�
â»5?Ð§O(Ç��1�¶(Top 5�ØÇ

�15.3%§1�¶�26.2%). gd§�Ý ²�ä¼�
2�'5§�'ïÄ'ß�
¯õ+�. A

O�§�ÝÆS�{3�¯K¦)¥��
-<Ê8��J[164]. ,
y¢­.¥�ÆS¯K¡�

¯õØ(½5&E§Ïdk7�é�ÝÆS�Ø(½5?1©Û§��dÚO3Ù¥�ü
­��

�Ú[165]. �Ý ²�ä¥�¹�þ��ÆSëê§?
Ôö�Ý ²�ä�±w�p��mþ�

ÚOíä¯K§¡�X�Ã����d�üaq�(JµXÛlp�($�´Ã¡�)�mþ�VÇ

©Ù¥¯�O���ÚO&Eº

�
?np��m�5�O�(J§3ÅìÆS+�uÐÑ
´L�C©íänØ��{.

C©íä�uÐ�±J��1980c�§Äu²þ|b��C©íä�{é@Ò�^5ïÄ ²�

ä[166, 167]. ��§31990c�§C©íä�¯õÆö^uVÇã�.�ïÄ[168–170]. �8§C

©íä��XÅìÆS(AO´�ÝÆS)�ïÄ¼�
4��'5§nØ��{��5�´L. '

uù�¡�CÏuÐ§·�í�ü�nãØ©[171, 172]. Xc©¤ãÃ����d�ü�ÅìÆ

SïÄ¡�X�q�Ø%(J§@o��w
´��¯K´µC©íä�{UÄ^uÃ����

d�ü+�º÷X/klÑ§2��d0�g´§�ék���¯K§k�
ék¿g�ó�. 3

Ø©[173]¥ïÄ
�k�ëê�©���d�ü§Äu²þ|%C(b��üëê��ëê´Õá

��ÅCþ)!pdk�D(b�§�ö�Ñ
C©íä�S�¦)�ª§z�ÚS�Ñäk)Û

L�ª§Ï
O��Ý��Ä��{��
4�J,. AO�§3Ø©[173] ¥�ö�Ñ
�{Â

ñ5�ÐÚ©Û§��{ëêÐ��À�Jø
�½���. ��§ù�ó��í2�
�kþ

�©Ù!skew-t©Ù*ÿDÑb�e�k���¯K[174, 175]±9õ�0�6¥��Å0��ü¯

K[176]. CÏ§k���mþ�C©íä�{��^u¦)/Æ�¯K[177]!�ÛÜ�©�§�¯

K[178]§l
¯��CqO���ÚO&E. e¡§lÃ����d�ünØ��Ý§·�éC©

íä3�¯K+��uÐ��
£�.

Äk§·�5{Ñ�0��e�o´C©íä. 3ù��!§·�b�X´���©Hilbert�

m. {ü5ù§C©íäò��O�¯K=z�
��'uVÇ©Ù�`z¯K

arg min
ν∈A

D(ν||µy), (3.28)

Ù¥D(·||·)L«VÇÿÝm�,�Ýþ§A´B(X)þ�VÇÿÝ�¤�8Ü§~Xµ�{ü�·�

��AL«pdÿÝ�8Ü

A = {N (ū, C) : ū ∈ X, C ´Xþ�é¡!�½�,�f}. (3.29)

dC©íäù�°��½Â§�±wÑ§ØÓÝþ!VÇÿÝ8Ü�ÀJÒ�±�ÑØÓ��{.
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ùp§·�=�ÄÝþD(·||·)��XeKullbackõLeibler(KL)ÑÝ��¹

DKL(ν||µy) =

∫
X

log

(
dν

dµy
(u)

)
dν

dµy
(u)µy(du). (3.30)

3þª¥§·�æ^Ï~�5½0 log 0 = 0.

5553.5 I�5¿§ùp�¤æ^�KLÑÝÙ¢¿Ø´ý�¿Âþ�Ýþ§Ù��
óØ÷

vé¡5§=DKL(ν||µy) 6= DKL(µy||ν). ,
KLÑÝ´�K�§�äkÝþ��
Ð�5�[179]§

~XµXJDKL(ν||µy) = 0§Kkν = µy. KLÑÝ£ã
lVÇÿÝµy�VÇÿÝν�&EO

Ã(information gain), Ï
3k���mþ�C©íäïÄ¥§²~À�KLÑÝ5Ýþü�VÇÿ

Ý�ål[4].

�·��½
ÝþD(·||·)��§8ÜAXÛÀ�´�ïC©íä�{�'�µ

1. XJAÀ��L�§=�¹��{ü�VÇÿÝ§@o`z¯K¬C�´u¦)§�é��ÿ
Ý�Cq7,¬Ø°(¶

2. XJAÀ��é�§é��ÿÝ�Cq¬��°(§�O�Ò¬C�(J. ~Xµ�A�ék
�ÿÝýéëY�¤k�UVÇÿÝ§K�`)Ò´��ÿÝ§O�¿vk��{z.

ØÓ�C©íä�{¬À�ØÓ�8ÜA§l
3¦)°Ý��O�5�mÏ¦²ï. e¡§·�

én«;.��¹?1{ü�0�.

b�1µA´pdVÇÿÝ
¤�8Ü.

�b�8ÜA´pdVÇÿÝ�¤�8Ü�§Ø©[179, 180]¥�Ñ
�[�©Û. äN
ó§

3Ø©[179]¥y²
Xe½n.

½½½nnn3.3 -X´�©Hilbert�m§k�VÇÿÝµ0 = N (u0, C0)§Ù¥C0´Xþ��½!é

¡!,�f§u0 ∈ H (HL«k�VÇÿÝµ0�Cameron-Martin�m). �ÄXe8ÜAµ

1. A1 = {�mXþ�pdVÇÿÝ}.

2. A2 = {�mXþ�duµ0�pdVÇÿÝ}.

3. éu�mXþ�é¡!�½!,�fĈ§�A3 = {�mXäk���fĈ�pdVÇÿÝ}.

4. éu�½�û ∈ X§�A4 = {�mXäkþ�û�pdVÇÿÝ}.

éuùo«�/§XJ�3ν ∈ Ai(i = 1, 2, 3, 4)¦�DKL(ν||µy) <∞§KC©`z¯K

arg min
ν∈Ai

DKL(ν||µy)

��`)�3§¿��`VÇÿÝν�k�VÇÿÝµ0´�d�.

ù�½n�Ñ
C©`z¯K)��35§¿�w�·��`%CVÇÿÝν�k�VÇÿ

Ýµ0´�d�§?
�o��pdÿÝ�duµ0 Ò´��é­��¯K. 3Ø©[179, 180]¥§�ö

?�Úy²µéupdVÇÿÝν = N (u, C)§XJu ∈ H����fC−1 = C−1
0 + Γ÷v

‖C1/2
0 ΓC1/2

0 ‖HS(H) <∞,
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Ù¥HS(H)L«�mHþ�Hilbert-Schmidt�f�¤��m. Äu�dpdVÇÿÝ��x§3Ø

©[180]¥§�ö�Ñ
k��ëêz�Schrödingerëêz�{§?
ÄuRobbins-Monro�{�E


#�pd%CC©íä�{.

ÄupdVÇÿÝ%C��VÇÿÝ�,�«�{´Laplace%C�{§=µé�ü�fG?1
�5z. 3pdk�!pdDÑ�b�e§éu�5¯K§·�Ò�±w«í�Ñ��VÇÿÝ�

L�ª§l
¯�O����¼ê�ÚOþ[72].

b�2µ²þ|b�§=µ�¦ëê�©þ�mp�Õá.

'u²þ|b�e�C©íä§3Ø©[78]¥§�ö3��°����b�e�ï
Ã���

mþ�²þ|C©íänØ§¿òÙ$^u�kpdDÑ!LaplaceDÑ�õªêâHelmholtz�§

_
�¯K. ùp§·�Þ�~f`²ÙØ%g�§�ÄXe¯Kµ

y = Gu+ η, (3.31)

Ù¥y ∈ Y ⊂ Rny , η ∼ N (0, τ−1I), G : X → Y´���5;�f§u ∈ X(X´��Ã���

©Hilbert�m)�

u ∼ µu0 = N (0, CK0 (λ)), CK0 (λ) =

K∑
k=1

λ−1αkek ⊗ ek +

∞∑
k=K+1

αkek ⊗ ek,

λ ∼ µλ0 = Gamma(α0, β0), τ ∼ µτ0 = Gamma(α, β).

ùp{αk, ek}∞k=1´,�é¡!�½!,�f�A�XÚ§Gamma(α, β)L«ëê�α, β�Gamma©

Ù. 3ù�¯K¥§·�b�
k�ÿÝ���f�ëêλ�*ÿDÑ©Ù�ëêτ´���ëê§

Ï
3��d�ü�µe¥§·�b�¦�ÑlGamma©Ù(Gamma©Ù3ù�¯K¥´�Ý©

Ù§=k����áuÓ��©Ùx). 3yk�b�e§·�¤�Ä��¯KØ2´�üu§
´

�ü�|ëê(u, λ, τ)§��dúªäkXe/ªµ

dµy

dµ0

(u, λ, τ) =
1

Zy
τ
ny
2 exp

(
−τ

2
‖Gu− y‖2

)
, (3.32)

Ù¥µ0 = µu0 ⊗ µλ0 ⊗ µτ0´¦ÈVÇÿÝ§Zy�8�z~ê. ¤¢²þ|b�§=b��üë

êu, λ, τ´p�Õá�n�ëê. 3ù�~f¥§·�Ú\ë�ÿÝ

µr = µur ⊗ µλr ⊗ µτr = N (0, C0)⊗ µλ0 ⊗ µτ0

Ù¥C0 =
∑∞

k=1 αkek ⊗ ek. N´w�§k�ÿÝµ0�ë�ÿÝµr´�d�§l
k

dµ0

dµr
(u, λ, τ) ∝ exp(−Φ0(u, λ, τ)). (3.33)

e¡·�b�%CÿÝνäkXeL�ªµ

dν

dµr
(u, λ, τ) ∝ exp (−Φr

u(u)− Φr
λ(λ)− Φr

τ (r)) , (3.34)

?
·�k

dνu

dµur
∝ exp (−Φr

u(u)) ,
dµλ

dµλr
∝ exp (−Φr

λ(λ)) ,
dµτ

dµτr
∝ exp (−Φr

τ (τ)) . (3.35)
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þã½Âª(3.34)Ù¹Â´µ%CÿÝ'uë�ÿÝ��Ý¼ê'uëêu, λ, τäkÕá�n�©

þ. oÑ5ù§·�½ÂC©íä��å8ÜA = Au ×Aλ ×AτÙ¥

Au =
{
νu ∈ B(X) : νu�µur�d§�Φr

u÷v�
k.!�È^�
}
,

8ÜAλÚAτ�aq½Â. �u�Ì§ùpØ�Ñ ³¼ê¤÷v�äNk.!�È5^�§O(�

êÆ½Âë�Ø©[78]. Äuù
b�§3Ø©[78]¥y²
%CVÇÿÝ½Â(3.34)¥� ³¼ê

äkXe/ªµ

Φr
u(u) =

∫
R+

∫
R+

Φ0(u, λ, τ) + Φ(u, λ, τ)νλ(dλ)ντ (dτ) + Const,

Φr
λ(λ) =

∫
R+

∫
X

Φ0(u, λ, τ) + Φ(u, λ, τ)νu(du)ντ (dτ) + Const,

Φr
τ (τ) =

∫
R+

∫
X

Φ0(u, λ, τ) + Φ(u, λ, τ)νu(du)νλ(dλ) + Const,

Ù¥Φ´��dúª¥�Kéêq,¼ê§ConstL«Ã'�~ê. 3þã�b�e§·�Ù¢�±

?�ÚO���Φr
u,Φ

r
λ,Φ

r
τ�)ÛL�ª. �,§·�I�`²ùp���)ÛL�ª¿ØU��

O�§Ï�?Û�� ³¼ê�)ÛL�ª�6uÙ¦ü�ëê�Cq��ÿÝ§~XµΦr
u�)Û

L�ª�6uνλÚντ . ,
ÄuΦr
u,Φ

r
λ,Φ

r
τ�/ª§·�N´�ES��{µ�½ ³¼ê¥ëê

£�U´¼êëê¤�Ð�§,��gÌ��# ³¼êΦr
u,Φ

r
λ�Φr

τ ��%CÿÝ¥�ëêCz�

u,�K�.

5553.6 Äu²þ|%C���C©íänØØ=·^uþãpdk�!pdDÑ��¹§Ó

�·^u�kLaplaceDÑ��¹(ë�Ø©[78]�3.2!). �éõëê�ü¯K[181, 182]§Äu²þ

|b�(b���ëê´Õá��ÅCþ)�EC©íä�{��?�ÚïÄ.

5553.7 3þã0�¥§·�b�
ëêuÑlk�©Ùµ0 = N (0, CK0 (λ))§Ù���fäkX

e/ªµ

CK0 (λ) =

K∑
k=1

λ−1αkek ⊗ ek +

∞∑
k=K+1

αkek ⊗ ek.

ùp��ëêλ=U
N����f�cK�§XJq,¼ê¹k�õ�&E§Jc�½ëêK¬

���.�k�5§XÛâ»ù���´�ék¿g�¯K. 3Ø©[183]¥§æ^
�¥%ëêz

��ªuÐ
#�²þ|C©íä�{§l
3�½§Ýþ�Ñ
ù�¯K.

5553.8 Äu²þ|%C�C©íänØ3ÅìÆS¥kX2��A^§~XµÄu²þ|C

©íänØ§3DÑ´�ÕáÓ©Ù��¹�§3Ø©[184] ¥�ï
C©�D�.§?�Ú3Ø

©[185]¥�E
C©�©�.. /ÏÃ���²þ|C©íänØ§3Ø©[186]¥§3�ÕáÓ©

ÙDÑb���¹e§uÐ
#�C©_�Ý)¤�.§3õªêâHelmholtz�§_
¯K�O

�¥��
éÐ��J.

b�3µA := {ν : ν = µ0 ◦ T−1, T´,«C�}.
3b�3¥�C�T�ØÓÀ��±�ÑéõØÓa.�C©íä�{§~XµÄuIO

z6(normalizing flow)�C©íä[177]§SteinC©FÝeü(Stein variational gradient descen-
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（逼近）

ã 2 SteinC©FÝeü(Stein variational gradient descent, SVGD)Ä�g´«¿ã

t, SVGD)[187]�. ùp§·�{��0��eSVGD�{±9ÙÃ����iSVGD(infinite-

dimensional SVGD)[84].

SVGD´3Ø©[187]¥JÑ�(�ék���m)§�â·��n)§ÙÄ���{´òC

�T©)¤�X��C�Xã2¤«§Ù¥�ùÚ�:L«æ������âf. Ð©���âf�

�lk�ÿÝµ0¥Ä�§²L�X����5C�(ð��f���6Ä)�ª�����âfÒ�

±@�´l��ÿÝ¥Ä�Ñ5�. �äN�§ã2¥z�C�äkXe/ªµ

Ti = I + εφi, i = 1, 2, . . . , N, (3.36)

Ù¥ε´��é���ê§IL«ð�C�§{φi}Ni=1´�(½�C�. ·�N´*	�µXJN →
∞�φi�À�Ø\±��§@oEÜC�T1 ◦ T2 ◦ · · ·�±%C?¿C�§Ï
O��Ø�{z.

3SVGD�{¥§C�¼êφi���3��2)ØHilbert(RKHS)�m¥. e¡§·�PRKHS�m

�HK§Ù¥KL«Ø¼ê. 'uRKHS��[0�§·�í�[188,189]. XJòφi��3HK¥¿�
Pνi = µ0 ◦ (Ti ◦ · · · ◦ T1)−1§K�*þ5ùA�ÏLXe�ª(½φiµ

φ∗i = arg max
φi∈HK ,‖φi‖HK61

{
− d

dε
DKL(νi−1 · T−1

i ||µ)|ε=0

}
. (3.37)

Ø©[187]¥ÏLO���
¯K(3.37)�)Û)L�ªXeµ

φ∗i (·) ∝ Eu∼νi−1
[K(u, ·)Du log p(u|y) +DuK(u, ·)] , (3.38)

Ù¥q(u|y)L«��VÇ�Ý¼ê(ùp�{0�Äk���m)§DuL«éu�FÝ. ÏL��âf

�²þ����`))ÛL�ª(3.38)¥�Ï"�f§·�Ò��
�O����âfS�úªµ

ukj ← uk−1
j +

εk−1

L

L∑
`=1

[
K(uk−1

` , ·)Duk−1
`

log p(uk−1
` |y) +Duk−1

`
K(uk−1

` , ·)
]
, (3.39)

Ù¥kL«S�Úê§j = 1, . . . , L(LL«o���ê8). SVGD�{3ÅìÆS+�¼�
2��

'5[190–192]§Ù��%¹Xiù6/þ�FÝ6©Û����êÆnØ[193–196].

÷X/k��d§�lÑ0�ïÄg´§�����¯K´SVGD�nØ�{UÄ3Ã���

mïáº¯¢þ§=¦´3�Ý ²�ä�ïÄ¥§ïÄö�F"3Ã���mþ�ïÄuâfü

z�CqÄ��{§lÃ���mù�*:Ñu�±;��Ý ²�ä¯õØÓëêéAÓ�[Ü

¼êl
¦�SVGD���JK[197]. 3Ø©[84]¥§�éÃ����d�ü¯K§Ú\
�f�Ø

¼ê§?
3Ã���©Hilbert�mþïá
SVGDS��ª(¡�iSVGD). ?�Ú§Ø©¥Ú\

Ø¼êC��5�§l
�Ñ
�ký^��f�iSVGD. ÏLÃ���mþ�©Û§Ø©[84]¥
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(白噪声先验) (高斯先验)

ã 3 ØÓ�{¥§Ú���ÉÇ�m�'X. (a)µ²;�Äu�Åir�MCMC�{(pdk�N (0, (0.5I − 0.1∆)−2)). (b)µ�k

pdk�N (0, (0.5I − 0.1∆)−2)�pCN�{(k�ÿÝÎÜnØ�¦). (c)µ�kk�ÿÝN (0, I)�pCN�{(k�ÿÝØÎÜnØ�

¦). (d)µÄu/k��d!2lÑ0�g´(FÝÏLéó�{O�)���pCNL�{(pdk�N (0, (0.5I − 0.1∆)−2)).

�Ñ
iSVGDS�k¿Â�î�^�§Ó��«
µ��uk���nØ[198]§Ã���m¥ý^

��fØU�¿�§L�æØ¼ê¥Ø�¹k�pdÿÝ�Cameron-Martin�m�êl
�æ�

�âfØLÝ8¥. �éiSVGD§�kéõnØ¯Kk�)û§~XµXÛòØ©[195]¥�nØí

2�iSVGD��¹§l
ïáiSVGD¥²�©Ùªu��ÿÝ��Ç�O.

3.4 lÑØC

3ù��!§·�élÑØC5?1�
&?§ÁãÏLäN�ê��~�«�Û�3¼

ê�mþ���EMCMC§KalmanÈÅ§C©íä��{. äN
ó§·��Ä­�Darcy6�

.[51]Xe: −∇ · (eu∇w) = f, x ∈ D,

w = 0, x ∈ ∂D,
(3.40)
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Ù¥f = 1´��~�¼ê§D = (0, 1)2 ⊂ R2. ·��Ä��¯KµÄu�§�)w3«�S

ÜlÑ�100�:þ?1ÿþ¤���ÿþêâ§íä¼êëêu. 3ù�¯K¥§c©¥��

mX = L2(D). 3u ∈ L∞(D)�§´��§�)w ∈ H1
0 (D). �éù�äN¯K§·��ü«k�ÿ

Ýµµ1
0 = N (0, C0)Ù¥C0 = (0.5I − 0.1∆)−2 �µ2

0 = N (0, I)Ù¥I��mXþ�ü �f. w,§k

�µ1
0����f´,�f§
µ

2
0����fØ´,�f§Ï
k�ÿÝµ

2
0�À�ØÎÜÃ����

dnØ��¦. 3©z¥§ïÄö�\rN�´µ��u²;��Åir§pCN�{(13.1�!)�

ïÆ©Ù��u²;�Åirk���O§?
²;��{�I²L���UÄÒ�±¼�lÑØ

C�5�. ùp·���rNµpCN3Ã���m�E§Ùk�ÿÝI�´3Ã���mþk¿Â

�ÿÝ§
ØU�BÀ�§ÏdXJ·�lk����Ý&?pCN�[118]�I�rNk�pd©Ù

���Ý
Ø=´�½!é¡�§ÙA��I�÷v�½�P~5^�(äN^�ë�©z[51]¥�

b�2).

3ã3¥§�é­�Darcy6¯K§·�Ð«
ØÓ�{3lÑ�Ý�{502, 1502, 3002, 4502}�
�1�. ã¥�î�I´úª(3.12)¥�ëêβ§Ù���n)�Ú�§β��MCMCÄ�¥c�

���Ò��q. ã¥�p�IL«MCMC�{��ÂÇ. ùpÐ«�O�(J´Äu12.3�

!0��lÑ�{§|^k��m
O�^�FEniCSx[199, 200]¢y�§§S�±3��https:

//github.com/jjx323/IllustrateDimIndependenceMCMC/tree/mainþe1. ã3�fã(a)¥Ð«


²;��Åir�{[18]�(J. �±w��βO\��ÿ�ÂÇ¬eü§
��ÂÇeü��Ç´

ÚlÑ�Ý�'�§lÑ�Ý���ÉÇ3β�Ó���. ã3�fã(b)¥Ð«�´13.1�!¤0

��pCN�{(æ^
ÎÜÃ��nØ�k�ÿÝµ1
0)�(J. �±w�§ØØlÑ�ÝXÛCz§

β��ÉÇ�Cz'XÑ´���. ã3�fã(c)¥Ð«�´13.1�!¤0��pCN�{(æ^
Ø

ÎÜÃ��nØ�k�ÿÝµ2
0)�(J. �±w�§β��ÉÇ�Cz'X¿Ø��§lÑ�Ý��

�{�Ä��Ç�$. ã3�fã(d)¥Ð«�´13.1�!¤0��pCNL�{(æ^
ÎÜÃ��n

Ø�k�ÿÝµ1
0)�(J§�±w�§ØØlÑ�ÝXÛCz§β��ÉÇ�Cz'XÑ´���§

=Ä��{�Ä��Ç'ulÑ�Ý´ØC�.

3ã3�fã(d)¥§·�Ð«
pCNL�{�(J. 3pCNL�{¥§·�I�O�FÝ&E.

ù�aqu/k`z§�lÑ0�ïÄ§·�I�^éó�{(adjoint method)O��ê&EâU

��ã¥¤Ð«�ØÓlÑ�Ýe§ëêβ��ÉÇ���Cz'X(���Ä��Ç). 3{ü�~

�©�§�~f¥§·�Ò�±*	�/k`z!�lÑ0�/klÑ!�`z0Ï~¬�ÑØÓ

��{�ª§'upCNL�I�O�FÝ&E�Ä��{Ó�¬k/k`z!�lÑ0g´e�`

:�":§a,��Öö�±?�Úë�©z[8](1496-497�)�[83].

3Ã���mþ�C©íäX�ïÄ¥[78, 84, 183, 186]§�ö3ê�¢�¥Ó��y
�{�

lÑØC5. 3©z[183]�ã7¥§�öé'
Ã���m¥�E�Äu²þ|b��C©íä�

{�Äu/klÑ!���d0g´�Ñ�C©íä�{[173]§Ó�*	�
/k��d!�l

Ñ0¤�5�lÑØC5. 3©z[186]¥§òÃ��C©íänØ�Fourier ²�f[201, 202]ÆS

�(Ü§?
�E
äklÑØC5�ÄuÅìÆS�¯��ü�{.
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4 ÚOnØ

2��A^ïÄL²§Ã����d�ü�{´é�¯K?1Ø(½5©Û�k�óä§éÙ

��\n)òkÏu·��O�\k���ü�{. e¡§·�l��AÏ��¹\Ã§`²ÚO

nØ�æïÄ�­�5. ë�Ø©[203]�nØ(J§·��Ä�5�.Xeµ

y = Gu+
1√
n
η, (4.1)

Ù¥n ∈ N+§G : X → Y´k.�5g��f£éõ¯K¥�±b�´;�f¤§Ù{ÎÒ�¿Â

�12.2�!�Ó. ·��k�!DÑ�©ÙXeµ

u ∼ µ0 = N (0, C0), η ∼ N (0, I). (4.2)

�â��dnØ§·�����VÇÿÝµy = N (up, Cp)Ù¥

up = C0G(GC0G + nI)−1y, Cp = C0 − C0G(GC0G + nI)−1GC0. (4.3)

lþ¡�L�ª§·�w,kXe�*@£µ

1. ��þ�¼êup��K5(1w5)�6uk����fC0;

2. ����Cp%¹
 lþ��§Ý§�N
·�éþ�´ëêO(�O�&?§Ý. �

fC0G(GC0G + nI)−1GC0w,´�K½�§Ïd��uk�§�â��ÿÝ¤�Ñ�&E§·

�¬�\�&��þ��Ñ
O(��O.

kùü:�*`²�§·��Ä�«�¹µý¢ëêu† ∈ L2(D)\H1(D)§=¼êëêØ���

�(�K5�$)¶k����fC0 = α(I −∆)−5Ù¥α ∈ R+¶�mY = L2(D). 3ù«�¹e§·

�d��þ��L�ªN´wÑup ∈ H10(D) (ùp¿Ø´î��`²§Ï�∆�f�>.À�§

upî>5ù¿Ø3H
10(D)¥
´3��Hilbert scale�m¥§�o
ó�up´���K5�Ð�¼

ê). ��þ�up�K5ép§,
ý�´����f�êÑØ3L
2�m�¼ê§w,��þ�Ø´

���&��O. �XJ·�À�αv
�§K����¬w�·���þ��O�©�&§¿�ù

�(ØØ¬�XDÑrÝ�~�(n → ∞)
UC. ù�{ü�~f`²µ��ÿÝ´ÄJø
O(

�!k¿Â�Ø(½5©Ûk6uk�ÿÝ�À�§ý¢ëê�5�§Ï
k7�uÐÃ����

d�ü�{�ÚOnØ§�A^ïÄJønØ�æ.

3Ã��£�ë¤��díä�ïÄ¥(�é²;ÚO¯K)§®²k
´L�nØ¤J[204]§

ùp=à�uÃ����d�ü�{(�é�¯K)�ÚOnØ§{ãÙÌ�½n±9CÏuÐ. ·

�±13.4�!¤0��Darcy6¯K�~50�Ã����dÚOnØ�Ä�½n§äN
ó·�

�Ä

yi = G(u)(xi) + ηi, (4.4)

Ù¥i = 1, 2, . . . , N . ��5�fGL«�§(3.40)¤(½�)�f§ÙòëêuN��)w3«

�DSÜ�DÕÿþ

w(xi) = G(u)(xi), xi ∈ D.
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3ÚOnØïÄ¥§·��Ä�Åÿþ§=xi´�mDþ�Åæ���§·�P(xi, yi)¤Ñl�©

Ù´Pu§?
kDN = {(xi, yi)}Ni=1 ∼ PNu . du·��Ä
�Åÿþ§·���c©¥¤¦^��

�ÿÝ�PÒµy�µDN . 'u�Åÿþ�¹e���dúªÙî>�êÆØyë�[41, 43].

À�β > 1 + d/2§-R´L2�m�f�m�÷v‖ · ‖Hβ 6 C‖ · ‖R. ½ÂBR(M) = {u ∈ R :

‖u‖R 6 M}§À�ëê�mU ⊂ Hβ(D). N´y²§Darcy6¯K���fG÷vk.5�Û
ÜLipschitzëY5:

sup
u∈U∩BR(M)

sup
x∈D
|G(u)(x)| 6 C1‖f‖L∞(D) < +∞,

‖G(u1)− G(u2)‖L2(D) 6 C2‖u1 − u2‖H−1(D), ∀ u1, u2 ∈ U ∩BR(M),

Ù¥C1, C2´�u, u1, u2Ã'�~ê. ?�Ú§3éf§U±9�§�)w�ÑÜ·�b�^��§·
��±��Xe^�­½5�O

‖u1 − u2‖L2(D) 6 C‖G(u1)− G(u2)‖ηL2 , η =
β − 1

β + 1
.

oÑ5ù§3��f÷vÛÜk.§ÛÜLipschitzëY5±9^�­½5�§XJ·�b�k�

©Ù´�½ºÝC���pdVÇÿÝ§k�pdVÇÿÝ�2)ØHilbert�mH ⊂ Hα(D)Ù

¥α > β + d/2§�ý¢ëêu† ⊂ H§K�N →∞�§·��±��Xe�O

PNu†
(
µDN ({u : ‖G(u)− G(u†)‖L2 6 mδN , ‖u‖Hβ 6 m}) 6 1− e−bNδ

2
N

)
= o(1), (4.5)

Ù¥b > 0§m = m(b)´v
��~ê§ëêδN = N−(α+1)/(2α+2+d)§u†L«ý¢ëê. ?�Ú§é

uv
��~êM > 0§|^^�­½5�O�±��

PNu†
(
µDN ({u : ‖u− u†‖L2 > MδηN}) > e−bNδ

2
N

)
= o(1). (4.6)

þª¿�X§·�kXe'u��þ�up��O

‖up − u†‖L2 = OPN
u†

(δηN ), (4.7)

Ù¥OPN
u†

(δηN )L«�VÇδηN��ÝÂñ[205]. �O(4.5)L²µ�êâÃ�OõN → ∞�§ýÿØ
�(G(u)�G(u†)�Ø�)Uì�ÇδNª�u0. aq�§�O(4.6)L²µ�êâÃ�OõN → ∞�§
��VÇÿÝUì�ÇδηN8¥3ý�NC. ��
ó§·�¡�O(4.6)���Â Ç�O§÷v�

�Â Ç�OK·�¡��d��ÿÝ´�Ü�(consistency). I�`²§þã��Â Ç�O�

Ä
êâÃ�Oõ���VÇÿÝ�4�5�. ·���±X¯K(4.1)���Ä¼êÿþêâ§�

DÑY²ªu0���VÇÿÝ�4�5�§��aq���Â Ç�O.

3þ�ã¥§·�±Darcy6'6Xê�üù���5�¯K�~`²
�o´��Â Ç�

O. ¯¢þ§'u��Â Ç�O�ïÄ´lpdk�!pdDÑb�e��5¯Km©�§Ï�

3ù��¹e§·��±O�Ñ��VÇÿÝ�äNL�ª(4.3). Äu��VÇÿÝ�äNL�

ª§Ò�±?1 ���©Û§l
����Â Ç�O. Äuù�g´§Ø©[203]¥Ägé�5

�¯K§3k����f���f�±Ó�é�z�b�e?1
�[�©Û§�Ñ
��Â Ç
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��`�O§¿��?�Úé���&�?1
�[�©Û§�Ñµ34�nØ¥§��uý�L

1w�k�¬��J±�ÑÜ·��&��O§j1w�k�¬�Ñ�Å��&��O. ��§Ø

©[203]¥��{�í2^5ïÄî­Ø·½¯K[206]�_�9D�¯K[207]. éu �©�§�¯

K§k����f��ü�f�Ó�é�z´��'�r�b�^�§3Ø©[208]¥�öÚ\
 

�©�§�nØ©Û�{§?
3Ø�¦Ó�é�z�^�e�Ñ
A��`�Âñ�Ç�O. �

é�¯K¹k�ý��f��/§3Ø©[209]¥§�ö*Ð
Ø©[210]¥�©Û�{§Ú\
[�

©�f�óä§�Ñ
��Â Ç�O!�&�©Û. ØÓuù
ïÄ§3Ø©[211]¥§�ö�Ñ


�5�¯K�Oracle.��Â Ç�O. �C§3Ø©[212]¥�öÏL$^÷/�f�óä§�

Ñ"� ���©)�(J§3�©Banach�mþ�Ñ
��Â Ç�O. ±þ�ïÄ¥§k�V

ÇÿÝ�À�ÑØ�6uêâ§��
��Ð�Â Ç�O§Ï~I�k�VÇÿÝ�ý��m�

�K5��. �
?nù�¯K§3k����f§��f§DÑ���f�Ó�é�z�b�e§

3Ø©[213, 214]¥�[�ïÄ
²���d�{���Â Ç�O§�[©Û
��d�&«��

ªÇ�&«��m�'X. ��§3Ø©[215]¥3Ø�Ó�é�z�b�e�Ñ
²���d�{

���Â Ç�O§l
*Ð
nØ�·^��. 3Ø©[216]¥�öÚ\
ëY�§òýÿØ��

Â Ç�O=��
'uëê���Â Ç�O§?
;�
Ú\��f�ÛÉ�©)§l
·^

u��2��¯K.

â·�¤�§�é��5�¯K��Â Ç�O��@ïÄ´2013c�Ø©[217]. �ö3

Ø©¥ò��Â Ç��O©�
ü�Ú½µ1�Ú�O£8¯K(�O¼êG(u)(·))���Â
 Ç�O¶1�Ú/Ï�¯K�^�­½5ò£8¼êG(u)(·) ���Â Ç�O=��¼êë
êu���Â Ç�O. ù�y²g´���'�:3uµXÛò¼êëêu�k�VÇÿÝ5�

=��£8¼êG(u)(·)�k�VÇÿÝ�5�§?
�±�B�A^�ë��d®k�ïÄ(
J[204]. 3Ø©[217]¥�öJÑ
ù�­��g´§�Ñ
ÐÚ�&¢§��uØ©¥�y²E

â§Ø©�(ØA^��k�§~XµÃ{A^u­�Darcy6pdk�b���/. g2013c

�ù�Ø©§�é��5�¯K��Â Ç�O�ïÄ�©k�§��2019câk
X�­�#

(J. �éX-rayC�[218, 219]!Schödinger�§� ³¼ê[220, 221]!Darcy6�ü¯K[221–223]!

Caldéron¯K[224, 225]§ïÄöÚ\
b�u�!²�L§�O�­���ë��d��©Ûn

Ø§?
��
�2��k�VÇÿÝb�e�X�Â Ç�O.

Ø
��Â Ç�O§,��­��Ã����d�üÚOnØ´Bernstein-von Mis-
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ÚOÆ¥�Fisher&E(Information)Ý


�Vg. BvM½n�Ñ
aqXeÂñ5(Ø

√
N〈u− ūN , ψ〉L2 |DN

d−→ N(0, ‖Iu†ψ̄u†‖2L2), UìPNu†VÇ, (4.8)

Ù¥ūNL«��þ��O§ψ̄u†÷vI∗u†Iu†ψ̄u† = ψ(Ï~¡ù��§�&E�§). þãÂñ5´�

UìVÇPNu†�©ÙÂñ. äN
ó§XJ�ÅCþZN ∼ µN , Z ∼ µ�µN = µN |DN (VÇÿÝµN�

6u�ÅCþDN ∼ PNu†)§·�¡ZNUìVÇPNu†�©ÙÂñ�Z´�

dweak(µN , µ)
PN
u†−→ 0, N → 0,
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Iu[h] = −L−1
u [∇ · (euh∇wu)] , I∗u[g] = eu∇wu · ∇L−1

u [g],

Ù¥wu´ëê�u��§�)§Lu := −∇ · (eu∇·). 3©z[43, 222]¥§�ö�E
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Abstract Inverse problems constitute a significant area of mathematical research, with extensive applications

across various engineering and technical fields such as medical imaging, seismic exploration imaging, image pro-

cessing, and weather forecasting. Owing to the ill-posedness of inverse problems, the concept of regularization is

introduced to solve these problems, resulting in an approximate estimation of the parameters. With the advance-

ment of computational capabilities, people in fields like medical and exploration imaging are no longer satisfied

with obtaining a reasonable estimate of the parameters to be estimated. Instead, they attempt to integrate

empirical knowledge and uncertainty information of observational data to provide a complete characterization of

the uncertainty of the parameters to be estimated. To achieve this goal, people transform inverse problems into

Bayesian statistical inference problems, leading to the development of Bayesian inversion theory and numerical

algorithms. Unlike classical statistical research, in inverse problem research, the parameters to be estimated

and the observational data are connected by complex mathematical models (e.g., partial differential equations),

thus necessitating the introduction of new ideas and mathematical theories. This paper focuses on the infinite-

dimensional Bayesian inversion theory established for inverse problems and organizes existing research work from

aspects such as prior measure construction, Bayesian well-posedness, finite element discretization, statistical sam-

pling algorithms, and statistical large-sample theory. The aim is to clarify the basic research ideas, core research

issues, existing results and methods of infinite-dimensional Bayesian inversion methods, and potential future

research directions.

Keywords inverse problems, infinite-dimensional Bayesian methods, discretization-invariant algorithms,

variational inference, posterior contraction estimates
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