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Introduction
Introduction

Decision-making problem (e.g. Portfolio selection)

o utility preference  max, E[u(r " z)]

o risk preference max, E(r'z) — \p(r ' z)

e probabilistic preference  max,E[r'z] stPrTz>y)>1—¢
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Introduction
Introduction

Decision-making problem (e.g. Portfolio selection)

utility preference  max, E[u(r T z)]

risk preference  max, E(r"x) — A\p(r T z)

probabilistic preference max, E[r'2] st.P(r'z>y)>1—¢

Decision-making under preference ambiguity.

Stochastic dominance (with a benchmark)

Dominance test (Levy, Post, Kuosmanen)

Optimization (Dentcheva, Ruszczyniski, Luedtke, Schultz)
Preference robust optimization

utility, risk measure

pairwise, moments, nominal,

Armbruster B, Delage E, Li JY, Xu HF, Guo SY, Wang W,
Homen-de-Mello T, Hu J, Haskell W

Preference learning
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Introduction

Int ction

Consider the following one-stage expected utility maximization problem

o B (b, €),

where
- u: R — R is an increasing real-valued utility function,
- his a continuous function over R” x R¥ |
- x € X is a decision vector, X is a compact and convex subset of R™

- £:Q — R" is a vector of random variables defined over probability
space (92, F,P) with a bounded support in R™
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Introduction
Introduction

Consider the following one-stage expected utility maximization problem

o B (b, €),

where
- u: R — R is an increasing real-valued utility function,
- his a continuous function over R” x R¥ |
- x € X is a decision vector, X is a compact and convex subset of R™

- £:Q — R" is a vector of random variables defined over probability
space (92, F,P) with a bounded support in R™

One-stage utility preference robust optimization (PRO) problem
inf Ep|u
max inf Eplu(h(z,€(w)))],

U: ambiguity set of the utility
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Introduction
Introduction

Construction of the ambiguity set
@ - Parametric utility functions, i.e., S-shaped utility

B s ift>0 3
U= {u | u(t) = { —A(—=t)?  otherwise, [0 5,61 €CC R }

@ - Mixture of some utility functions, i.e.,
U={u]|u(t) =aui(t)+ (1 — a)us(t), for a € (0,1)}
@ - Kantorovich ball
U=But),r)={uec |dy(ua) <r}
@ - Pairwise comparisons

U= {u|Eu(X)] > EuY;)], i=1,...,K)}
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Multistage model

multistage expected utility maximization problem

We consider multistage expected utility maximization problem

max E |ui(hi(z1,&1))+ max  Ejx [uz(hz(x2,£2),§1)+

1€ %X x2€ X2 (x1,€1)

max )E\fT,l [uT(hT(xTagT)af[Tl])H:| (1)

zp € X (2T —1],¢[(T-1)

where
e hy : R™ x R% — R is a continuous reward function at stage t,

o uy R x RXiZ1 4 — R is the utility function characterizing the
DM’s utility value of the reward at stage ¢,

e.g. habit-formation period utility (Cy: F;-measurable consumption)
1 c, (1—-0)
ut(Cy) = =o) (7;)

- habit-formation reference consumption level
Zy=pZi 1+ (1—p)Cia
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Multistage model
Reformulation

We may reformulate the multistage expected utility maximization
problem (1) as

anax E[ui (R (z1,&1)) + ua(hz (z2(61),€2) ,€1) + - - - + ur(hr (@1 (r_1)); €T) , §r-1))]
s.t. x1 € %1,mf(£[f 1)€ %ft( t— 1](E[t—2])v§[t—1])7 fort=2,...,T,
(2)

o the expectation is taken w.r.t. the distribution of &7y

o we write x[; 77 (or 7] when the decision process starts from the
initial stage) for a sequence of decisions (z1, z2(-) ...,z (:)), which
is also known as an implementable policy

o denote @, _11(§[r—2) := (w1, ®2(&1), - - -, e —1(E[r—2))) the Ep_g)
scenario dependent historical decision process up to stage ¢ — 1.
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Multistage model

State-independent model

A simplified version of (1) is that the utility functions at each stage are
state independent, that is,

E m E
z?éaﬁ)él UI(hl(l‘l’El)) z2e%ﬁ§1,51) 171 [uz(hQ(w2’£2))+
max E ur (hr(zr, (3
z7 € X (e[ _1],ET-1]) | Tﬁl[ T( T( T ET))]]:| ( )

Likewise, we can reformulate (3) as

max E[Ul(hl (z1,&1)) +ua(ha (x2(£1),82)) + - - - +ur(hr (-’BT(ﬁT 1), §T))]

2[,1]
st. @1 € 21, @e(§p—n) € 2 (®p—1)(E—2)), Epe-1y) » t=2,...,T.
(4)
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Ambiguity set of utility functions

The DM'’s preference can be represented by von Neumann-Morgenstern
expected utility theory and is consistent at each state.

Definition 1 (Ambiguity set of utility functions)

Let U be the set of all continuous, bounded and monotonically increasing
functions in £LP(R) and U; be a F;_;-measurable set-valued mapping.
For given &j,_1), Us(&[t—1)) is a subset of U, t = 1,--- ,T. Define the
ambiguity set

U = {J | U= [ul,ug, 300 ,UT]T, ut(~,£[t,1]) € ut(g[tfl]%
forany &_yp, t=1,...,T}, (5)

where u; (-, &jo)) = u1(+) is a real-valued function in the deterministic
ambiguity set U;. We say that the sequence of utility functions
{uz(-, &)} is state independent if U; is Fo-measurable, i.e., a
deterministic set, for t = 1,...,T. In this case, we write u(-) for
Ut(',é[t_l]) and Z/{t for ut(g[t—l])-

v
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Multistage model

Multistage preference robust optimization model

Multistage preference robust optimization model with state-dependent
utility (MS-PRO-SD)

max inf Eluy (b (21,&1)) + ua(he (€2(£1),£2) ,&1) + -+

T, HeEU
tur(hr (z0(&r-1),&r) , §r—1))]
st @1 € 21, @(§—1) € 24 (Tp—1)(Ep—g)) E—1) -t = 2, .., T(6)

Multistage preference robust optimization model with state-independent
utility (MS-PRO-SID)

max inf E[ul (hl ($1,§1)) + U2(h2 ($2(§1),€2)) T+

x ) waeU
+ur(hr (20 (Er-1)), 1))
st. 1€ 21, x(Ep—n)) € 21 (w[t—l](g[t—Q])ag[t—l]) , t=2,...,T,

where @ = [u1,ug,...,ur]" and U C LP(R) x --- x LP(R) is an
ambiguity set of the vectors of utility functions in product form.
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Time consistency
Time consistency

Definition 2 (Time consistency of dynamic policy)

A multistage PRO model is said to be time consistent if any optimal
policy for the multistage PRO model over the entire time horizon also
satisfies the local optimality conditions of the sub-PRO model from
period ¢ to period T', for any given historical £, forall t =2,...,T — 1.
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Time consistency
Rectangularity

Definition 3 (Rectangularity of the ambiguity set)

Let U be a nonempty set of utility sequences ©, U is said to be
rectangular if

A [u1(Z1) + u2(Z2,61) + - + ur(Z7, §r—1))]

= uliggllE|:ul(Zl)+ Eiry |:u2(Z2)+--»+ ]E|]:T—1[uT(ZT) :|:|

inf inf
uz €Uz (£1]) up €U (§17 1))

(7)
holds for any {z;}, {&} and {Z; := hs(24(§j—17),&e)}, where
U (Er—1)) = Uy (T e— 1]( f[t 1) &1e—17)
_ { ‘ u[t+1 ] € ﬁp(R) X oo X [,p(]R) }
such that [t ;—1)(: §[t,1]); Ut ﬂ[t+1yT]]T eu [’

VEp—1] € Lp(Q, Fr—1,P;RU x . Rft~1).
(8)

Is the ambiguity set defined in Definition 1 rectangular?
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Time consistency

Inter-exchangeability property

We say a random function f : Z x 0 — R is a Carathédory function if
w — f(z,w) is F-measurable for every fixed z € Z and the function
z — f(z,w) is continuous for almost every fixed w € Q.

Consider a Polish space Z and a probability space (2, F,P). Let

Z : Q) 3 7 be a F-measurable set-valued mapping with closed values.
Let 9 be a linear space of measurable functions 3 : Q — 7Z and My the
set of measurable functions with image in Z i.e.,

My ={3EM:3(w) € Z(w)CZ, forae weQ} Let f:ZxQ—=R
be a Carathédory function. Suppose that either

E | [inf.ez) £(2w)] | < 00 orE [~ infacz) f(2,w)] | < oco. Then

E{ inf f(z,w)] — inf E[F], (9)

z€Z(w) 3EMz

where F;(w) := f(3(w),w).
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Time consistency

Interchangeability in the expected utility case

Let (2, F,P) be a probability space with sigma algebra F and probability
measure P. Let 1 : ) — R be a random variable representing reward and
& be a random vector representing state. For fixed T € R?, let

U(T) CU ={u e LP(R — R) | u bounded and continuous real-valued},
and
My = {ue LPR xR - R) | u(-,7) € U(r), for any T € R%},

where LP(R x RY — R) denotes the set of all state-dependent Lebesgue
integrable utility functions u(-,-). If My # (0, then

ot Elu@ O] =E| inf Efu(n)|Zl|, (10)

where F¢ is the minimal sub-sigma algebra of F to which & is adapted.

Jia Liu Multistage Utility Preference Robust Optimization



Time consistency
the model

Proposition 1

Let U be defined as in Definition 1. Then rectangularity (7) holds

By Proposition 1, problem (6) can be rewritten as

inf E h , + inf E h ,
;n[laj)f] uirelul up(hy (21 fl)) UQGZI/{I;I(E[l]) | F1 uz( 2(:1:2(51) fz))—l—

+ inf E h 1), e

uTEZ/l;réé[T—l]) s [UT( r (Z'T(E[T 1]) ET))} :|

st. @ €20, x(§p—y)) € 22 ($[t—1](§[t—2])7f[t—1]) ,t=2,...,T.
(11)

Here, U; = Ui (o)) relies only on §jg) and thus is deterministic.
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Time consistency
Time consistency

Theorem 6

Let Uy(§—17), t = 2,--- , T, and U be defined as defined in Definition 1.
Assume: (a) fort = 2,--- T, the utility functions in Uy(§—17) are
Lipschitz continuous with modulus being bounded by r(&[;—1)) and

U (&[i—1)) s a compact set for any £,_y); (b) the reward function

hi : R™ x R%* — R s continuous and Lipschitz continuous in z; with
modulus o, where Er, | [o:] < +o0, fort =1,---,T; (c) for
t=2,---,T, the feasible set Z(x,_1),&[t—1)) is compact for any fixed
x—1) and {1y and as set-value mapping of w1y, Z:(-,&p—1)) is
Lipschitz continuous. Then the (MS-PRO-SD) problem has the following
dynamic programming reformulation:

Vi (zp—13 Ee—1)

max inf Eir,_, [t (he(ze, &) + Vi (24, €
0t € 2y (wpe—1)-Epe—1y) e U (Epe—17) | 1[ ([t] [t])]

fort =1,...,T, where Vpi1(+,-) := 0, and Vi coincides with the optimal
value of problem (MS-PRO-SD). The optimal policy of (MS-PRO-SD)
is time consistent.

Jia Liu Multistage Utility Preference Robust Optimization




Ambiguity set
Pairwise comparisons

Let % be the set of continuous normalized non-decreasing utility
functions in £?([a, b]) with u(a) =0, u(b) =1, and Z° a subset where

the utility functions are concave. (u(a) =0, u(b) =1fort=1,---,T)
2. (Ee—1)E [u (W) | €] > 2o (€p—1)E [u (Ya) | €e—vp] »
utp(f[tfl]):: u€ewU° fork=1,...,K, |

Lip(u) < L(&¢-1))

o where {(Wy,Yy),k=1,--- K} is a set of prospects for pairwise
comparison.

o Here 2;(t—1)) € {+1,—1,0} is used to indicate the choice of the
decision-maker at stage t.

@ Armbruster and Delage show that a static PRO problem with
pairwise comparison ambiguity set I/{tp(f[t_l]) can be reformulated
as a linear programming problem, given that the support of W and
W), are finite.
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Ambiguity set
Pseudo-metric

Let & be a set of measurable functions defined over [a, b]. For u,v € %,
define the semi-distance between u and v by

b

/ " g(e)du(z) - | s

a

dlg (u,v) := sup
S

Some special cases:

@ Kantorovich metric (denoted by dlx (u,v))
Y =% :={g:[a,b] > R| gis Lipschitz continuous with modulus 1}

@ uniform Kolmogorov metric

G =% ={g:= 1. (") | where 1, .;(s) := 1if s € (a, 2] and 0 otherwise} .
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Definition 7 (Static ¢-ball of utility functions)

Let % be the set of all continuous, non-decreasing utility functions
defined over interval [a,b], u(a) =0, u(b) =1 for all u € % . For a fixed
U € %, the (-ball of utility functions in % centered at @ with radius r
under metric dlg is defined as:

B(i,r) = {ue % | dg(u,it) < r}. (13)

ambiguity set of a sequence of state-dependent utility functions

Definition 8

Consider the ambiguity set in (5). For given nominal state-dependent
utility function (-, &—1)) € %, define for all £y,

u € B, &), e (Eem)), } (14)

B o ¢
Uy (§e-1)) = {“ €U Lip(u) < L(—1))

Jia Liu Multistage Utility Preference Robust Optimization



Measurablility and Rectangularity

Let UP(&e—17) and U (s—1)) be defined as in (12) and (14). Then the
following assertions hold.
(i) For each fixed w, UP(&;—1)(w)) and UL (§—1)(w)) are compact sets.
(i) (-, &e—1y), me(§re—1)) and L(Ep—17) are continuous in &i_q), then
UL (Ei—1)(-)) and UF (&4—1)(-) are Fy_1-measurable.
(iii) The ambiguity U constructed by Up (§y—17) (UL (§1¢—1))) in the form
of (5) satisfies the rectangularity (the conditions in Definition 1).

Proposition 3

Letu,v € % and ri,r2 € Ry. u* is the true utility and ey is a
nominal utility. Then

H(B(u,71), B(v,r2);dle) < dg(u,v) + |re — r1].
H(w",B(uref,7); dig) < dlig (v, tres) + 7.

Jia Liu Multistage Utility Preference Robust Optimization



Ambiguity set

Dynamic programming formulation

Multistage PRO model with the ambiguity set defined via (11) and (14)
as follows:

max  inf Elug(hy (z1,6))+  inf  Eig jua(he (22(61),82)) + - -

Ta,T)  w €U uz €UZ(€[1))

+ uTGUgBQIg[Tfl]) El]“T—l [UT(hT (IT(f[T—U), fT))] .. :|

st w1 € 20, @(Ep—1)) € 23 (xp—1(Ee-1)), Ee—1) »t=2,..., T
(15)
Here, B(tiy, 1) in UP relies only on deterministic nominal utility i; and
radius r1. By Theorem 6, (15) can be computed by the following
dynamic programming equation,

Vi (2p-13,€pe—1))

max inf Ez_, |ue (he(ze, + V; T, € .
21 € X (2p— 1) Ep—ny) weEUL (Ep—1)) | Fea [ t (he(2e, &) t+1( [t] [t])]
(16)
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Ambiguity set
Piecewise linear approximation

Let y1 < --- < yn be an ordered sequence of points in [a, ] and

Y :={y1, - ,yn} with y1 = a and yy = b. Let %y be a class of
continuous, non-decreasing, piecewise linear functions defined over the
interval [y1, yn] with breakpoints on Y. For a given v € %y, let

By (v,7):={u € %y | dg(u,v) <r} (17)

and

u € By (@e(-, §e—1p), e (§pe—1)) }

U™ (&) = {“ S Lip(u) < L(&p-1)

for a given nominal utility function 1;(-,&[;—1)) € %n-

Jia Liu Multistage Utility Preference Robust Optimization



Ambiguity set
Error bound

Theorem 9 (Error bound)

Let V; (x[t_l],g[t_l]) and V, (x[t_l},g[t_l]) be the optimal value function
of the true problem and piecewise linear approximation problem . Let
{ts(-,€e—17)} be a sequence of nominal utility functions and

{a (., §it—1))} its piecewise linear approximations. Let

AN (1) = max (yi —yi-1),

) )

where the breakpoints are chosen according to historical data &j;_y).
Assume that (-, &[;_1)) is Lipschitz continuous with modulus L(&[—17).

T
‘Vt (@pe—1)s e—1)) — Vi (l[t—u,ﬁ[t—u)‘ <Y 6E [max(2, L(£js—1)))Bn (§s—1)) | Fi-1]
s=t

fort =1,...,T. When n(§[s—1)) and L(&[,—1)) are independent of
states,

‘Vt (zp—1), e—1y) — Vi (l‘[t—u,é[t—l])’ <6(T —t+1)max(2,L)SN.
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Ambiguity set
Kantorovich ball model

Theorem 10
Consider
. cB ﬁN ’ =
Z/ItK(ﬁ[t—u) = {u cY Eip( ﬁKé tL((ﬁ[[: 11]])) r(&—11)) }, (18)

for all §;_1). Suppose that the optimal value function at period t + 1 is
Vi1 (:c[t],f #)). Given historical data £;_y) and historical decision x;_1),
& is discretely distributed with S scenarios &}, . .. ,ft and appearing
probability P(&; = £f|f[t_1]), i=1,...,8, then the optimal decision x; at
stage t can be derived by solving the a deterministic programming
problem, where the optimal value is V; (x;_1), §ji—1)) -

Jia Liu Multistage Utility Preference Robust Optimization



Ambiguity set

Reformulation of dynamic equation

S N-1
max Oy + Z (/h N+ P& =& l¢— 1]) Vet (x5 [S[T7I]1£:])> = L(§-1)) Z i
i=1 j=

N-2 N

L(&-1) Z 5+ 05) Wit = v;) Z wj = re(§je-1))s

N
s.t. Z yitij < P(& = &l€p—1)he(@e, &),
=1

N
P& = &l¢p-1) — Zum =0,i=1,...,5

0j-1yj-1—0; 1VJ+L] 2 (Yj—1 = Yj—2) Fwj + 11+ Tjo1 — Tja +0jo2 — 021 20,

01y —91J2+u,2+n1+7—1 —0120
On-1yn—1 = ON-1yN +ON—2 (YN—1 — YN-2) + WN +N—1 — TN-2 +ON-2 >0, (19)

(7'/—1*9]+ZML.J*1’/—1+UJ:Ua J=2

=0,

s
On—2—ONn-_1+ ZM.N—1 —UN
i=1

1
wj < zj—1(y; — Yj-1) + Z(U/*'J/—L)ZSZJ:?,“'
1 P .
—wy < —zima(y = yi) + 5 -y g =200 N,

wi < 2y —yi1) + 55— y;-1)%, G=2,---, N,

1
2
)

1 ;
=0y < =2y~ yi) + 5 - v’ G =
2 € 2 (2p-1, &) » 0eR““".ueRi}”z.ne]Riif".feRf’z,veRf’Z.
neRPN ceRy,weRY 1 zeRY,

Multistage Utili
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Ambiguity set

Solution approach: scenario tree

Given the scenario tree structure of {{;}, the (MS-PRO) problem (6) can
be reformulated as the following min-max programming problem,

> ps inf <E B (hugy (w(S)»ﬁ(i)))>

max
{z(s),5€S7}  geg—  us€U(s) \ jes+
s.t. x(1) € 21, 2(s) € Zys) (x[s7],&[s]), Vs € ST\ {1},
(20)
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Ambiguity set

Reformulation of Kantorovich ball model

Given the scenario tree structure of {&;} and a series of Kantorovich ball
based ambiguity sets U™ (s) = U](, ({[s]) on each node s € S~ of the
scenario tree, MS-PRO-SD can be reformulated as

N1 v
max Z Pa (f),\.,.[,~) 4 'Z Jin — L(s) Z.hc,s] 72:@[,4@(5] 7-4.«)4,«])
se# ies! = =

N )
sl ZU;H..;"_ %flr(a)lﬁ'[a’),ﬂ'a)l. ieS\{1},
i=1 :

b 7%,‘5, 0, i€ S\ {1}
P =1
5 ()51 — 051 () + v52(8) (51 —wy2) Fay(s) Hoy(8) 20, j—3,--- . N—1, s€ 57,
08y — Oy (8)yz +wy(s) Hapls) 20, s€857,
Ona($)yn—1 — O (s)un +owa(s) (-1 — yn—2) + wn(s) +awals) 20, s€57,
052 (8) = 05(8) + 3 g — v (8) oy} — 0, j—2,--- N =2, 557,
it
Onals) = Ona () + D gt —vw-a(s) 0, s€ 57,

iex
1 2 . .
w;l(5) < 2o (3) (w5 — W) + 5[[;, — w1 )els), 5—2,---,N

. 1 ; i
—w(s) < =z 1 () —wi-a) + 50 —w) () G- 2000 N, s

1
wi(s) <z (s)(y; — w0 )+ Q(_shf,u,fnlzn(rﬂ], i-2,

—w;(s) = —z(s) (w5 —wi1) %(n}—uw]’\(-ﬁ; Jo2- N, seST,

(1) € Zh,x(s) € Zugy (x[s7].E[]) . s€ S\ {1}

Os) RV, w(s) eRY 2, pls)eRY ', 58,

o(s) e Ry, w(s) eRMY z(s)eRY, s€857, u(s)eRY, seS\{1}. (36)
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Ambiguity set

Reformulation of pairwise comparisons model

Given the scenario tree structure of {&;} and pairwise comparisons

ambiguity sets U" (s) = Uy, (¢[s]), MS-PRO-SD is equivalent to

N1 K
max Z P (H\: 1(s)+ Z v — L(s) Z mi(s)+ Z 2(8) (P |Ye = yn| =P |[Wi = yn)) )\‘—(h])
sCST icst a=1 k=1

N
s.t. Zwu.,,<%lm.|(r(f ).£(1)), i€ S\ {1},
=

¥
Lo N =00 ie S\ {1k,
Pi-

=1
05 1 (8)yj 0 — 05 (8)y; vy a(s) (40 — 45 2) +m; 0 (s) 20, j=3,-- N—1, s€8",
Oi(s)y — O (s)ya +m(s) =0, s S,
On 1(8)yn 1 —On 1(s)un +on o(s) (yv 1 —yn 2)+nv 1(5) >0, s€S,
O () —8i(s)+ > iy — 05 1(8) +uy(s)

wat

K
+3 ) (P Yy =g = P[Wi=y]) Mels) =0, j=2,--- , N =2, s 8§,
k=1

On_a(s) —On_1(s)+ z fan 1 —Un_a(s)

icst
K
+3 2 (B Ve =yn | =P (Wi =yn 1]) duls) =0, s€S,
k=1
w(1) € 21,a(s) € Ziy (als |,€ls]), s€5 \ {1}

B(s) eRY "u(s) eRY 2 q(s) eRY " A(s)eRY, s€ 9 u(s) eRY,se 8\ {1} (37)
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Numerical

Numerical tests

multistage investment-consumption problem

max  E [u1(g1(q1)d1, ho) + u2(g2(qz)da, hpa)) + - - - + ur(gr (gr)dr, hir—1))](21a)

z,q
st el w1 =wo — q1po, 71 € RY, g1 € Ry, (21b)
STIt = (8+Tt—1)TTt—1 — qtpt—1,2+(-) € R17 g:(-)ERL,t=2,...,T—121c)
(e+rr_1) zr_1 = qrpr—1, ar(-) € Ry. (21d)

PRO counterpart
max }2{4 E [u1(g1(q1)d1, ko) + u2(g2(q2)dz, k1)) +- - -+ ur (g7 (gr)dr, hip—1(2Ra)
u

x,q

st. (21b) — (21d) (22b)

@ MSP-True: Multistage utility maximization (21) with true utility
MSP-PLN: Multistage utility maximization (21) with piecewise linear nominal utility
@ MS-PRO-Kan: Multistage preference robust problem (22) with Kantorovich ball
UL (€rp—1))
@ MS-PRO-PC: Multistage preference robust problem (22) with pairwise comparison set
Z/ltP (€[¢—1)) with K random generated questionnaires and answers at each node.
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Numerical results
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Numerical results
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consumption of MS-PRO-Kan
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Conclusions

Summary:
e Extend PRO to dynamic case
@ Inter-exchangeability and rectangularity in functional space
@ (-ball approach
@ Scenario tree approach

Current work on:
@ Dynamic programming approach (Nested Benders and SDDP)
@ Preference (ambiguity of preference) learning / dynamic elicitation

Thank you!

Contract: jialiu@xjtu.edu.cn
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