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The Aeronautical engineer is pounding hard on the closed door leading into the
field of supersonic motion.
Theodore von Karman, 1941



Review of Ch2

Continuity equation

2 [[[, pd?¥ + [[4pV -dS =0

Momentum equation
[V -dS)V + & [[[,(oV)a¥ = [[[, pfdV — [[spdS

Energy conservation
JIfy dpd?¥ — ffs(pdg) -V + fffn,,(fpd”// -V
= & I, le+L)pldY + [fsle+ % )pdS - V

EOS . e=p(p,T); 6 equations, 6 variable (p, T, V, p)
Given f and ¢, the equations are closed.
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3.1 Introduction

Bell XS-1 B —AB ASERIEFIRE KL

Detached shock wave
// B

Attached oblique
shock wave

Meo = 1.45 MR LU

Shock wave (iR ): a type of propagating disturbance that
moves faster than the local speed of sound in the medium.
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3.1 Introduction
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3.1 Introduction
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3.2 One-dimensional flow equation

A = constant 4 =A4x)
p =p() P =p)
p = p(x) p = p(x)
T = T(x) T'=T(x) YA
u = u(x) u = u(x)

(2) One-dimensional flow (b) Quasi-one-dimensional flow

1D flow: the physical properties of the flow is only a
function of x (constant area flow)

Quasi-1D flow: the physical properties of the flow is only a
function of x (the area changes gradually with x)
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3.2 One-dimensional flow equation

Shock wave or with heat addition

© % ©), (1) Continuity equation (Steady flow)
_______ . fea
T ] JlseV a8 = 4 [y
) | Jeeveaseo
_»@ﬂ_) —p1urA + pauz A =0

Rectangular control volume

x direction — ‘ P1U1 = P2U2 ‘(3.1)

(2) Momentum equation (Steady flow, no body force)

[IseV - dS)V + [[[, 5eV5aV = [[frpfa? — [[spdS

p1(—u1A)us + pousAus = p1A — poA
| p1 + prui = p2 + paui;

(3.2)
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3.2 One-dimensional flow equation

(3) Energy equation (Steady flow, no body force)

—

fffqu.Pd”f/—ffSpdg-V—kf” TV

= [[[ 2He+"T01dV + [[5(e + % )pdS - V

Q — (—p1Aus + p2Aus) = (1 + %)p1(—Aur) + (e2 + %) p2Aua ()

with () = fffn,/ gpd¥ being the total rate of heat added to the C.V.

divide both sides of (*) by equation (3. 1) and 4, we have:
- 2
u
Q p1 (61 | ) _ pz - ey 22

Apiuq P1 P
Apclg'u,l being the heat added per unit mass g. Consider 7=e+pv, we have:
2 2
hi+ 2+ +qg=hao+ 2|33
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3.2 One-dimensional flow equation

Governing equations for 1D steady flow with no body force:

Continuity equation: ‘ P1U1 = P2U2 ‘(3.1)

2 __ 2
Momentum equation: ‘pl + P1UT = P2 1 P2u; ‘ (3.2)

No body force and no viscous stress

2

2
Energy equation: hl | ’“’21 Fq = h2-|- u72 (3.3)

No shaft work, work done by viscous stress, heat conduction and diffusion
and change in potential energy.

g (A= F65) Gas dynamics



3.3 Speed of sound and Mach number

(1) Speed of sound

O Sound wave: weak pressure wave ( isentropic process )
O Shock wave: strong pressure wave (velocity larger than sound)

» Denote the sound velocity as a

g » Apply the 1D flow equation to the sound wave:
® @ p1UI = P2l
— e f e, pa=(p+dp)(a+da)
S A pa = pa + adp + pda + dpda
4 a=—pi

direction of wave propagation
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3.3 Speed of sound and Mach number

(1) Speed of sound

§' » Denote the sound velocity as a
© ©) » Apply the 1D flow equation to the sound wave:
55 2 __ 2
: B} _asa _ D1t P1U] = P2 + P2U5
p o p +dp
» 2| e+ pApa®=p+dp+ (p+dp)(a+da)
T r+aFf
» Ignoring the second order terms
<
. . . 2
direction of wave propagation da = — dp+a”dp CL2 — dp
2ap dp
. . ___ _da
From continuity equation we have g = pdp

The propagation of the sound wave is an isentropic 2 __ (0Op
o soundave e a? = (),
process, no heat addition , no dissipation.
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3.3 Speed of sound and Mach number

o 1 1
> From definition, we have p = _, thus dp = —=50v
> Hence, we have a? = —fuz(%)S — —l(vg—”)s =2
v \ 9p
_ v
a = py

The speed of sound is a measure of the compressibility of the gas. For
incompressible flow, a goes to infinity.
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3.3 Speed of sound and Mach number

(2) Speed of sound for a calorically perfect gas

= (Const. P )
2 Op —C")/,OW —’Y }‘CL—\/'YRT‘
a” = (5)s p= PRT

» The speed of sound is a function of both yand T.
» The speed of sound at standard sea level (7=15°C, p=1atm)

as = 340.9m /s
O Newton assumes the propagation of sound is isothermal, leading to
= VRT
At standard sea level, a=287.6m/s, which is 18% smaller than the

actual value.
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3.3 Speed of sound and Mach number

(3) The Mach number M

M<1, subsonic flow

M=2=_2"
a VYRT M=1, sonic flow

M>1, supersonic flow

v2/2  V2/2 V22 4V?)2

e T — RT/(v=1)  ~RT/(v-1)
_ V32 y(y—1) a2
=y - 3 M

» local property

» a function of temperature T

» a measure of the directed motion of the gas compared to the random
thermal motion of the molecules

» a measure of the compressibility of the gas
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3.3 Speed of sound and Mach number

(4) Characteristic Mach number M* $F4E B4

» Speed up (M<1) or slow down (M>1) A adiabatically

-

Volume, d%

/\@N@[ » Define the temperature at this state as 7*

» Define the speed of sound as a*

» Achieve an imaginary state with A/=1

a* = \/yYRIT*
» Define characteristic Mach number A*
*x V.
M* = —
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3.3 Speed of sound and Mach number

(5) Total T,, total p, and static T and static p
IL,\}:T: ll'ﬁ'.lJZJZTZ) \ lL.\I.I]]l ;.:Eu'_ltumr_) \ ﬁ ;.I]?l\ %%E

_// Slow down the fluid element A isentropically to V=0

imaginary

Volume, d7
The pressure and temperature which the fluid

V. i element achieves when 1'=0 are defined as total

A
"\\ pressure p, and total temperature T,
B

When A moving at velocity 7 with an actual pressure and temperature equal to p
and T, we call p and T the static pressure and static temperature respectively.

Stagnation (total) speed ag = /Y R1j
Stagnation (total) density pg = po/(RTO)
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3.4 Alternative forms of energy equation

(1) The energy equation

hi+ % +g=hy+ % | 63

2 2
> Assume no heat addition hy + 2= = hy + =2

> For calorically perfect gas:  h = ¢,T

uy ug
ija'f'5'236p15'+'§-

. __ YR
» From thermal dynamics: Cp = Z—7
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3.4 Alternative forms of energy equation

(2) Calculation of the total condition

» Slow down the fluid element A isentropically to u,=0 ‘imaginary’

u? — — Y Po _ _1 2
CpT + 5 — CpTO — h() = 2 1pg 7_10,0
ITo __ ]_ | u? - 1 | u?
— | _— !
T 2¢c, T 2vRT /(y—1)
_ vy—1y? _ v—1 2
=1+ 55-5=1+5FM
Io __ | v—1 2
fo — 14 221

Total temperature is a measure of the total energy of the system.

> Isentropic relation Po — (1 4 2=Lpf2) 751
Po — (20} = (D)7 = |, ( o 2);
p  \p/ TAT o =1+ 5 M7)5
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3.4 Alternative forms of energy equation

(3) Calculation of the characteristic condition
» Speed up (M<1) or slow down (M>1) A adiabatically to M=1 ‘Imaginary

u=a=a"

2 2 _ T
(a_o) 4+l T Tp

» |Isentropic process, let M=1

P — (1 7—1M2)ﬁ o — ( 7—1)ﬁ
D 2 — p* 2 )
po __ =1 A2\ Po 8t e
7_(1 QM)’Yl p*_( 2)7
For y=1.4, we have — =0.833 — =0.528 — = 0.634

T, Po Po
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3.4 Alternative forms of energy equation

(3) Calculation of the characteristic condition

2 * 2 CL*2

Divide ,ya_ | “’2 — ;"_1 - 5— byu’ we have:
(a/w)? | 1 _ (a*/uw)?® | (a*/w)?® _  ~y+1 (a*)Z
~—1 " 27 ~—-1 2 — 2(yv=1)\ u
(/M) |1 THL (12
y—1 ' 2 2(y—1) \ M *

2 __ 2
M* = G-
M*2 — M?(y+1)

- [2+M2(y-1)]

Relation between characteristic Mach number and Mach number
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3.4 Alternative forms of energy equation

(3) Calculation of the characteristic condition

100: ] *

i 1 M>1, M>1
's | 1 M<1,M'<l
| M=1, M=1

107" 10° 10" 102
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3.4 Alternative forms of energy equation

Exercise 3.1

TRERNPESAHDHE . s2EMEEE ST H]73.5. 0.3 atm F
180K, ‘L‘|‘I§-1§,‘f—2—'\ﬂ’]‘_—"liﬂ_’, po Ty, a*F0 M*

B = (1+ 5 M?%)7
FhaiElE, FREXRFTAM: % = (1+ 5= M?)"=
» M=3.58F, py/p=76.27, T,/T=3.45 o =1+ ’7_1M2

FF L p,=76.27 X p=22.881 atm, T,=3.45 X T=621K

¥2 _ _ M*(v+1)
M= = [2+M?(v—1)]

> s HORBRBIM=18F, T,/T*=1.2, FRBAT*=T,/1.2=517.5K
~YRT* a*=456m/s, a=269m/s, V=3.5a=941.5m/s

M*=941.5/456=2.06
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3.4 Alternative forms of energy equation

Exercise 3.2

ESEPEEILF A0, EARESFEIREES (p=1.013x10°Pa, T;=288K, c,=1004J/(kg
K)) WESRE—1TEE, 7AANAERESAREMAESSEREITTELEDORR
AR ZE)107m/sFA300m/sETHIH O E5R . HETIHEERITIL AT EHE MR,

AR EGRENBRIET
p+ 3pv? = const.
ppt1/2pv

FtAp=p,-1/2pv*
p=p/RT=1.23kg/m?

v=107Tm/sBt, p=0.9425X 10°Pa
v=300m/sBY, p=0.4595%105Pa

v=107m/sBF, p./p~=1.007
v=300m/sBF, p./p~=1.22

B (KA k)

A EfRsnRig T
T+ % = ¢, Ty T=282.3K 1 243.2K
a=+/YRT a=336.8m/s 1 312.6m/s
M=v/a, 573 730.32 #10.96
EFRHRBNRE

M=0.3283pyp=1.074,
P=py/1.074=0.9432 X 10° Pa

M=0.968p,/p=1.808,
P=p,/1.808=0.5602 X 10° Pa

M>0.3, W2 [E ] R Hasi N !

Gas dynamics



Summary 1

» For 1D steady, no body force, pressure only flow

Intensive quantity: 7, p, v,
specific quantities
Momentum equation: p1 + plu% = P2 + pQU% SR =

Continuity equation: P1U1 = P2Usg

2
Energy equation: h{ + % +q = hy + Ya Extensive quantity: M, E, H, S
[TiEE

> Speed of sound @’ = (g—f;)s a = +/YRT

=1t
> v _ — o
Mach number A = « = VART B o= (14 11 M2) 7
-1 1
2= 1+ 2 M)
» Total (stagnant point) condition 7, a,(adiabatic), p, p,(isentropic) k,
T, 2
To ~v+1 ,
» Characteristic condition 7% a*, M*, p* p* g—g = (1+ 7T_l)m
—1\ 1
2= (14 257

g (AR Fmk5) Gas dynamics




