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In this Supplementary Material, we provide more details formulas of Parity Time (PT) symmetry and display the FL and
SFWM signals Eigenvalues based on the real and imaginary parts with respect to linewidth for different dressings.

SI. Analytical Calculations for the Non-Hermitian Quantization or Exceptional points
control:

The second-order Fluorescence (FL) system is given as;
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Firstly, from 1y, +ia+|G, [P (T, +2ia,) the fraction a,can have two values. Secondly, by splitting the
above level, from |G, 2 /Ty, +ia +ia,y) the fraction can have two values, so a, have three values in
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SI.1 Real part quantization:

Substitute A, =a into the formula in the above photon dressing formulas, we get:
[yl — i@l + 2ial,, — 282+ 4iab +|G|° =0.. Find the root of the real part of the denominator by ignoring

b® (reason: b® is very small), and we get: It can be solved for ,_, [rr.+ef , which corresponds to

2
linewidth. Now substitute A, =b into formula (2), we get: —idab+ia(I,, +20,)=0p- w=2'» , where
4

be % corresponding to the lifetime (T ). Secondly Solved for: (A, —x)(A,—x,)=0, and
AT gy +IA2 = Ajix, +A 3 A, — X Ty + XA, +XE + XA 4 +]G, F=0 - Putting A, =c and A2 =c’+i2ed WE  get
CTy, +ic? —20d +iA ¢~ X Ty, +2xic +xiA ; +ix+] G, = 0. Again, Putting x1= a+ib with b=0

ey, +i¢ ~20d +iA ;o —al'y, + 2iac +ia , +i(a+ib)*+]G, P=0 » and ¢, tac-0 . A further solution is

. ~(Ap+22)+ (A, +22)" ~4W(aA,, —b?) 5 cT, ~2cd —al,, - 2ab+|G,, =0 2cd =T, —2cd —aly —2ab+ |G, [*> 4 _ T —2cd —al'y, —2ab+ |Gy, i
2 2c




SI.2 Imaginary part quantization:

Substitute A, =ib in the above photon dressing formulas, we get:

€Ty +ic? —2cd +iA, ¢~ ()T, + 2i(ib)e +i(ib)A,, +i(a+ib)+ |6, f=0 - Find the root of the imaginary part of the

denominatora’, ignoring (reason: a’ very small), we get:

C+ A=y +b)=0 5 -AueJA)7 40T +b) 5 Ty, ~20d—(20+A,+22)0+]G,, =0, _Clo—(20+,+20)b+(G,,
2 2c

Secondly Solved (A, —%)(A; —X%,)=0 and AT gy +IA7 = Ajix, +1A A, =X o) + XA, +iX7 + XA, +]G,, =0 + Put A, TC
and A7 =c’+i2ed , cly,+ic? —2cd +iA 0~ X[y, +2xic+ XA, +i+|G, =0 . Putting xI=at+ib with a=0,
€T +ic? ~20d +iA ,c~bryi-20c-bA, +i(a+ib)+ |G, f=0 @nd ¢ +A c+br, -b>=0 . The further solution we get

oo A= (A,)° - 40T, ~b%) 5 ol —2cd ~2bc—bA,, —2ab+ |G, =0 >  2cd=cly, -2ab-bA, -2ab+|G, [ > and
2

cly, —2ab—bA, —2ab+|G,, | |

2c
Numerical solution: directly solve the quadratic equation in one variable with the root-finding
formula, and obtain the expression in the simulation program. The EP point can be obtained by
setting the value under the root sign to 0. When the square root part is zero, the real and imaginary
parts will be equal that correspond to the Exception point (EP point).
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SI.3 Real Non-Hermitian quantization or EP Control

rzoron+‘G1‘2 Irzorou+‘Gi‘z 0 9
2 g /270 7 Re(EP2)=

+. /80,0
~(a,,+2a) Where a= % refer to the real part.
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Re(EP1) = (VI

SI.4 Imaginary Non-Hermitian quantization or EP control
Im(EP) = |m(Ep2):ﬂ. Moreover, we show the summary of the Eigenvalues, Linewidth, and
2

Exceptional points of the four kinds of dressing i.e. single, parallel, cascade, and nested in table
form below.

Table S1. Shows the FL real and imaginary parts of Eigenvalues and linewidth for different dressing

Dressing Eigen Value Linewidth

Real part Imaginary part Real part Imaginary part
Single A=(AntfU)12 By = (T + T £ M) /2 Ty =Typ+Ty)/2 Ag =(dAp —TxA )/ 2d
I'=6-6 =0, I7 =
Parallel Ay =Tt Gy [ 12 By =T+ Gy 12 T = (Tl +|G1 ) I T, Aeor =Tl 201G T




Th=6,-5; I =\5el6 P 1} =T+ 1G,. P
Ay =(-AyUy)/2 By = (g + Ty £ W) 12 Topy = (Tyg +Tpp) / 2 Aczo =(dAp —TpoA 1)/ 2d
ry=u, I =W,
Cascade Ay =+ BTy /2 Bay = —Ay W, /2 Ty =Ty —20)/ 4 Ay = (CTy, + X3) 1 2C
Te=6-5 o .
Ay =8, +20) Uy, /2 By, = —(Ap) YWy, /2 Fegy =Cl'gy —Vy, / 2C Aesz = CFOl + X32 /2c
Ty =U; Iy =g,
Nested Ay= tm/ 2 Bu=(Anu=* M)/‘l Ty =(-2Tyn-T)/4 Ay =Cly+ X, /4c
Ty =a-4 rj:m I =W, /2
Ay = (8, +4a)EJU,,) /4 B, =4b-A, + W, /4 pm:crw,4ab+rma+‘gmr/40 Ay =dT, — X, 1 4d
Iy=JUy/2 =W, /2

U = Apl |2 Al |Gp1 |2 y W= (rlO +F20)2 =4l | Gpl |2 » Ug, 5 Ap1 |2 Al | Gpl |2 s Wy, = (F1o 4'1"20)2 =4l |Gp1 |2 )
W, = Aplz —4b(I'g, +b), Uy, = (A, +228)° —4(1)(@A,,, —b*) s W, = (A ,,)? —4(bTy, —b?)» W,y = A* —42ib? +i4bD,
U,-= (—Apl —4a)2 +4a(2a+Ap1) W, = (Apl —4b)2 —8(2b2 +Ap1b) v Xy = (—20+Apl +2a)b+ | Gpl |2 ,

Xy =—2ab—bA —2ab+|G, [*. Vs, = 2cd —aly, —2ab+ |G, [*, Xy = —4ab +4bc +bA , +[G ,

‘ 2

©, X, =4ab+T, b +[G,,

FL Table

Exponential Point table

Real part Imaginary part
Dressing
Resc_)r?ant linewidth Resonant position linewidth
position
Single (AFL) Ay (Tyo+T50)/ 2 (Tyo+Tp0) /2 (dAy —ToA ) /2

Exponential Point table

Dressing

Real part

Imaginary part




Resonant

- linewidth Resonant position linewidth
position
*(rzzrzoJr‘Gﬂz)/irzz 0 (F22F20+ | G |2) / Iy 0
Parallel( AFL)
C=-Ap,/2 (Tyo+Tp0)/ 2 (Tyo+Tp0)/ 2 (dAp —TpA )/ 2d
Exponential Point table
Real part Imaginary part
Dressing
Resonant linewidth Resonant linewidth
position position
0 (T —2Ty) /4 (A, —2a)/2 ¢y, —2cd —al,, —2ab+|G,, [ /2¢
Cascade(a_, )
A, 12 (T —(2c+A,, +22)b+|G, F) /2 A, /2 ¢l —2ab—bA,, —2ab+|G,, [ /2
Exponential Point table
Real part Imaginary part
Dressing
Resonant linewidth Resonant linewidth
position position
0 (2T, +T ) 14 (A +42)/4  (cT,,—4ab+Tya+|G,[")/ 4c
Nested (A, )
Anld (cTyo ——4ab+ 4bc +bA, +[G, [ /4 (4b—A,)/4 (dr,, —4ab + b +[G,,| ")/ 4d

Table S2. Shows the SFWM real and imaginary parts of Eigenvalues and linewidth for different dressing

Dressing Eigen Value Linewidth

Real part Imaginary part Real part Imaginary part

Single a4 =((Apn—24))£4fuy)/2 b= (T +Tio) W) /2 [ =(Thp+T50)/ 24y, Ag =(Ap —2A0) 12+ %




ri=8-6, =i =
Parallel a, :im bnz((r20 +zrm)¢Jw_21)/4 [ = (T +20) /4 Appy =0
r,=6-6 l—::\ﬁm I =y
a, :((Ap1—2A1)i “22)/2 by, = (T + T) Wy ) 12 Fezz = (U0 +T0) [ 24V, A= (bn 28120
e F =
Cascade = (8412 £ iy )12 By =—((Too + o) £ fWer) /2 Tugt = —(Too+T0) / 2+ Vay Az = (M) +2A0) 1 2+ %
Te=8-6 Ty =Juy Ty =y,
- :((2a+A1+Ap1)i«/@)/2 b (208, )12 T, =((a-c)ly, —2ab+2bc—v,, )/ 2¢ A = (@, —2ab+ 2ad + X, )/ 2d
T = Uy I} =,
,A‘l Ty 0 0
o= @ i) 12 bes = (—T'oo — Ta0) = Wgr) / 2 Feqr =g +T20)/ 2V Aoty =My (Top +T50) 1 20+
Nested o =W
p I i 41
Ty=6-4

a,=(2a+A,-A, £4u,)/2

b, =(-Ty+2b-A, + A, +W,,) /2

l—e4z = ((a - C)rlo + V4z) /2c

A, =(al,—2ab+x,,)/2d

Tp = U

I =W,

Aq

l—‘Z[)

Where r and i represents the real and imaginary parts.

Exponential Point table

Real part Imaginary part
Dressing
Resonant linewidth Resonant position width
position
Single (6,5 ) Ay =20, Ty +Ty0) 1 24V, Ty +T50) /2 (A —201)/2+%
Exponential Point table
Real part Imaginary part
Dressing
Resonant linewidth Resonant position linewidth
position
Parallel(d,s) 0 (T +2T)/ 4 (T +20g) [ 4 0




(Ay—24,)12 (Cpo +T0) / 24V,

(T +T0) /2 (A —2A) 12+ %,

Exponential Point table

Real part Imaginary part
Dressing
Resonant linewidth Resonant position linewidth
position
(Aj+2M)12 —(Too*tT0) / 2+ V5 —(To+Tx) /2 (AL +2A0)/ 2+ %y
Cascade(s,, ) (2a+A,+A,)12 ((@=C)j—28b+2bC—V,,)/2¢ (T +2b—A,—A,)/2 (aTy, —2ab+2ad +x,, )/ 2d
A 0 | 0
Exponential Point table
Real part Imaginary part
Dressing
Resonant linewidth Resonant position linewidth
position
A, (Too +T50) 12—V (-Too—T0)/2 Ay (Top+Tp0) [ 20+4

Nested (6,5 ) ((@a—c)Tyy +V,,)/ 2¢

(Qa+A,-A,)/2

(ar,, —2ab+x,,)/ 2d

(T +2b—A,+A )/ 2

Ay 0 Ty 0
I 2> :' HEE | 2> |I r

1 1
Circular" : Linear :
E, ',' : ’ Linear:
/-\S(C), : 1(L) :
1 1
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: : 0) E/(L 1) Ex(C), (2 c 3 E(C E, (L (L
The perturbation chains {7’ B P8 =25 pff) e Péz)(S) and pff 5, 0 50, )@ EO PEas)
@ —-iG4c, c0s(4,)G,G/

= , (S1)
Prse) (on + iA1+ | Gpl |2 /(rlo + iAl - iApl))(FZl + iA1+012 cos (01) | G, IZ /(on + ZiAl))(FZO + iA1+iAi))
@) — —iG p5CasC; €05 (6)G,G/
Psicy™

- — - —— ——.(52)
(Coo +IAT+[ Gy [P /(T +1A7 =18 )T, +iIA[+C] €OS(0) | Gy P /(T +1A7 +1A)) ([, +iA,+AY)
where c is the anisotropic factor in different directions. @ is the rotated angle.
One linear polarization is equal to one left circular polarization + one right circular polarization. So by the perturbation chains
A Espf B, We get

2 _ 52 2)
Pric) = Priicaeryy T PrLcrighty)

_ ~1G, [ ¢ cos’ (¢) |
B (T +iA, +| G, |2/(1"10 +1iA, - iApl))(l"22 + Cf cos? ()| G, |2/(1"20 +iA)))
) ~|G, [ ¢Z cos*(¢)

(o 141Gy F /(T +i8, 1A 1)), + €2 €082 (9) G, (T +14,))

(S3)

Table S3. Eigenvalues of parallel two dressing for SFWM

Energy level Real part imaginary part
|_1> a1:+\/(F20F00+|G1|2)/2 blz((r20+2r00)+ W21)/4
a, = '\/(onroo +|Gllz) /2 b, = ((on + 2055 ) -/ Way ) /4
11> 3, = (28, + 4, + A, fuy, )/ 2 by =(~(Tg =20+ A+ A )+, ) 12
= ((231 + A +Ap1)'\/U32 )/ 2 b4 _ (—(Flo —2b1 +Al +Ap1)_ '_WSZ )/ 2




