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In this Supplementary Material, we provide more details formulas of Parity Time (PT) symmetry and display the FL and 

SFWM signals Eigenvalues based on the real and imaginary parts with respect to linewidth for different dressings. 

 

SI. Analytical Calculations for the Non-Hermitian Quantization or Exceptional points 

control: 

The second-order Fluorescence (FL) system is given as; 
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Firstly, from 2
02 1 1 00 1| | /( 2 )i G i +  +  +   the fraction 1 can have two values. Secondly, by splitting the 

above level, from 2
1 01 1 1| | /( )p pG i i +  +   the fraction can have two values, so 1  have three values in 

total,  
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SI.1 Real part quantization: 

Substitute 1 a =   into the formula in the above photon dressing formulas, we get: 
22

20 00 00 20 12 2 4 0ia ia a iab G  −  +  − + + = . Find the root of the real part of the denominator by ignoring 
2b (reason: 2b  is very small), and we get: It can be solved for 2
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linewidth. Now substitute 1 b =  into formula (2), we get: ( )20 004 2 0i ab ia− +  +  = 00 202
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SI.2 Imaginary part quantization: 

Substitute 1 ib =   in the above photon dressing formulas, we get: 

2 2 2

01 1 01 1 12 ( ) 2 ( ) ( ) ( ) | | 0p p pc ic cd i c ib i ib c i ib i a ib G + − +  −  + +  + + + =  . Find the root of the imaginary part of the 

denominator 2a , ignoring (reason: 2a  very small), we get: 
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Secondly Solved 
1 1 1 2( )( ) 0x x −  − =  and 2 2 2

1 01 1 1 1 1 1 1 01 1 1 1 1 1 1| | 0p p pi ix i x x i ix x i G  +  − +   −  +  + +  + =  . uut 
1  cc 

and 2 2

1 2c i cd = +  , 2 2 2

01 1 1 01 1 1 1 1 12 2 | | 0p p pc ic cd i c x x ic x i ix G + − +  −  + +  + + =  . uutting x1ca+ib with ac0,
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1 01 0pc c b b+  +  − =  . The further solution we get 
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Numerical solution: directly solve the quadratic equation in one variable with the root-finding 

formula, and obtain the expression in the simulation program. The Eu point can be obtained by 

setting the value under the root sign to 0. When the square root part is zero, the real and imaginary 

parts will be equal that correspond to the Exception point (Eu point). 
 

SI.3 Real Non-Hermitian quantization or EP Control 
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SI.4 Imaginary Non-Hermitian quantization or EP control 

1
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= =  . Moreover, we show the summary of the Eigenvalues, Linewidth, and 

Exceptional points of the four kinds of dressing i.e. single, parallel, cascade, and nested in table 

form below. 

 

Table S1. Shows the FL real and imaginary parts of Eigenvalues and linewidth for different dressing  

 

Dressing 

 

Eigen Value 

 

Linewidth 

 

Real part 

 

Imaginary part 

 

Real part 

 

Imaginary part 

Single 1 1 1( ) / 2pA U= −   
1 10 20 1( ) / 2B W=  +   

1 10 20( ) / 2e =  +  1 1 20 1( ) / 2e p pd d =  −   

*
1 2  = −  *

1r U =  *
1i W =    

Parallel 2 2
21 20 1+ | | / 2A G=    2 2

21 10 1+ | | / 2pB G=    2
21 22 20 1 22( | | ) /e G =   +   2

21 22 20 1 22| | /e G =  +   



*
1 3P   = −  * 2 2

20 1+ | |r G =   * 2 2
10 1+ | |i pG =     

22 1 22( ) / 2pA U= −   22 10 20 22( ) / 2B W=  +   
22 10 20( ) / 2e =  +  22 1 20 1( ) / 2e p pd d =  −   

 *
22r U =  *

22i W =    

Cascade 

*
1 3C   = −  

31 20 008 / 2A =     31 1 31 / 2pB W= −   
31 00 20( 2 ) / 4e =  −   

31 01 31( ) / 2c X c =  +  

*
20 008r =    *

31i W =    

32 1 32( 2 ) / 2pA a U= −  + 
 

32 1 32( ) / 2pB W= −    
32 01 32 / 2e c V c =  −  

32 01 32 / 2e c X c =  +  

 *
32r U =  *

32i W =    

Nested 

*
1 3N   = −  

2

41 20 00 1 / 2A G=    +  
41 1 41( ) / 4pB W=    

41 20 00( 2 ) / 4e = −  −  
41 10 41 / 4e c X c =  +  

2*
20 00 1r G =   +  *

41 / 2i W =    

42 1 42( 4 ) ) / 4pA a U=  +   
42 1 424 / 4pB b W= −   2

42 10 10 14 / 4e pc ab a G c =  − +  +  
42 10 42 / 4e d X d =  −  

 *
42 / 2r U =  *

42 / 2i W =    

2 2
1 1 10 20 1| | 4 | |p pU G=  −   , 

2 2
1 10 20 10 20 1( ) 4 | |pW G=  + −   , 

2 2
22 1 10 20 1| | 4 | |p pU G=  −   , 

2 2
22 10 20 10 20 1( ) 4 | |pW G=  + −   , 

2

31 1 014 ( )pW b b=  −  + , 2 2

32 1 1( 2 ) 4(1)( )p pU a a b=  + −  − , 2 2

32 1 01( ) 4( )pW b b=  −  − , 2 2

41 1 1042 4pW ib i b=  − +  , 

2

42 1 1( 4 ) 4 (2 )p pU a a a= − − + +  , 2 2

42 1 1( 4 ) 8(2 )p pW b b b=  − − +  , 2

31 1 1( 2 2 ) | |p pX c a b G= − +  + + , 

2

32 1 12 2 | |p pX ab b ab G= − −  − + , 2

32 01 12 2 | |pV cd a ab G= −  − + , 
2

41 1 14 4 p pX ab bc b G= − + +  + , 
2

42 10 14 pX ab b G= +  +  

 

FL Table 

     

 

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant position linewidth 

Single (
FL

) 1p−  10 20( ) / 2 +  
10 20( ) / 2 +  1 20 1( ) / 2p pd −   

 

Exponential Point table 

Dressing Real part Imaginary part 



Resonant 

position 
linewidth Resonant position linewidth 

Parallel( 
FL

) 

2
22 20 1 22( | | ) /G i−   +   0  2

22 20 1 22( | | ) /G  +   0  

1 / 2pc = −  10 20( ) / 2 +  
10 20( ) / 2 +  1 20 1( ) / 2p pd d −   

     

 

 

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant 

position 
linewidth 

Cascade(
FL

) 

0  00 20( 2 ) / 4 −   
1( 2 ) / 2p a −  2

01 01 12 2 | | /2pc cd a ab G c − −  − +
 

1 / 2p−  2

01 1 1( (2 2 ) | | ) / 2p pc c a b G c − +  + +  
1 / 2p−  2

01 1 12 2 | | /2p pc ab b ab G c − −  − +  

     

 

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant 

position 
linewidth 

Nested (
FL

) 

        0  20 00(2 ) / 4−  +  1( 4 ) / 4p a +  2

10 10 1( 4 ) / 4pc ab a G c − +  +  

1 / 4p  2

10 1 1( 4 4 ) / 4p pc ab bc b G c − − + +  +  
1(4 ) / 4pb −   2

10 10 1( 4 ) / 4pd ab b G d − +  +  

     

Table S2. Shows the SFWM real and imaginary parts of Eigenvalues and linewidth for different dressing  

 

Dressing 

 

Eigen Value 

 

Linewidth 

 

Real part 

 

Imaginary part 

 

Real part 

 

Imaginary part 

Single `
1 1 1 1(( 2 ) ) / 2pa u=  −    

1 20 10 1(( ) ) / 2b w=  +   
1 20 10 1( ) / 2e v =  + +  1 1 1 1( 2 ) / 2e p x =  −  +  



*
1 2S   = −  *

1r u =  *
1i w =    

Parallel 

*
1 3p   = −  

2

21 20 00 1( ) / 2a G=    +  ( )( )21 20 00 212 / 4b w=  +  
 

21 20 00( 2 ) / 4e =  +   
21 0e =  

2*
20 00 1r G =   +  *

21i w =    

( )( )`

22 1 1 222 / 2pa u=  −  
 

22 20 10 22(( ) ) / 2b w=  +   
22 20 10 22( ) / 2e v =  + +  `

22 1 1 22( 2 ) / 2e p x =  −  +  

 *
22r u =  *

22i w =    

Cascade 

*
1 3C   = −  

( )31 1 1 31( 2 ) / 2a u=  +  
 

31 00 20 31(( ) ) / 2b w= −  +   
31 00 20 31( + ) / 2e v = −   +  ( )31 1 1 312 / 2e x =  +  +  

*
31r u =  *

31i w =    

( )32 1 1 32(2 ) / 2pa a u= +  +  
 

( )32 10 1 1 32( 2 ) / 2pb b w= −  − +  +  

 
( )32 10 32( ) 2 2 / 2e a c ab bc v c = −  − + −  

( )32 10 322 2 / 2e a ab ad x d =  − + +
 

*
32r u =  *

32i w =    

'
1−  

20  0  0  

 

Nested 

*
1 3N   = −  

41 1 41(2 ) / 2a u=    
41 00 20 41(( ) ) / 2b w= − −   

41 00 20( ) / 2e v =  + −  
41 1 00 20 1( ) / 2e b =   + +  

*
41r u =  *

41i w =    

42 2 1 42(2 ) / 2pa a u= +  − 
 

42 10 2 1 42( 2 ) / 2pb b w= − + − +  
 

42 10 42(( ) ) / 2e a c v c = −  +  
42 10 42( 2 ) / 2e a ab x d =  − +  

*
42r u =  *

42i w =    

1  20  0  0  

 

Where r and i represents the real and imaginary parts.  

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant position width 

Single (
AS

) 
`

1 12p −   20 10 1( ) / 2 v + +  
20 10( ) / 2 +  1 1 1( 2 ) / 2p x −  +  

 

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant position linewidth 

Parallel(
AS

)         0  ( )20 002 / 4 +   
20 00( 2 ) / 4 +   0  



( )`

1 12 / 2p −   
20 10 22( ) / 2 v + +  

20 10( ) / 2 +  `

1 1 22( 2 ) / 2p x −  +  

     

 

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant position linewidth 

Cascade(
AS

) 

1 1( 2 ) / 2 +   
00 20 31( + ) / 2 v−   +  

00 20( ) / 2−  +  ( )1 1 312 / 2 x +  +  

1 1(2 ) / 2pa +  +   ( )10 32( ) 2 2 / 2a c ab bc v c−  − + −  
10 1 1( 2 ) / 2pb + − −  ( )10 322 2 / 2a ab ad x d − + +  

'
1−  0  20  0  

     

 

Exponential Point table 

Dressing 

Real part Imaginary part 

Resonant 

position 
linewidth Resonant position linewidth 

Nested (
AS

) 

1  00 20( ) / 2 v + −  
00 20( ) / 2− −  

1 00 20 1( ) / 2b  + +  

2 1(2 ) / 2pa +  −
 

10 42(( ) ) / 2a c v c−  +  
10 2 1( 2 ) / 2pb− + − + 

 
10 42( 2 ) / 2a ab x d − +  

1  0  20  0  

  

 

   

 

E 1(L)

|2>

|0> |1>

E1(C)

ES(L)

EAS(C)

Linear
Circular

  

|2>

|0>

E1(L)

Linear

Signal

 



The perturbation chains 1 1( )( ) ( )(0) (1) (2) (3)
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( ) 2 2 2 2

20 1 1 10 1 1 21 1 1 1 1 20 1 20 1 1
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. (S2) 

where c is the anisotropic factor in different directions.  is the rotated angle. 

One linear polarization is equal to one left circular polarization + one right circular polarization. So by the perturbation chains 

1 1(0) (1) (2)
00 20 22

E E
  


⎯→ ⎯→  , we get  

(2) (2) (2)

( ) ( ( )) ( ( ))

2 2 2

1

2 2 2 2

20 1 1 10 1 1 22 1 20 1

2 2 2

1

2 2 2 2

20 1 1 10 1 1 22 1 20 1

| | cos ( )

( | | ( ))( cos ( )| | ( ))

| | cos ( )

( | | ( ))( cos ( )| | ( ))

FL C FL C left FL C right

x

p p x

y

p p y

G c

i G i i c G i

G c

i G i i c G i

  









−

−

= +

−
=

 +  +  +    +  + 

−
+
 +  +  +    +  + 

.                        (S3) 

 

 

Table S3. Eigenvalues of parallel two dressing for SFWM  

Energy level Real part imaginary part 

| 1−   
2

1 20 00 1+ ( ) / 2a G=   +  

2

2 20 00 1- ( ) / 2a G=   +  

( )( )1 20 00 212 + / 4b w=  + 

( )( )2 20 00 212 - / 4b w=  +   

|1  ( )3 1 1 1 32(2 )+ / 2pa a u= +  + 

( )4 1 1 1 32(2 )- / 2pa a u= +  +   

( )3 10 1 1 1 32( 2 )+ / 2pb b w= −  − +  + 

( )4 10 1 1 1 32( 2 )- / 2pb b w= −  − +  +   

 

 


