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ABSTRACT

The onset of transition to cellularity and self-similar propagation of centrally ignited, expanding spherical flames in a reactive environment
of H2/O2/N2 and H2/O2/He mixtures at initial pressures up to 15 bar were experimentally investigated using a newly developed, constant-
pressure, dual-chamber vessel and were theoretically interpreted based on linear stability theory. The experiments were well-controlled to
identify the separate and coupled effects of Darrieus–Landau instability and diffusional–thermal instability. Results show that the critical
radius, rcr, for the onset of cellular instability varies non-monotonously with initial pressure for fuel-lean and stoichiometric H2/O2/N2

flames. This non-monotonous pressure dependence of rcr is well captured by linear stability theory for stoichiometric flames. The experimen-
tal critical Peclet number, Pecr¼ rcr/df, increases non-linearly with the Markstein number, Ma, which measures the intensity of diffusional–
thermal instability. However, a linear dependence of Pecr on Ma is predicted by linear stability theory. Specifically, the theory shows well
quantitative agreement with the experimental results for mixtures with near-unity Leeff; however, it under-predicts the Pecr for mixtures with
off-unity Leeff. In addition, there exists three distinct propagation stages for flames subjected to cellular instability, namely, smooth expan-
sion, transition propagation, and self-similar propagation. The acceleration exponent, a, in the self-similar propagation stage was extracted
based on the power-law of drf/dt¼ aA1/arf

(1� 1/a), where rf is the instantaneous mean flame radius, and A is a constant. The values of a are
located between 1.22 and 1.40, which are smaller than the suggested value (1.5) for self-turbulization.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0151566

I. INTRODUCTION

Propagation of smooth laminar premixed flames are often
subjected to Darrieus–Landau, hydrodynamic instability and
diffusional–thermal instability, which induce cellular structures on the
flame-front, in the absent of body forces. The formation of cells on the
flame-front increases the total flame surface area and thus promotes
the global flame propagation speed. With the enlarging and splitting
of cells over the expanding flame, the flame surface area increases con-
tinuously, leading to the flame self-acceleration. It has been suggested
that the flame accelerates indefinitely and could even lead to the self-
turbulization of a laminar flame,1–3 which will play a significant role in
the deflagration-to-detonation transition (DDT).4–8 Mechanistically,
Darrieus–Landau (DL) instability wrinkles a flame through the
sharp density jump across the flame-front and always occurs for very
large flame or very thin flame, when the flame thickness is much thin-
ner than the flow hydrodynamic length scale, i.e., flame radius.
However, diffusional–thermal (DT) instability is controlled by the
non-equidiffusive feature of heat and controlling species for a reactive

mixture. The non-equidiffusion is usually characterized by the Lewis
number, Le, which is defined as the ratio of the thermal diffusivity to
the mass diffusivity of the deficient reactant relative to the inert, such
that the reactive mixture with Le< 1 de-stabilizes the flame-front,
while Le> 1 mixture delays the cellular structure.

Due to the fundamental importance as well as practical signifi-
cance, especially for high-pressure aero-engines and internal combus-
tion engines as well as large-scale accidental gas explosions for which
the Darrieus–Landau instability would be significantly enhanced, there
have been substantial theoretical, numerical, and experimental studies
on the cellular instabilities.9,10 Matalon and co-workers11–13 and
Sivashinsky14,15 gradually developed the linear and nonlinear stability
theories and studied the onset, growth rate, and cell size of the cellular
instability. Among the numerical studies, the flame-front evolution
and acceleration of 2D cylindrical and channel flames were analyzed
using the Sivashinsky equation16–20 and the Navier–Stokes (N–S)
equation.21–25 In addition, Bradley and co-workers,26–30 Law and co-
workers31–38 as well as Huang and co-workers39–43 experimentally
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investigated the transition from smooth to cellular flames and self-
acceleration of cellular flames using large-scale open flames and high-
pressure confined flames. As the onset of flame cellular instability can
be determined using experimental approach and linear stability theory,
it is of great interest to know whether the theory could quantitatively
predict the experiment results. The previous results of Bradley
et al.26,27 show that the theory underestimates the critical Peclet num-
ber for the onset of cellular instability. It was suggested that the initial
growth of perturbation does not necessarily coincide with the instant
that the instability is observed in the experiment due to the unsteady
nature of the problem.13 Subsequently, Jomaas et al.33 found the quan-
titative agreement between the experiment and the theory when the
flame parameters were chosen sensibly. Specifically, the flame thick-
ness defined based on temperature gradient and Lewis number
extracted from experimental Markstein length were used in their cal-
culations, but those are different from the original definitions used in
the derivation of the theory. Beeckmann et al.,44 however, stated that
the theoretical findings are 4–5 times smaller than the measured criti-
cal radii for flame cellularity when the fundamental parameters follow
the same definitions in the theory. Recently, Zhao et al.42 compared
the experimental critical radii based on three different definitions with
the theoretical results and suggested that the definition in critical
radius measurements is important to reach a close agreement between
the experiment and the theory.

The self-acceleration of expanding spherical flame can be quanti-
fied by the acceleration exponent, a, which would be determined
by the history of flame radius, rf(t), through a power-law expression,
rf � ta. The flame radius history can be obtained using both experi-
mental and numerical approaches. Indeed, the flame is self-
acceleration if a > 1, it is self-similar if a is a constant and holds a
period of time, and it is self-turbulization if a¼ 1.5.34 Gostintsev
et al.45 analyzed the large-scale open flame experiments and found the
self-similarity of the propagation flames. They concluded that the a is
equal to 1.5. Nevertheless, scattered values of a were obtained in the
subsequent studies,34,40,41,46–48 and majority of them are less than 1.5.
Recently, Yang et al.35 and Huo et al.36 reported the transition and
saturated stages. The a was measured to be larger than 1.5 in the tran-
sition stage but small than 1.5 in the saturated stage for all flames.
Very recently, Cai et al.43 and Kim et al.,49 however, found that the a
increases from the transition propagation stage to the self-similar
propagation stage using high-pressure confined flames and large-scale
open flames, respectively. The values of a are less than 1.5 in these two
stages. Furthermore, most of the investigated flames are subjected to
two modes of cellular instability, and it is still a challenge to identify
the separate and coupled effects of Darrieus–Landau instability and
diffusional–thermal instability on the onset of flame cellularity and
self-similar propagation.

With above considerations, we are motived to conduct well-
controlled experiments to evaluate the performance of linear stability
theory on the prediction of the onset of flame cellular instability and to
assess the possible attainment of self-turbulization for fully developed
cellular expanding spherical flames at high pressures. Systematic
experiments were conducted on a newly developed, constant-pressure,
dual-chamber vessel with H2/O2/N2 and H2/O2/He mixtures under
initial pressures up to 15 bar to facilitate the Darrieus–Landau instabil-
ity. In particular, the stoichiometric H2/O2/N2 flames with Le¼ 1 were
examined to study the evolution and accelerative dynamics of

Darrieus–Landau instability by suppressing the diffusional–thermal
effects. Then the de-stabilizing and stabilizing effects of diffusional–
thermal instability on the evolution of cellular instability were identi-
fied by investigating the fuel-lean H2/O2/N2, fuel-rich H2/O2/N2 as
well as fuel-lean H2/O2/He mixtures at identical flame temperature
and initial pressures, but characterized by Le< 1 and Le> 1, respec-
tively. This paper is focused on the separate and coupled effects of
Darrieus–Landau instability and diffusional–thermal instability on the
onset of cellular instability and the nature of flame self-acceleration at
high pressures.

II. EXPERIMENTAL AND THEORETICAL METHODS
A. Experimental apparatus

All experiments were conducted in a newly developed, spark-
ignition, constant-pressure, dual-chamber vessel, as shown in Fig. 1.
The details of the experimental apparatus were described in Refs. 50
and 51. The vessel consists of two concentric chambers, as shown in
Fig. 1(b). The inner diameters of the inner and outer chambers are 140
and 500mm, respectively. Eight one-way valves are mounted on the
inner chamber to allow gas enter the outer chamber when the inner

FIG. 1. Experimental setup: (a) schematic configuration of the system and (b)
experimental apparatus.
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pressure is slightly higher than the outer pressure. In experiments, the
inner chamber is filled with combustible mixture, while the outer
chamber is filled with inert gas, such as nitrogen. The combustible
mixture is prepared in a 71.1 l mixing tank based on partial pressures.
Then, the pure nitrogen and premixed combustible mixture are filled
in the outer and inner chamber, respectively, and the pressure differ-
ence keeps small during the filling process. The combustible mixture is
ignited after waiting several minutes to ensure a quiescence environ-
ment in the inner chamber. The 8 one-way valves are opened, and the
inner and outer chambers are connected during the flame propagation
event. Two quartz windows with optical diameter of 120mm are
located at two ends of the vessel. The expanding spherical flame is
imaged using Schlieren photography with a high-speed camera
(Phantom v611) at 10 kHz and resolution of 752� 752 pixels. The
instantaneous mean flame radius, rf¼ (Af/p)

0.5, was determined based
on the enclosed area of the flame (Af), which was widely used in cellu-
lar flames.36,43 The instantaneous flame propagation speed based on
the burned mixture was calculated by Sb¼ drf/dt. It is noted that only
data within 5 to 25mm were processed to eliminate the effects of igni-
tion and chamber confinement.52–54

B. Experimental conditions and computational
methods

Since we are interested in the pure Darrieus–Landau (DL)
instability as well as diffusional–thermal (DT) de-stabilizing and
stabilizing effects on the Darrieus–Landau instability, the experi-
mental conditions were chosen such that the adiabatic flame tem-
perature (Tad) remains 1600 K, and thus the density ratio (r) is
almost identical. Three typical H2/O2/N2 mixtures with different
effective Lewis numbers (Leeff) defined as the ratio between the
thermal diffusivity to the mass diffusivity were selected to study
the pure DL instability (/¼ 1.00, Leeff¼ 1), DT de-stabilizing
effect on DL instability (/¼ 0.60, Leeff < 1), and DT stabilizing
effect on DL instability (/¼ 1.50, Leeff > 1). Furthermore, as
the inert gas would also affect the Leeff of the mixture, a fuel-lean

H2/O2/He mixture (/¼ 0.85) with Leeff > 1 was also investigated.
The detailed experimental conditions and fundamental parameters
are listed in Table I. The initial pressures are mainly set as 5, 10,
and 15 bar to promote the development of hydrodynamic cells.

The fundamental parameters, such as the laminar burning veloc-
ity (SL), laminar flame thickness (df), adiabatic flame temperature
(Tad), and density ratio (r), for investigated flames were calculated
using the 1D freely propagation flame and equilibrium code in the
Chemkin-Pro software, with the chemical kinetic mechanism of Burke
et al.55 The laminar flame thickness is determined based on thermal
diffusion, df¼ a/SL¼ (k/qucp)/SL, which was used in the derivation of
linear stability theory.12,13 The a is the thermal diffusion; k and cp are
the thermal conductivity and the specific heat capacity of unburnt
mixture. The effective Lewis numbers (Leeff) are calculated based on
the expression of Matalon and co-workers12,56

Leeff ¼ 1þ LeE � 1ð Þ þ LeD � 1ð ÞA
1þA

; (1)

where LeE and LeD are the Lewis numbers of excess and deficient reac-
tants, respectively.A ¼ 1þ ZeðU� 1Þ represents the mixture’s strength.
The U is equal to the / for fuel-rich mixtures and is 1// for fuel-lean
mixtures. The Zeldovich number, Ze ¼ EaðTad � TuÞ=RTad

2,57 is based

on the global activation energy, Ea ¼ �2R @lnðquSLÞ
@lnð1=TadÞ
h i

p;/
, whereR is uni-

versal gas constant. The details of the determination of Ea were reported
in previous works of Law and co-workers.33,57

C. Linear stability theory

Linear stability theory develops gradually for both planar flames
and expanding spherical flames. A theoretical description of the onset
of cellular instability for expanding spherical flame was given by
Istratov and Librovovich,58 based on a Darrieus–Landau model with
Markstein correction, and later by Bechtold and Matalon,11 who
incorporated hydrodynamic and diffusional–thermal effects in a more
systematic way based on a hydrodynamic model. Subsequently,

TABLE I. Experimental conditions and fundamental parameters of hydrogen flames. p: initial pressure; /: equivalence ratio; X(i): mole fractions of species i (i¼H2, O2, N2,
He); SL: laminar burning velocity, r: density ratio; df: laminar flame thickness; Leeff: effective Lewis number. Adiabatic flame temperature (Tad) and initial temperature (Tu) are
1600 and 298 K, respectively.

p (bar) / X(H2) X(O2) X(N2) X(He) SL (cm/s) r df (mm) Leeff

1 0.60 0.1671 0.1393 0.6936 0.0000 40.4 4.92 0.0884 0.56
2 0.60 0.1671 0.1393 0.6936 0.0000 30.6 4.92 0.0584 0.56
5 0.60 0.1671 0.1393 0.6936 0.0000 18.0 4.92 0.0396 0.56
10 0.60 0.1671 0.1393 0.6936 0.0000 9.5 4.92 0.0377 0.56
2 1.00 0.1667 0.0833 0.7500 0.0000 29.1 4.92 0.0611 1.07
5 1.00 0.1667 0.0833 0.7500 0.0000 16.4 4.92 0.0435 1.07
10 1.00 0.1667 0.0833 0.7500 0.0000 8.3 4.92 0.0428 1.07
5 1.50 0.2483 0.0828 0.6689 0.0000 63.3 4.92 0.0134 1.79
10 1.50 0.2483 0.0828 0.6689 0.0000 41.3 4.92 0.0103 1.79
15 1.50 0.2483 0.0828 0.6689 0.0000 29.0 4.92 0.0098 1.79
5 0.85 0.1197 0.0704 0.0000 0.8099 66.8 5.08 0.0439 1.18
10 0.85 0.1197 0.0704 0.0000 0.8099 47.0 5.08 0.0312 1.18
15 0.85 0.1197 0.0704 0.0000 0.8099 33.9 5.08 0.0289 1.18
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Addabbo et al.12 generalized the results to allow for temperature
dependence transport coefficients and a wide range of /. The smooth
spherical flame-front can be expressed as r¼ rf(t). The perturbed
spherical flame-front can then be written as r¼ rf(t)[1þA(t)Sn(h, u)],
where A(t) is the amplitude of the perturbation; Sn(h, u) is the spheri-
cal surface harmonics. h and u are the polar and azimuth angles of a
spherical coordinate. Therefore, the non-dimensional growth rate, R
of amplitude, A(t) of the perturbation of wavenumber, n can be
expressed as12,26

R ¼ 2pr
n

1� 2Ma
Pe

� �
xDL � X

Pe

� �
; (2)

X ¼ X1 þ Ze Leeff � 1ð Þ
r� 1

X2 þ PrX3; (3)

where Pe¼ rf/df is the Peclet number, andMa¼ L/df is the Markstein
number. The theoretical Markstein length, L, is based on the realistic
choice of the temperature dependence thermal conductivity of the
mixture, and k¼T0.5 is given by the following expression:12

L ¼ df
2ffiffiffi
r

p þ 1
þ 2Ze Leeff � 1ð Þ

r� 1

ffiffiffi
r

p � 1� ln

ffiffiffi
r

p þ 1
2

� �( )
: (4)

It should be noted that the finite front-thickness effects are parameter-
ized by different Markstein lengths relative to the flame stretch, strain,
curvature, and compression.59 For the expanding spherical flames,
flame curvature and total stretch rate are proportional to each other, a
single Markstein length merges.56,60

The xDL in Eq. (2) represents the de-stabilizing effect of
Darrieus–Landau instability, whereas the X/Pe represents the influen-
ces of transport, i.e., thermal conduction, molecular diffusion, and vis-
cous diffusion as expressed in Eq. (3). The xDL, X1, X2, and X3

depend only on r and n and are given in the previous work.12 The
Prandtl number is set as Pr¼ 0.75 in the calculations.

A flame can become unstable if the growth rate of at least one
wavenumber is positive. The theoretical critical Peclet number, Pecr,
for the onset of flame cellular instability would be derived by setting
the right-hand-side of Eq. (2) to zero

Pecr ¼ X
xDL

¼ xDL
�1 X1 þ Ze Leeff � 1ð Þ

r� 1
X2 þ PrX3

� �
: (5)

The first term in the right-hand-side of Eq. (5), X1/xDL, repre-
sents the “base” hydrodynamic boundary between the stretch-affected
stable and unstable regimes,33 while the second term describes the dif-
fusional–thermal effects, and the third term characterizes the viscous
diffusion effects. The detailed flame parameters to determine the theo-
retical critical Peclet number for the hydrogen flames under different
conditions are listed in Table II.

III. RESULTS AND DISCUSSIONS
A. Morphology and flame propagation speed

Three typical high-speed image sequences of expanding spherical
H2/O2/N2 flames at different initial pressures and equivalence ratios
are shown in Fig. 2. The instantaneous mean flame radii of the images
are from 10 to 40mmwith an interval of 10mm in different rows. It is
seen that the stoichiometric hydrogen flame is stable at 2 bar in the ini-
tial stage of propagation, large cracks form on the smooth flame-front,

and cells evoke spontaneously and appear uniformly over the entire
flame surface as the flame propagates outwardly. The cellular structure
appears earlier at higher pressure (5bar) due to the development of
Darrieus–Landau instability for thinner flame. For fuel-lean (/¼ 0.60)
hydrogen flame at 5bar, the flame-front is highly wrinkled, and addi-
tional small-scale diffusional–thermal cells develop on the larger hydro-
dynamic cells, see the zoom-in image in the last row. This reveals the de-
stabilizing effect of the diffusional–thermal instability on fuel-lean hydro-
gen flame with Leeff < 1. Figure 3 presents a set of image sequences of
H2/O2/N2 and H2/O2/He flames at 10bar to illustrate the stabilizing
effect of diffusional–thermal instability. It is observed that stoichiometric
hydrogen flame at 10bar is highly unstable with small Darrieus–Landau
cells on the flame-front. While the fuel-rich (/¼ 1.50) hydrogen flame
is stable at small flame radius, it becomes unstable at large flame radius
with relative larger Darrieus–Landau cells covering the entire flame sur-
face. As the fuel-rich hydrogen flame has the same density ratio and
smaller flame thickness (r¼ 4.92, df¼ 0.0103mm) compared with the
stoichiometric hydrogen flame (r¼ 4.92, df¼ 0.0428mm), it should be
more susceptible to hydrodynamic instability. Thus, the delay of the for-
mation of cellular structure should be attributed to the stabilizing effect
of diffusional–thermal instability (Leeff > 1) on the development of
Darrieus–Landau cells. This stabilizing effect is further demonstrated by
the fuel-lean H2/O2/He flame (Leeff > 1) with similar hydrodynamic
instability (with similar r and df) to the stoichiometric H2/O2/N2 flame.
The hydrogen flame in helium is more stable than fuel-rich hydrogen
flame as only large cracks develop on the flame-front within the present
observation range.

The formation of cellular structures on the flame-front can
increase the total flame surface area and thus increases the flame
propagation speed. The cascade development of cells continuously
promotes the flame propagation speed and would lead to the self-
similar propagation. Figure 4 plots the normalized flame propagation
speed, Sb ¼ Sb/(rSL) vs the Peclet number, Pe¼ rf/df for H2/O2/N2

and H2/O2/He flames at different initial pressures and equivalence
ratios. For stoichiometric H2/O2/N2 mixture with unity Leeff, the

TABLE II. The detailed flame parameters to determine the critical Peclet number
from linear stability theory for the hydrogen flames under different conditions. Pe1,
Pe2, and Pe3: hydrodynamic, diffusional–thermal, and viscous diffusion terms in Eq.
(5); Pecr: critical Peclet number for the onset of cellular instability.

p (bar) / diluent X1 X2 Ze(Leeff � 1) Pe1 Pe2 Pe3 Pecr

1 0.60 N2 �3.6 /
2 0.60 N2 �4.3 /
5 0.60 N2 �5.4 /
10 0.60 N2 �8.8 /
2 1.00 N2 238 339 0.6 159 36 11 207
5 1.00 N2 241 343 0.8 159 45 11 216
10 1.00 N2 241 344 1.1 159 61 11 232
5 1.50 N2 260 368 7.0 159 405 12 576
10 1.50 N2 264 373 9.5 160 546 12 717
15 1.50 N2 268 379 11.4 160 658 12 829
5 0.85 He 249 366 1.7 161 97 11 269
10 0.85 He 249 366 1.8 161 106 11 278
15 0.85 He 249 366 1.9 160 109 11 280
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flames are smooth without any cellular structure for Pe< 200, and the
Sb almost keeps constant. This stage is suggested as the smooth expan-
sion stage. As flame expands, the large cracks develop and cellular
instability evokes on the flame-front when the Pe exceeds a critical
value, i.e., Pecr�200, and the flame accelerates rapidly due to the
increasing and splitting of hydrodynamics cells, hereafter termed as
the transition propagation stage. When the smallest hydrodynamics
cell reaches an inner cutoff limit, a moderate flame acceleration is
observed. The slope in the log-plot of Sb�Pe is almost constant in this

period, thus referred to as the self-similar propagation stage. The three
distinct propagation stages were also reported in previous works.35,36,43

For fuel-lean H2/O2/N2 flames with sub-unity Leeff, three propagation
stages are also observed, and the Sb increases for mixture with Leeff < 1,
which is the consequence of the development of small diffusional–ther-
mal cells on the hydrodynamic cells. While the Sb almost keeps constant
in the radii range between 5 and 25mm for fuel-rich H2/O2/N2 fuel-
lean H2/O2/He flames with Leeff > 1, implying that the diffusional–
thermal effects damp the development of the hydrodynamic cells.

FIG. 3. Flame-front images for expanding spherical H2/O2/N2 and H2/O2/He flames
at 10 bar and different equivalence ratios. Zoom-in images in the last row.

FIG. 2. Flame-front images for expanding spherical H2/O2/N2 flames at different ini-
tial pressures and equivalence ratios. Zoom-in images in the last row.
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B. Theoretical growth rate and neutral stability curve

Figure 5(a) shows the non-dimensional growth rate, R at the crit-
ical wavenumber, ncr¼ 13, and flame radius of 10mm for hydrogen
flame at different initial pressures, equivalence ratios, and diluents.
The growth rate of stoichiometric (/¼ 1.00) H2/O2/N2 flames (black
curve) is negative at ambient pressure, indicating that the flame is
hydrodynamics stable with thick flame thickness. It gradually increases
with the initial pressure and becomes positive at higher pressures. The
Darrieus–Landau instability is expected to be significant with decreas-
ing flame thickness, and flame becomes unstable at higher pressure,
see image I. However, the growth rate decreases with the initial pres-
sure when it exceeds a critical value, which is attributed to the thicker
flame thickness caused by three-body reaction at very high pressure.
For fuel-lean (/¼ 0.60) H2/O2/N2 flames (red curve), the growth rate
is always positive due to the de-stabilizing effect of diffusional–thermal
instability. Specifically, the flame-front is covered by irregularity cells
with different sizes at ambient pressure (see image II), and it becomes
diffusional–thermal unstable. However, the flame-front is highly wrin-
kled with the development of both diffusional–thermal and hydrody-
namic cells at higher pressure (see image III). For fuel-rich (/¼ 1.50)
H2/O2/N2 and fuel-lean (/¼ 0.85) H2/O2/He mixtures with Leeff > 1,
the flames are expected to be more stable as the development of hydro-
dynamic cells is damped by diffusional–thermal effects, see images IV
and V. It is observed that the fuel-rich H2/O2/N2 flame (Leeff¼ 1.8)
at 5 bar is covered with uniformed hydrodynamic cells, while the
fuel-lean H2/O2/He flame (Leeff¼ 1.2) remains smooth without
any cellular structure. It would be attributed the thicker flame
thickness for H2/O2/He flame and smaller Pe, and thus, the xDL

term decreases and the X/Pe term increases in Eq. (2). Therefore,
the H2/O2/He flame is more cellular stable.

The onset of flame cellular instability and the range of cell size
developed on the flame-front can be theoretical deduced from Eq. (2)
in the form of a neutral stability curve, as shown in Fig. 6. The neutral
stability curve is obtained by setting the right-hand-side of Eq. (2) to
zero. The map shows the range of unstable wavenumber, n, as a

function of the Peclet number. The nose of the peninsula determines
the critical Peclet number, Pecr, for the onset of flame cellular instabil-
ity.12 The regime within the peninsula predicts that the cell size falls in
the range of unstable wavelength, kmin < k < kmax at a given Peclet
number (or flame radius), with the larger corrugations (k > kmax) sta-
bilized by flame stretch and smaller disturbances (k < kmin) stabilized
by diffusion.13 The lower branch of the peninsula decreases and
asymptotes to n�¼ 6.2, which is characterized by purely hydrody-
namic effect. Thus, the largest cell size, kmax¼ 2prf/n

�, increases line-
arly with the flame radius. The upper branch of the peninsula
asymptotes to a line, Pe/n¼C, which depends on the Leeff and r.
Hence, the smallest cell size, kmin¼ 2prf/n¼ 2pCdf depends of the
flame thickness and mixture composition. It was suggested that kmin

represents the averaged cell size of the flame with fully developed cellu-
lar structures.13 From Fig. 6(a), the neutral stability curve moves
slightly when the initial pressure increases from 2 to 10 bar for

FIG. 5. (a) Theoretical growth rate with initial pressure for hydrogen flames and (b)
typical flame images. The flame radius of the images is about 40 mm. I: H2/O2/N2
mixture at /¼ 1.00 and p¼ 5 bar; II: H2/O2/N2 mixture at /¼ 0.60 and p¼ 1 bar;
III: H2/O2/N2 mixture at /¼ 0.60 and p¼ 5 bar; IV: H2/O2/N2 mixture at /¼ 1.50
and p¼ 5 bar; and V: H2/O2/He mixture at /¼ 0.85 and p¼ 5 bar.

FIG. 4. Propagation of H2/O2/N2 and H2/O2/He expanding spherical flames at dif-
ferent initial pressures and equivalence ratios. Sb ¼ Sb/(rSL) is the normalized
flame propagation speed. Pe¼ rf/df is the flame Peclet number.
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stoichiometric H2/O2/N2 mixture. It suggests that the Pecr is insensitive
to initial pressure for stoichiometric mixture. However, the nose of the
peninsula is significantly delayed for fuel-rich H2/O2/N2 mixture, as
shown in Fig. 6(b). This is because the diffusional–thermal term,
ZeðLeeff�1Þ

r�1 X2 in Eq. (5), increases notably as the Leeff¼ 1.8 for fuel-rich
mixture. In addition, the slope of the upper of the peninsula decreases,
indicating that the normalized smallest cell size, kmin/df¼ 2pC
increases. Therefore, the averaged cell size would be possibly measured
for flame with large Leeff at high pressure.

C. Onset of flame cellular instability

Figure 7(a) shows the critical Peclet number, Pecr, for the onset of
cellular instability as a function of initial pressure for hydrogen flames.
The Pecr is extracted from the neutral stability curve or the Eq. (5).
Since the Leeff and Ze(Leeff–1) of fuel-rich (/¼ 1.50) H2/O2/N2 flame
is larger than that of stoichiometric (/¼ 1.00) H2/O2/N2 and fuel-lean
(/¼ 0.85) H2/O2/He flames, the Pecr is notably larger for fuel-rich H2/
O2/N2 flames at different initial pressures. It is seen that the Pecr is

insensitive to the initial pressure for both stoichiometric H2/O2/N2

and fuel-lean H2/O2/He mixtures, which is observed in the neutral sta-
bility curve in Fig. 6(a). The similar result was also reported in previ-
ous H2/air flames at P¼ 2–5 bar.36 However, the Pecr for fuel-rich

FIG. 6. Peninsula of unstable modes as a function of Peclet number of hydrogen
flames: (a) stoichiometric H2/O2/N2 mixture at 2, 5, and 10 bar and (b) stoichiomet-
ric and fuel-rich H2/O2/N2 mixtures and fuel-lean H2/O2/He mixture at 10 bar.

FIG. 7. Theoretical critical Peclet number (a) and flame radius (b) for the onset of
cellular instability and flame thickness (c) for stoichiometric (/¼ 1.00) and fuel-rich
(/¼ 1.50) H2/O2/N2 mixture and fuel-lean (/¼ 0.85) H2/O2/He mixture at different
pressures.
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H2/O2/N2 mixture increases gradually with the initial pressure. It
would be attributed to the increasing Ze and Ze(Leeff–1) with the initial
pressure, and the stabilizing effect of diffusional–thermal instability is
promoted at higher pressure for fuel-rich H2/O2/N2 mixture. It should
be noted that the Ze also increases with initial pressure for other two
mixtures. However, the Ze(Leeff–1) of these flames is small, and thus,
the Pecr becomes insensitive to the initial pressure.

The theoretical critical radius, rcr, for the onset of flame cellular
instability can be obtained by the product of Pecr and df, as shown in
Fig. 7(b). The laminar flame thickness calculated based on the thermal
diffusion,61 df¼ a/SL¼ (k/qucp)/SL, is plotted in Fig. 7(c). It is observed
that the rcr decreases significantly with the initial pressure from 1 to
5 bar for all mixtures due to the thin flame thickness at higher pres-
sure. However, the rcr increases slightly at high pressure for stoichio-
metric H2/O2/N2 flames. This is because the three-body reaction,
HþO2(þM)¼HO2(þM), becomes important at high pressure, the df
increases slightly with initial pressure, and thus, the theoretical rcr at
10 and 15 bar are larger than that at 5 bar.

Since we are interested in the de-stabilizing and stabilizing effects
of diffusional–thermal instability on the onset of flame cellular insta-
bility, the dependence of the critical Peclet number, Pecr, on the
Markstein number, Ma, is investigated. Figure 8 plots the calculated
and measured Markstein number as a function of the initial pressure
for H2/O2/N2 and H2/O2/He flames at different equivalence ratios.
The theoreticalMa¼ L/df is determined based on Eq. (4). The experi-
mental Ma relative to burned gas is measured using a non-linear
stretch extraction method (LC method),53 Sb ¼ Sb

0�2Lb/rf from the
smooth expanding flames, where Sb and Sb

0 are stretched and
unstretched flame propagation speeds relative to burned gas, respec-
tively. The experimental Ma¼ Lb/df is obtained based on the mea-
sured Marksetin length relative to burned gas, Lb. It is seen that the
experimental results are larger than the theoretical predictions. A good
qualitative agreement is achieved between the experiment and the the-
ory. It should be noted that the experimental measurement of Lb is
very sensitive to the definition of flame radius or iso-surface60,62 and
the perturbation in the flame propagation. The flame radii defined

based on the enclosed area of the flame and the circle fitting of the
flame were tested, and similar results were obtained (not shown here).
For consistency, the flame radius for both smooth and cellular flames
is defined based on the flame area method in the present work. This is
because the experimental Ma can be determined under limited condi-
tions (Leeff > 1 flames), and the theoreticalMa will be used in the fol-
lowing discussions. In addition, the measured SL and Ma are
compared with the calculated results in Table III. It is seen that the
numerical SL well predicts the experimental data under present
conditions.

It is seen that the theoretical Ma decreases and increases gradu-
ally with the initial pressure for flames with Leeff < 1 and flames with
Leeff > 1, respectively. It almost keeps constant at different initial pres-
sures for near-unity Leeff mixture. This is because the Leeff and r are
insensitive to the initial pressure; the Ze, however, increases gradually
with the initial pressure. The absolute value of Markstein number,
jMaj, increases gradually with the initial pressure for off-unity Leeff
flames and almost keeps constant for near-unity Leeff flames based on
Eq. (4). The dependence of the critical Peclet number on the
Markstein number is presented in Fig. 9. It is observed that the

FIG. 8. Calculated and measured Markstein number as a function of initial pres-
sure for H2/O2/N2 and H2/O2/He mixtures with different equivalence ratios.

TABLE III. Measured and calculated laminar burning velocities and Marksetin num-
bers of hydrogen flames at different initial pressures and equivalence ratios.
Experimental SL and Ma are extracted using LC method.53 Numerical SL is obtained
with Burke Mech.55 Theoretical Ma is calculated from Eq. (4).

SL (cm/s) Ma

p (bar) / diluent Exp. Numer. Exp. Theor.

1 1.50 N2 96.9 100.0 3.60 2.13
2 1.50 N2 87.4 88.0 3.93 2.52
5 1.50 N2 64.0 63.3 4.15 3.28
10 1.50 N2 42.0 41.3 5.04 4.21
5 0.85 He 63.5 66.8 2.20 1.25
10 0.85 He 46.1 47.0 2.26 1.30
15 0.85 He 32.9 33.9 2.13 1.32

FIG. 9. Dependence of theoretical critical Peclet number on the Markstein number
for hydrogen cellular expanding flames.
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theoretical Pecr increases linearly with the theoretical Ma. The Ma
measures the strength of diffusional–thermal effect, while the Pecr
characterizes the extent of cellular instability. The results suggest that
the flame cellular instability is strongly affected by the diffusional–
thermal effect. The onset of cellular instability will be delayed (or
enhanced) for flame with large Ma (or small Ma). The linear stability
theory predicts that the flame is unconditional unstable for mixture
withMa<Ma�¼�0.5. In other words, the flame will become cellular
unstable when it is ignited.

The experimental critical radius for the onset of cellular instabil-
ity can be determined from the spherical expanding flames based on
flame images or flame propagation speeds. In this study, one rcr is
defined based on the rapid increase in the flame propagation speed in
a Sb�(2/rf)(drf/dt) curve, where Sb is the flame propagation speed, and
(2/rf)(drf/dt) measures the flame stretch, K for smooth flame, as shown
in Fig. 10(a). This definition was widely used in previous works,29,43

thus termed as critical radius for flame acceleration. The other rcr is
defined as the instant that cells appear spontaneously and uniformly

over the entire flame surface based on the Schlieren images, which was
also widely applied in experimental measurements,33,63 hereafter
termed as critical radius for flame cellularity. The uncertainty on the
measurements of rcr is mainly from the personal equation in determin-
ing the critical instant of the rapid increase in Sb or the critical radius
of the uniformed global cell formation, the flame radius extraction
error from the image, and the random error. The personal equation
depends on the camera frame rate and Sb, which is estimated to be
0.21–0.55mm for rcr of flame acceleration and 0.32–1.23mm for rcr of
flame cellularity. The flame radius extraction error is determined by
the image resolution and Canny edge detection, which is estimated to
be 0.28mm. However, the random error is determined by the varia-
tion in different runs for each condition. The total uncertainty of rcr is
estimated to be 0.84–1.82mm for flame acceleration, and it is esti-
mated to be 1.27–2.71mm for flame cellularity.

The experimentally measured rcr for flame acceleration for fuel-
lean and stoichiometric H2/O2/N2 flames at different initial pressures
are plotted in Fig. 10(b), which shows a slightly non-monotonous vari-
ation in rcr with increasing initial pressure. The linear stability theory
well captures the pressure dependence of the rcr for stoichiometric
flames. It is seen that the experimentally measured values largely agree
with the theoretical results. The slightly non-monotonous pressure
dependence of the rcr could be attributed to the slightly improvement
of DT stabilization effect and non-monotonous variation of DL insta-
bility. Specially, the Pe2 increases slightly with initial pressure, while
the Pe1 keeps constant, and the df varies non-monotonously with ini-
tial pressure, as shown in Table II and Fig. 7(c). In addition, the experi-
mental rcr for H2/air flames at different equivalence ratios and initial
pressures from Huo et al.64 are compared with the present results. It is
found that the previous data are consistent with the current measure-
ments, see Fig. 10(b).

Figure 11 shows the comparison of the experimental and theoret-
ical critical radius and critical Peclet number for the onset of flame cel-
lular instability. Both the rcr for flame acceleration and rcr for flame
cellularity are plotted in Fig. 11(a), and the former rcr is smaller than
the later rcr, which was also observed in the previous work.42 Because
the rcr for flame acceleration defined based on the Sb�(2/rf)(drf/dt)
curve is suggested to largely characterize the branching of large cracks
on the flame-front.42 It is seen that linear stability theory well predicts
the rcr for flame acceleration for stoichiometric H2/O2/N2 flames
with Leeff¼ 1, which was discussed in the proceeding paragraph.
Nevertheless, the theory under-predicts the rcr for flame acceleration
for off-stoichiometric hydrogen flames with Leeff > 1 or Leeff < 1. As
the values of Ma for fuel-lean H2/O2/N2 flames are less than
Ma�¼�0.5, these flames are predicted to be unconditional unstable;
in other words, the values of the theoretical rcr are zero for these flames
with Leeff< 1. Figure 11(b) compares the experimental and theoretical
Pecr. In general, both experimental and theoretical Pecr increase with
the theoretical Ma. However, the experimental Pecr increases non-
linearly with the Ma, while the theoretical Pecr gives a linear increase
trend with the Ma. The non-linear dependence of the Pecr on the Ma
was also reported in recent experimental works.30,43 It is observed that
a quantitative agreement between experimental Pecr and theoretical
prediction is achieved only under limited conditions, i.e., stoichiomet-
ric H2/O2/N2 flames with near-unity Leeff. However, the theory under-
estimates the Pecr for off-unity Leeff flames. Beeckmann et al.44

reported that linear stability theory under-predicts the critical radius

FIG. 10. Measurements of critical radius for the onset of flame cellular instability:
(a) determination of critical radius for flame acceleration and (b) critical radius from
the experiment and the theory for hydrogen flames at different equivalences ratios
and initial pressures. The additional data in (b) are taken from Huo et al.64
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for fuel-rich (/¼ 1.8) H2/air flame at different initial pressures
(5–15bar), which is consistent with the findings in the present work.
The theoretical results are 4–5 times smaller than the experimental mea-
surements in both present and previous works for hydrogen flames with
Leeff > 1. It should be noted that varying definition of flame thickness
would decrease the experimental Pecr. However, it would be not accurate
to arbitrary change these parameters for the stability analysis.44 The
results reveal that linear stability theory can well predict the DL instabil-
ity but cannot quantitatively predict the DT effects on the developments
of cellular structures. Then, the theory under-predicts the Pecr for the
onset of cellular instability for off-unity Leeff flames.

D. Self-similar propagation and acceleration exponent

The cells on the flame-front grow quickly and split into multiple
new cells as the cellular unstable flame propagates outwardly. The new
cells grow as the splitting process finishes as the flame expands. The
total flame surface area and the propagation speed increase continu-
ously as the cascading process occurs. Therefore, the self-acceleration

of the cellular unstable flame is achieved. The self-acceleration can be
described by the power-law relation, rf¼ r0þta, which can be further
arranged as drf/dt¼ aA1/arf

(1� 1/a). The fractal excess, d¼ 1–1/a,
would be used to assess if self-turbulization of the flames is achieved.
A fully developed Kolmogorov turbulence has the fractal dimension,
D of 7/3, where the D¼ 2þd. Analogous to the turbulence, the flame
is expected to be self-turbulization if the d¼ 0.33 and a¼ 1.5.

Figure 12 shows the flame propagation speed with the flame
radius for stoichiometric H2/O2/N2 flame at 5 bar. Three distinct prop-
agation stages are observed, namely, smooth expansion, transition
propagation, and self-similar propagation. The slope in the transition
propagation stage is higher than that in the self-similar propagation
stage, which agrees with the previous experimental observations.35,36

The acceleration exponent, a, can be extracted based on the power-law
of drf/dt¼ aA1/arf

(1� 1/a) in the self-similar propagation stage. This
method was recommended by Wu et al.34 to eliminate the ignition
effects on fitting the rf¼ r0þta. The measured acceleration exponent
and fractal excess for cellular unstable hydrogen flames are plotted in
Fig. 13. It is seen that both a and d are insensitive to the initial pressure
and equivalence ratio. It suggests that the a and d in the self-similar
propagation stage are independent of the initial pressure and Lewis
number, at least for present experiments. This phenomenon was also
observed by Yang et al.35 and Huo et al.36 using the same extraction
method. In our recent work,43 the local a is demonstrated to increase
gradually with the rf or Pe, and the a at Pe¼ e2Pecr in the self-similar
propagation stage is almost a constant value under different Leeff, df,
and r. In addition, the experimental measured a and d from Huo
et al.36 are consistent with the present results, as shown in Fig. 13. The
values of the a are located between 1.22 and 1.40 and the correspond-
ing d within 0.18 and 0.29, which are slightly smaller than 1.5 and
0.33, respectively. Therefore, the self-turbulization is not reached in
present experiments.

IV. CONCLUSIONS

In this study, the onset of cellular instability and self-similarity of
hydrogen expanding spherical flames have been investigated from the
results of well-controlled experiments at high pressures. The onset and

FIG. 11. Comparison of experimental and theoretical critical radii (a) and critical
Peclet numbers (b) for the onset of flame cellular instability. The mean experimental
values are plotted in the figures for clarity.

FIG. 12. Three distinct propagation stages of H2/O2/N2 flame with cellular instability
at p¼ 5 bar and /¼ 1.00.
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growth rate of cellular structures were theoretically analyzed using lin-
ear stability theory and compared with the experimental results. In
addition, the acceleration exponents of fully developed cellular flames
were determined. The key findings are summarized as follows:

(1) The experimental critical radius, rcr, for flame acceleration
varies non-monotonously with the initial pressure for fuel-lean
and stoichiometric H2/O2/N2 flames. This non-monotonous
pressure dependence of the rcr is well captured by linear stabil-
ity theory, and it is mainly attributed to the thickened flame
thickness caused by three-body reaction at very high pressure.

(2) A quantitative agreement between experimental critical Peclet
number, Pecr, and theoretical predictions is obtained for mix-
tures with near-unity Lewis number, based on the instant of
flame acceleration in experimental measurements and the flame
properties following their original definitions in theoretical cal-
culations. However, the linear theory under-predicts the experi-
mental Pecr for mixtures with off-unity Leeff. The theoretical
values are 4 to 5 times smaller than the experimental Pecr for
flame cellularity for hydrogen flames with Leeff > 1.

(3) Three distinct propagation stages are observed for unstable
flames, namely, smooth expansion, transition propagation, and
self-similar propagation. The acceleration exponent, a, and the
corresponding fractal excess, d¼ 1–1/a, in the self-similar prop-
agation stage are measured to be within 1.22–1.40 and
0.18–0.29, respectively, which are slightly smaller than the val-
ues (a¼ 1.5, d¼ 0.33) associated with flame self-turbulization.
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