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Submicron-particle motion in laminar boundary layers is present in many practical applications. Some important

findings on this issue have been achieved during the last decades, but many mechanisms in this process still remain

unclear. In the present work, a model has been developed to describe the motion of the submicron particles in

supersonic laminar boundary layers above an adiabatic plate along with the mainstream. In this model, the

Lagrangianmethod is used to track the particles and calculate their trajectories, and theEulerianmethod to calculate

the flowfield. The effects of the entering position, Mach number, and the size and density of the particles were

investigated. It is concluded that there are three particle-motion patterns when they enter the supersonic boundary

layer,whichare departurepattern, equilibriumpattern, anddeposition pattern.Thedrag force andSaffman lift force

were discovered to play dominating roles in deciding the patterns, and thermophoretic force and Brownian force are

of less importance. A dimensionless number to describe these three patterns is suggested. This work was intended to

provide an insight into the submicron-particle motion in the supersonic laminar boundary layer, which can be

guidance for industrial applications involving this phenomenon.

Nomenclature

a = radius of particle, m
Cc = Stokes–Cunningham coefficient
CD = drag coefficient
dp = diameter of a particle, m
dt = time step, s
dx = spatial step, m
Ev = bulk modulus of fluid, Pa
FB = Brownian force on a particle, N
FD = drag force on a particle, N
FS = Saffman lift force on a particle, N
FT = thermophoretic force on a particle, N
fT = dimensionless thermophoretic force
Kn = Knudsen number
Kn0 = initial Knudsen number
kB = Boltzmann constant, J · K−1

Map = particle Mach number
Map0 = initial particle Mach number
mp = mass of a particle, kg
R = gas constant, J · kg−1 · K−1

Rep = particle Reynolds number
Rep0 = initial particle Reynolds number
Stk = Stokes number
T = temperature of fluid, K
U = velocity of fluid, m · s−1

U0 = initial velocity of fluid, m · s−1

y0 = initial distance between the particle and the wall, m
y0e = equilibrium initial position of the particle, m
ΔU = relative velocity between the particle and the fluid,

m · s−1

δij = Kronecker delta function
ζi = zero-mean unit-variance-independent Gaussian ran-

dom number
λ0 = initial mean free path of a gas molecule, m

μ = dynamic viscosity of fluid, Pa · s
μg0 = initial dynamic viscosity of fluid, Pa · s
ν = kinematic viscosity of fluid, m2 · s
ρ = density of fluid, kg · m−3

ρg0 = initial density of fluid, kg · m−3

ρp = density of particle, kg · m−3

Φ = dimensionless number describing the particle-move-
ment patterns

I. Introduction

T HE submicron-particle motion in a supersonic laminar bound-
ary layer is present in a wide range of applications. In gas

turbines, ashes from the inadequately combusted fuel deposit on the
turbine blades, and accumulate as the machine runs. In the
deposition process, the ash particlesmove across the boundary layer
before they reach the surface of the blade. The flow is generally
transonic in the gas turbines. In this case, the knowledge of the
motion of the ash particles in the high-speed laminar boundary layer
is quite necessary. Another case is the droplets in the clouds that
supersonic aircraft happen to fly into. These droplets flow across the
boundary layer, and some deposit on the surface of the aircraft,
probably resulting in the icing problem under the conditions of low
temperature and high altitude, and seriously affecting the flight
performance. In experimental investigations on the supersonic
boundary layer, motion of tracer particles commonly occurs.
Accurately predicting the motion properties of tracer particles is a
key to the success of the experiments.
In the study of the motion of submicron particles in a boundary

layer, the core problem is the deposition process of the particles on the
wall. In a laminar boundary layer, particle deposition due to turbulent
diffusion (i.e., turbulent deposition) does not occur. In many cases,
the mechanism of the particle deposition is Brownian diffusion, and
there exists a concentration boundary layer near the wall. But, in
some cases, in which thewall is heated or cooled, the thermophoresis
has to be taken into consideration. In the case in which the wall
temperature is higher than the fluid temperature, the deposition is
inhibited and the dust-free layer emerges. Particles seldom penetrate
this layer and reach the wall. When the wall is cooled, the deposition
is promoted. Under regular gravity, the gravitational deposition of the
submicron particles can be neglected. It will be taken into account
generally when the particle diameter is over 1.0 μm. In the presence
of other external force fields, like electrical field [1], the deposition
process caused by it has to be considered. In stagnation flows, the
inertial deposition dominated by the Stokes number of the particles
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can be significant. When Stk≪ 1, the inertial transport is negligible,
whereas when Stk > 1, it is not negligible because of the relatively
larger inertia of the particles.
Because of the wide application of thermophoresis, relevant

researches have been found in great numbers, the majority of which
are about the transport of small particles with thermophoresis in
laminar boundary layers. Gorenwas the first to theoretically study the
thermophoresis in laminar boundary-layer flows [2]. He investigated
the flows on both hot and cold plates, and discovered the dust-free
layer (or particle-free region) on heated objects. Mills et al. presented
their findings concerning the deposition rate under the conditions of
thermophoresis and wall suction in a laminar boundary layer of a flat
plate [3]. Epstein et al. analyzed the thermophoretic transport of small
particles in natural convection flow on a vertical plate under the
conditions of both laminar and turbulent flows [4]. Gökog˜lu and
Rosner systematically studied thermophoretically enhanced mass-
transport rates on solid cold walls across the laminar as well as the
turbulent boundary layers [5–7]. Garg and Jayaraj investigated the
thermophoresis of aerosol particles over a cylinder and inclined
plates [8,9]. Chiou and Cleaver, and Chiou published a series of
papers on submicron-particle transport processes in laminar and
turbulent boundary layers [10–13]. In general, most of the studies
available adopted the analytical or Eulerian method to obtain the
macroscopic parameters (e.g., deposition rate). However, some
microscopic mechanisms remain unrevealed.
The purpose of this paperwas to study themotion of the submicron

particles when they enter the supersonic laminar boundary layer
above an adiabatic plate along with the mainstream. In our work,
we build a two-dimensional model to reveal the mechanisms in this
process. We focus on the laminar boundary layer, excluding the
situation when it turns into turbulent. First, we describe our research
problem, and state the Eulerian–Lagrangian method and the force
models. The force models are especially elaborated, followed by a
grid-independent verification to ensure the accuracy of themodeling.
Then, the role of each force is examined, and the reason why some
particles move away from the wall is revealed. Next, the influencing
factors, including the entering position, Mach number, and the size
and density of particles, are investigated. In the following part, we
present three particle-motion patterns and give a detailed analysis.
Finally, we come up with a dimensionless number to describe these
three motion patterns.

II. Problem Description

Our research problem can be simplified as the gas-particle flow
above a flat plate, as shown in Fig. 1. Particles enter the domain above
the plate at the speed of the main flow, which means there is no slip
between the particles and the surrounding gas at the initial position.
Then, some of the particles will enter the boundary layer, and some
will not. Our work is focused on the particles entering the boundary
layer. As the flow speed is high, the gas phase is regarded as
compressible. For the dispersed phase, the particles are considered as
spherical and monodispersed. As the size and volume fraction of the
particles are small, their effect on the fluid and the particle–particle
interaction are negligible. Among the forces exerted by the fluid on
the particles, the drag force is the major one and has to be taken into
consideration. In the supersonic boundary layer, the velocity and
temperature gradients are large, and so the Saffman lift force and the

thermophoretic force are also included. And, as the particles are
submicron, Brownian motion is taken into account. As the density of
the particles is very large compared with that of the gas, unsteady
forces, including added mass force and Basset force, are neglected.
According to the research of Bagchi and Balachandar [14], and Ling
et al. [15], the net effects of unsteady forces are important when the
particle-to-gas density ratio is small, and they decrease as the particle-
to-gas ratio increases and the initial particle Reynolds number
decreases. In our research, the particle-to-gas ratio is beyond 2500,
and the particle Reynolds number is below 10 in most cases, and
so the unsteady forces are neglected. In addition, the research of
Tedeschi et al. also proves that the force model, only considering the
quasi-steady force, is able to well predict the velocity of the particle
after the oblique shock wave [16]. The Magnus force and grav-
itational force are also neglected for the condition considered in this
problem. Because the characteristics of the particle motion are our
main concern, the heat andmass transfer between the particles and the
fluid is left out of our consideration. In addition, we focus on the
particle movement in the fluid, not the particle–wall interaction, and
so the reflection of the particleswhen they touch thewall is neglected,
that is, we assume that the particles deposit on the wall once they
reach it.

III. Computational Model

A. Fluid-Force Models

The motion of each particle is expressed by Newton’s second law
of motion:

mp
d2x

dt2
� FD � FT � FS � FB (1)

in which mp is the particle mass, FD is the drag force, FT is the
thermophoretic force, FS is the Saffman lift force, and FB is the
Brownian force. The model of each force is carefully selected to
accurately predict the trajectory of the particle.

1. Drag Force

The drag force of a spherical particle has been well studied for a
very long time. Many effects should be considered when the particle
is exposed to different surroundings. In our research, the particle
Reynolds number, aswell as the relativeMach number, is rather high,
and the particles cannot change their velocities as fast as the fluid due
to the inertia. And rarefaction may occur when the particles are
submicron. For the flow condition of high relative Mach number,
Henderson obtained a group of empirical expressions for all the flow
conditions depending on the Mach number [17,18]. Tedeschi et al.
proposed an expression valid for Rep < 200, Map < 1 from con-
tinuum to free molecular range [16], which agrees well with the
experiment. Thus, we apply the expression proposed by Tedeschi
et al. They introduced the correction coefficients for rarefaction and
high Mach number, and the solution of k is also modified. The
expression is as follows:

F � −6πμakΔU�1� 0.15�kRep�0.687�ξ�Kn�C (2)

or

CD �
24

Rep
k�1� 0.15�kRep�0.687�ξ�Kn�C (3)

in which a is the radius of the particle, μ is the dynamic viscosity of
the fluid,ΔU is the relativevelocity between the particle and the fluid,
ξ�Kn� is the rarefied correction coefficient, and C is the correction
coefficient for high relativeMach number. The expressions of ξ�Kn�
and C are

ξ�Kn� � 1.177� 0.177
0.851Kn1.16 − 1

0.851Kn1.16 � 1
(4)

Fig. 1 Description of the problem.
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and

C � 1�
Re2p

Re2p � 100
e−0.225∕Ma

2.5
p (5)

In expressions (2) and (3), the coefficient k is the solution of the
following equations:

a1k
1.687 � a2k − 1 � 0 (6)

a1 �
9

4
0.15

dp
a

Kn

ε 0

�
2a

dp

S
���
π
p

Kn

�
0.687

(7)

a2 � 1� 9

4

dp
a

Kn

ε 0
(8)

in which dp is the particle diameter,S � U0∕
�������������
2RT∞
p

is the
molecular-speed ratio, ε 0 � 3

8
� ���

π
p

∕S 0��1� S 02�erf�S 0� � e−S 02∕4,
and S 0 � �1 − k�S.

2. Thermophoretic Force

In our study, the range of the Knudsen number is large. For the
calculation of the thermophoretic force in the transition regime,
Talbot et al. derived an interpolation formula that was widely used
[19]. Their expression agrees within 20% or less with the data
available in the entire range of Knudsen number. Later scholars like
Sone and Aoki [20], Yamamoto and Ishihara [21], Loyalka [22],
and Takata et al. [23] proposed more accurate solutions of the
Boltzmann equation, among which Yamamoto and Ishihara solved
the Boltzmann equation numerically and obtained good results. We
take the solution proposed by Yamamoto and Ishihara as the cal-
culating method of the thermophoretic force on a particle, for, in
general, it agrees better with experimental results than the Talbot et al.
expression, and is convenient to use. The dimensionless form of their
solution is as follows:

fT �
16π

5

�
AwHo − Ao

�
Hw �

5
���
π
p

4
Knk̂

���
Hw �

5
���
π
p

4
Knk̂

�−1

(9)

in which Aw, Ao,Hw, and Ho are functions of the Knudsen number,
and k̂ is the ratio of thermal conductivity of the particle to that of
the gas.

3. Saffman Lift Force

According to Saffman’s theory, when a particle travels in the same
direction with a shear flow, the flow velocity of the two sides of the
particle in the direction perpendicular to the flow is not the same,
resulting in a pressure difference on the two sides. Thus, a net force
emerges in the direction perpendicular to the particle velocity (or
fluid velocity), and is called lift force. When there is no velocity
gradient or relative velocity between the particle and the fluid, the lift
force disappears. In the cases of the particle lagging the fluid (the
particle slower than the fluid) and the particle leading the fluid (the
particle faster than the fluid), the directions of the lift force are
opposite. The expression proposed by Saffman is

FS � 6.46μa2ΔU
�
1

ν

dU

dy

�
1∕2

(10)

in which ΔU is the particle slip velocity, ν is the fluid kinematic
viscosity, and dU∕dy is the velocity gradient of the shear flow.
Some scholars, including Dandy and Dwyer [24], McLaughlin

[25],Mei [26],Kurose andKomori [27], andBagchi andBalachandar
[28], worked out different forms of expressions afterward through
theoretical or numerical methods. But, so far, Saffman’s expression
can meet the requirement of accuracy and is still widely used. Thus,

in our work, we use his equation [Eq. (10)] to calculate the Saffman
lift force.

4. Brownian Force

For submicron particles, Brownian motion cannot be neglected.
The Brownian force can be modeled as a Gaussian white-noise
random process with spectral intensity Snij given by

Snij � Soδij (11)

in which δij is the Kronecker delta function, and

So �
216νkBT

π2ρd5p�
ρp
ρ �2Cc

(12)

Here, kB is the Boltzmann constant, and Cc is the Stokes–
Cunningham correction. The Brownian force is expressed as

FBi � ζi

��������
πSo
Δt

r
(13)

in which ζi is the zero-mean unit-variance-independent Gaussian
random numbers [29,30].

B. Flowfield Calculation

The flowfield in our study is supersonic and, thus, compressible.
The equations for continuous phase includemass-conservation equa-
tion, momentum-conservation equation, and energy-conservation
equation. The equation of state has to be taken into consideration
also. As the gas does not meet the ideal-gas assumption, the Redlich–
Kwong equation of state is applied. The effect of the particles on the
fluid is negligible, and so in the gas-phase equations, there are no
source terms.
The FLUENT codewith a structuredmesh is used to solve the two-

dimensional flow governed by the compressible Navier–Stokes
equations. The single-phase supersonic flowfield is calculated first,
then the particles are injected into the flow and their trajectories are
calculated with the flowfield. The fluid-force models are inserted
through the user-defined function interface.

IV. Computational Parameters and Validation

A. Domain and Calculation Parameters

The simulation of submicron-particle dynamics is performed in a
two-dimensional rectangular regionwith an adiabatic flat plate as the
lower boundary. The length of the region in the y direction is set the
same as that in the x direction to eliminate the effect of the upper
bound on the flowfield. In this calculation, the computational domain
is the region of 0 ≤ X ≤ 50 mm, 0 ≤ Y ≤ 50 mm. Particles are
injected at a specific rate uniformly distributed along the inlet.

Fig. 2 Grid-dependence check.
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Influencing factors, including Mach number, particle diameter,
and particle density, are examined. The Mach number ranges from
1.68 to 3.01, and the diameter of the submicron particles is from 0.05
to 1.0 μm. To investigate the effect of density, four kinds of particles
with different densities are selected: carbon particle (2000 kg∕m3),
water droplet (1000 kg∕m3), kerosene droplet (780 kg∕m3), and
titanium dioxide particle (4000 kg∕m3). The gas is air. And the total

pressure and total temperature of the inlet flow are 101 kPa and
421 K, respectively.

B. Validation

To eliminate the effect of the number of the mesh elements on the
calculation, a grid-dependence check is operated. A comparison of
particle y position with time by using meshes of different numbers is
made to check the grid dependence. The particles are injected in the
same y position. It is shown in Fig. 2 that the mesh with number
exceeding 110,000 can satisfy the need to eliminate the effect of the
grid. Thus, themeshwith 119,201 elements is used in the calculation.
So far, relevant experimental data on the motion of submicron

particles in a supersonic boundary layer are not available. To validate
the accuracy of our model, the simulating result of the velocity
distribution in the supersonic laminar boundary layer above an
adiabatic flat plate with the main flow of Mach 2.0 is compared with
the analytical result proposed by Crocco [31]. Figure 3 shows that the
simulating result is in good accordance with the analytical one.

V. Results

A. Role of Each Force

As we have mentioned previously, four forces are taken into
consideration in our discussion. To know which force or forces
play an important role, an investigation is made. The particles in
Secs. V.A–V.D are all water drops.We have chosen four typical cases
to examine the trajectories of the particles injected from the same
initial position, as shown in Fig. 4. The four cases are with all forces,
without Saffman lift force, without thermophoresis, and without

Fig. 3 Velocity distribution in the supersonic laminar boundary layer.

Fig. 4 Y position of particles with time on four force conditions.
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Saffman lift force and thermophoresis. The conditions for cases of
Figs. 4a–4d are a) Ma0 � 2.05, dp � 1.0 μm, b) Ma0 � 2.05,
dp � 0.05 μm, c) Ma0 � 3.01, dp � 1.0 μm, and d) Ma0 � 3.01,
dp � 0.05 μm, respectively. The oscillation in Figs. 4b and 4d is due
to Brownian motion.
According to Fig. 4, the trajectory of the particle with all the four

forces functioning superposes that of the particle with no thermo-
phoresis, which means the thermophoretic force does not play an
important role in this process. However, the particle without Saffman
lift force on it moves along a different trajectory, and this trajectory is
almost the same as the one without Saffman lift force and thermo-
phoresis, which proves that the Saffman lift force plays an important
role and the thermophoresis is a negligible factor. In addition, the
Brownianmotion of the particles with a diameter of 0.05 μm is much
severer than that of the particles of 1.0 μm in diameter. And with
larger Mach number of the main flow, the Brownian motion will
become even severer.
An interesting phenomenon noticed in Fig. 4 is that the particles

tend tomove up away from thewall. The reason is illustrated in Fig. 5.
It is well known that an induced shock wave emerges when a
supersonic stream flows along a flat plate due to the existence of the
boundary layer. The induced shock wave is an oblique shock, and
when the flow moves across it, its velocity direction and magnitude
change. The flowvelocity in the y directionwill no longer be zero, but
above zero. Thus, in the presence of the drag force of the fluid, the
particles will move away from the wall. Because the induced shock
wave emerges at the leading edge of the wall, this effect is termed the
“leading-edge lift effect on particles.” A similar phenomenon occurs
when the particle moves across an oblique shock wave generated by
an inclined plate in a supersonic flowfield [18], thus the authenticity
of the simulation.
Actually, this effect also emerges in low-speed flows, and it is also

caused by the existence of the boundary layer. The difference is that
there is no induced shock wave in low-speed flows. Further inves-
tigation is not included in our present work because the super-
sonic case is our main concern.
Another interesting phenomenon is that the particle trajectory with

the Saffman lift force is lower than that without it, which indicates
that one component of the Saffman force is in the negative y direction.
The reason is that, when the particle runs into the boundary layer, its
velocity is greater than that of the surrounding fluid, that is, the
particle is leading the surrounding fluid, and so the Saffman lift force
works toward the wall.

B. Effect of Initial Position

Particles enter the computational domain with the same velocity as
that of the main flow, but in different y positions above the plate. In
Fig. 5, we can see that the particles move across the induced shock
wave, and then enter the boundary layer, but their experiences are not
the same. For example, the particles closer to the wall encounter the
shock wave and the boundary layer earlier, and the distance between
the shock wave and the boundary layer is shorter. Besides, the
Saffman lift force exerted on the particles varies due to the non-
uniform distribution of the velocity in the boundary layer, which
certainly affects the motion of the particles. To investigate the effect
of the initial y position, the trajectories of the particles injected from
different y positions are examined. The particles with an initial Mach

number of 3.01 and a diameter of 0.5 μm are studied. The results are
shown in Fig. 6.
Figure 6 shows that the higher the initial position y0 is, the more

likely the particle moves away from the wall. As y0 decreases, the
particle moves up first, and then moves down toward thewall. If y0 is
low enough, the particle will finally touch the wall. For example,
when y0 is 0.175mm, the effect of the upward drag force overwhelms
the effect of the downward Saffman lift force, resulting in an upward

Fig. 5 Leading-edge lift effect of particles.

Fig. 6 Trajectories of particles injected fromdifferent initial ypositions.

Fig. 7 Force analysis of two typical particle-motion patterns.
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motion of the particle. However, when y0 is 0.09mm, the Saffman lift
force is great enough to force the particle to move downward and
finally touch the wall. The reason lies in the relative magnitude of
the drag force and the Saffman lift force, as shown in Fig. 7. The
magnitude in Fig. 7 is the force on per kilogram particles. In the
boundary layer, for the particle away from the wall, the upward drag
force is greater comparedwith the Saffman lift force, and lasts longer.
On the contrary, the particle closer to the wall experiences a greater
Saffman lift force.

C. Effect of Initial Mach Number

According to the laws of aerodynamics, the intensity and direction
of the induced shock wave vary as the initial flow Mach number
changes. When the Mach number increases, the angle between the
shock wave and thewall decreases (i.e., more oblique), which affects
the drag force imposing on the particles. The Mach number of the
main flow also has an effect on the structure of the boundary layer.
The boundary layer is thinner and the velocity gradient is larger when
the Mach number increases, which affects the Saffman lift force
acting on the particles. The influences of the initial Mach number of
themain flow are illustrated in Fig. 8. The particle diameter in Fig. 8 is
0.5 μm. And the initial Mach number in Figs. 8a–8d is 1.68, 2.05,
2.41, and 3.01, respectively. For the sake of a comprehensive
analysis, the initial particle positions in each picture include those for
moving upward and downward.
According to our results, when the initialMach number of themain

flow Ma0 equals 1.68, there is an equilibrium initial position. The
particle injected from this position finally moves along the stream,
but the distance between the particle and the wall is zero. In Fig. 8a,
the equilibrium initial position is between 0.055 and 0.056 mm, that
is, the trajectory of the particle is between the dashed line and the
dotted line. The reason why there exists an equilibrium position is
also the interaction of the drag force and the Saffman lift force. As the
particlemoves across the induced shockwave, the drag forcemakes it
move upward.When it enters the boundary layer, the greater Saffman
lift force forces it tomove downward to thewall. At the same time, the
relative velocity between the particle and the fluid becomes smaller,
which means both the drag force and the Saffman lift force are
weakened (especially the Saffman lift force). Finally, the relative

Fig. 8 Effect of initial Mach number.

Fig. 9 Effect of Mach number on equilibrium initial position.
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velocity becomes zero and the Saffman lift force disappears, and the
particle moves along the stream. From Fig. 8a, we also discovered
that the particles injected from above the equilibrium position finally
move along the trajectories almost parallel to thewall. These particles
never touch the wall unless the boundary layer turns into turbulent.
But, the particles injected below the equilibrium initial position will
touch the wall at last.
However, in Figs. 8b–8d, there is no obvious equilibrium initial

position. Owing to the high velocity, the particles move across the
outlet before they reach equilibrium of force, which means they are
still accelerating or decelerating. They may reach equilibrium in the
laminar boundary layer or enter the turbulent boundary layer before
they reach equilibrium. Here, we assume that there exists an equi-
librium initial position in all cases.
When comparing Figs. 8a–8d, we find that the equilibrium initial

position becomes higher as the initial Mach number increases.
Actually, as the Mach number increases, the velocity gradient in the
boundary layer becomes larger, resulting in an increase of the
Saffman lift force. Thus, the particle has to be injected from higher
positions in order not to touch the wall. The variations of the equi-
librium initial position caused by the Mach number are shown
in Fig. 9.

D. Effect of Particle Size

According to the theory of particle dynamics, the drag force and
the Saffman lift force on the particle vary as the particle size changes,
because the flowfield around the particle changes. Under the con-
dition of rarefied flowfield, the collision frequency of the fluid
molecules with the particle decreases if the particle is smaller, and the

Brownian motion is severe. The change of the collision frequency
brings about the variation of the drag force, Saffman lift force, and
Brownian force on the particle, resulting in different motion patterns
of particles of different sizes. The effect of particle size is illustrated in
Figs. 10 and 11. The initial Mach number in Fig. 10 is 2.41. And the
particle diameter in Figs. 10a–10d is 1.0, 0.5 , 0.1, and 0.05 μm,
respectively. It is indicated that, as the particle diameter increases, the
equilibrium position becomes higher. In other words, the particle
tends to move toward thewall as its size increases. The reason is that,

Fig. 10 Effect of particle size.

Fig. 11 Effect of particle size on equilibrium initial position.
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when the particle is larger, the Saffman lift force on it increases faster
than the drag force. From the expressions of drag force and Saffman
lift force, it follows that approximately FD ∝ a and FS ∝ a2, and
so the Saffman lift force increases more rapidly as the particle size
increases.
Another noticeable phenomenon is that the Brownian motion of

smaller particles is severer. In Fig. 10c, the Brownian force on the
particle is small and does not play a dominating role in themovement.
However, in Fig. 10d, the Brownian motion is obvious and the
particles injected close to the wall are very likely to touch the wall.
Actually, inmost cases in our research, theBrownianmotion does not
affect the macroscopic motion of the particles too much. Only when
the particle is very small and very close to the wall, and the Mach
number is large, the Brownian motion is important. Further inves-
tigation about the Brownian force is not included in the present work,
for we are mainly concerned with the study of the macroscopic
motion of the particles here.

E. Effect of Particle Density

The particle density also affects the particle motion. The denser the
particle is, the slower it accelerates under the same net force. Besides
water droplet, different particles are examined to discover the effect
of density on the particle motion, including kerosene droplet
(780 kg∕m3), carbon particle (2000 kg∕m3), and titanium dioxide
particle (4000 kg∕m3). The initial Mach number in Fig. 12 is 2.41,
and the particle diameter is 0.5 μm. The particle material in
Figs. 12a–12d is kerosene, water, carbon, and titanium dioxide,
respectively. The results in Figs. 12 and 13 show that, as the density of
the particle increases, the equilibrium position is getting higher. In

fact, as the density increases, the inertia of the particle increases,
resulting in a longer reaction to the forces acting on it. As the drag
force works for a shorter period than the Saffman lift force, the
particle with higher density moves upward for a shorter distance.

VI. Discussion

From the preceding analysis and results, we conclude that the
submicron-particle motion in a laminar supersonic boundary layer

Fig. 12 Effect of particle density.

Fig. 13 Effect of particle density on equilibrium initial position.
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above an adiabatic flat plate has three patterns (see Fig. 14): 1) the
particle moves upward, finally moves almost along the stream and
will not touch the wall (I); 2) the particle moves upward first, then
downward, and finally moves almost along the stream, but it does not
reach the wall (II); and 3) the particle moves upward first, and then
downward until it reaches the wall (III).
To describe the three particle-motion patterns, a dimensionless

numberΦ is proposed. The main parameters determining the motion
patterns include the initial velocity U0, initial position y0, particle
diameter dp, initial gas density ρg0, initial gas dynamic viscosity μg0,
particle density ρp, initial mean free path of a gas molecule λ0, and
initial bulk modulus of gas Ev0. Φ can be expressed as

Φ � f�V0; ρg0; μg0; Ev; λ0; dp; ρp; y0� (14)

The Buckingham method is applied to determine the form of Φ:

Φ � F
�
Rep0;Ma0; Kn0;

y0
dp
;
ρg0
ρp

�
(15)

in which Rep0 � ρg0V0dp∕μg0 is the initial particle Reynolds
number. Since Kn0 ∝ Ma0∕Rep0, the preceding form of Φ can be
rewritten as

Φ � φ

�
Rep0;Ma0;

y0
dp
;
ρg0
ρp

�
(16)

Actually, to determine the range of Φ for each particle-motion
pattern, the range ofΦ for pattern II has to be determined first. Once it
is given, the range of Φ for patterns I and III can be inferred.
From Eq. (16), it can be inferred that the ratio of equilibrium initial

position y0e to the particle diameter (i.e., y0e∕dp) is the function of
Ma0, Rep0, and ρg0∕ρp. Their relationships are given in Figs. 15a–
15c, which show that the distributions have the form of power law.
Thus, it is assumed that the formula has the form of Eq. (17). Then, a
fitting formula [Eq. (18)] of these three factors is concluded.

y0e
dp
� pMan10 Re

n2
p0

�
ρg0
ρp

�
n3
� q (17)

Fig. 15 The tendency of equilibrium initial position.

Fig. 14 Three particle-motion patterns.

AIAA Early Edition / LI AND BAI 9

D
ow

nl
oa

de
d 

by
 X

I'A
N

 J
IA

O
T

O
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
D

ec
em

be
r 

9,
 2

01
4 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

33
64

 



y0e
dp
� 0.089Ma2.4160 Re−0.388p0

�
ρg0
ρp

�−0.627
� 105.02 (18)

Figure 15d indicates the good performance of the fitting formula
within the error of 10%. When both sides in Eq. (18) are divided by
y0e∕dp, and y0e is replaced by y0, we get

Φ �
�
y0
dp

�−1�
0.089Ma2.4160 Re−0.388p0

�
ρg0
ρp

�−0.627
� 105.02

�
(19)

when 0.8 < Φ < 1.2 is for pattern II. Thus, when Φ < 0.8 and
Φ > 1.2, particle-motion patterns I and III occur, respectively.
With the dimensionless numberΦ, themotion patterns of a particle

can be determined under different conditions, like different Mach
number and different particle size. More important, Φ can be cal-
culated with initial variables, which means it is predetermined before
the particle moves across the induced shock wave.

VII. Conclusions

In this paper, a model has been developed to study the submicron-
particle-motion patterns in a laminar supersonic boundary layer
above a flat plate. The range of the particle diameter is from 0.05 to
1.0 μm, and the initial Mach number is from 1.68 to 3.01. Several
types of particles, including water droplet (1000 kg∕m3), kerosene
droplet (780 kg∕m3), carbon particle (2000 kg∕m3), and titanium
dioxide particle (4000 kg∕m3), are examined. It is concluded that
there are three particle-motion patterns when they enter the super-
sonic boundary layer, which are 1) departure pattern, 2) equilibrium
pattern, and 3) deposition pattern. The drag force and the Saffman lift
force play dominating roles in determining the movement patterns,
and thermophoretic force and Brownian force are of less importance.
The effects of initial position, Mach number, particle size, and
particle density are investigated. The results show that the particle
tends to move toward the wall as the initial Mach number, particle
size, and particle density increase, and when the initial position
is lower. A dimensionless number Φ � �y0∕dp�−1�0.089Ma2.4160

Re−0.388p0 �ρg0∕ρp�−0.627 � 105.02� has also been proposed to describe
them. The particlemoves in the patterns of I, II, and III whenΦ < 0.8,
0.8 < Φ < 1.2, and Φ > 1.2, respectively.
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