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Abstract A generic optimization design approach of
biorthogonal wavelet filter banks (BWFB) for extending
the JPEG 2000 standard part-2 is presented in this paper.
This approach adopts Vaidyanathan optimal coding gain
criterion to design the BWFB, and adopts peak signal-to-
noise ratio (PSNR) as the criterion to optimize this
BWFB. A functional relation between the general BWFB
and their lifting scheme is derived in the first place with
respect to one free variable, so that the optimization
design of the BWFB is easier and more convenient. In
addition, a general image model is formulated as a first-
order Markov process driven by Gaussian white noise. It
is taken as an input of two-channel filter banks which
satisfy perfect reconstruction (PR) condition to realize
subband coding for obtaining the optimal BWFB
according to the Vaidyanathan optimal coding gain
criterion. Finally, a new 9/7 BWFB with rational
coefficients is proposed for extending the JPEG 2000
standard part-2, with PSNR of reconstructed images only
0.20 dB lower than standard CDF 9/7 BWFB for infrared
thermal image compressions.

Keywords Biorthogonal wavelet filter banks . Optimization
design . Image compression . JPEG2000 standard part-2 .

Lifting scheme

1 Introduction

The discrete wavelet transform (DWT) is widely known as
to feature excellent decorrelation properties [1]. The DWT
exhibits excellent lossy and lossless compression perfor-
mance, and has been selected for the new standard
JPEG2000 [2, 3]. The DWT based on lifting scheme [4–
6] is realized by using the biorthogonal wavelet filter banks
(BWFB) [7] and gives several excellent BWFB such as 9/7,
5/3 and 7/5 in the JPEG2000 standard part-1 and part-2.
However, these BWFBs in the JPEG2000 standard part-1 and
part-2 is surely not optimal to a certain type of image such as
the texture image, remote sensing image, SAR image and so
on. Therefore, it is expected that can quickly design an
optimal BWFB to a type of image compression application for
extending the JEPG2000 standard part-2. The optimization
design of a BWFB for the JPEG2000 standard part-2 is a
crucial task, and ingenious design enables superior quality for
a broad class of images in computer applications and superior
VLSI hardware implementations.

In order to obtain excellent image compression perform-
ances, the wavelet filters for the JEPG2000 standard are
required to satisfy the compactly supported, perfect
reconstruction (PR) condition, biorthogonal property, higher
regularity and vanishing property, and linear phase etc. The
efficiency of the BWFB in JPEG2000 image compression
depends on the coefficients and length of filters and their
lifting implementation structure. The BWFB has the best
performance among various types of the wavelet filter
banks for image compression. Generally speaking, the
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optimization design approaches of the BWFB for the
JPEG2000 standard part-2 can be classified into two
categories. One category only considers the wavelet
properties based on certain criteria such as the coding gain
criterion, regularity criterion, rate distortion criterion and
energy compaction criterion. The other category is based on
the peak signal-to-noise ratio (PSNR) criterion of recon-
structed images. So far, many approaches have been
proposed to design the optimal BWFB for image compres-
sion, but hardly any work on the optimization design of the
BWFB for the JPEG2000 standard part-2 has been
published. Recently, theoretical approaches on design
optimization of two channel BWFB were developed, for
example, cyclostationary spectral analysis of Ohno [8],
optimal biorthogonal filter banks of Vaidyanathan [9],
optimal choice of a wavelet of Tewfik [10], least squares
design of Tay [11], and optimization design using rate
distortion criterion of Moulin [12]; furthermore, Liu [13]
presented a design method of the BWFB based on
trigonometric polynomial depending on two free parame-
ters, and Guo [14] proposes a filter design framework
based on the CDF 9/7 filter, which employs chaos
evolution programming to optimize the wavelet filter
through only one tuning parameter for extending the
JPEG2000 wavelet kernels, but these approaches are not
optimization designs based on the PSNR criterion. In
this paper, we focus on the design and optimization of
the arbitrary BWFB for the JPEG2000 standard part-2.
Therefore, we present a new approach to quickly design
and optimize the BWFB, where all coefficients of the
BWFB and their lifting parameters are rational numbers,
resulting in a DWT with low computational complexity
and high suitability for VLSI hardware implementation.

This paper is organized as follows. In section 2, we
derive a generic JPEG2000 wavelet kernel and a one
dimensional functional relation with respect to the BWFB
and their lifting scheme implementation. In section 3, we
introduce the basic assumptions of our image model, a
namely first-order Markov model, it is used for
theoretical design of the BWFB. In section 4, we

propose our design approach of the BWFB by using this
image model. In section 5, we provide a design example
for the optimal 9/7 BWFB with rational coefficients
based on JPEG2000 image compression criterion suit-
able for infrared thermal images, such that it can be
used as a new wavelet kernel for the JPEG2000
standard part-2. Finally, in section 6, we discuss the
conclusion and future work.

2 Generic JPEG2000 Wavelet Kernels

2.1 JPEG2000 Image Compression Systems

The JPEG 2000 standard employs the DWT based on a
lifting scheme for image compression, it supports,
among others, LeGall 5/3 BWFB for lossless compres-
sion, and the CDF 9/7 BWFB of Cohen, Daubechies
and Feauveau and BT 7/5 of Brislawn and Treiber for
lossy compression. The JPEG2000 image compression
system, shown in Fig. 1, contains both the wavelet
kernels BWFB and the embedded block coding with
optimal truncation (EBCOT) coding algorithm. This paper
mainly focuses on the optimization design of new BWFB
for the JPEG 2000 and does not change the EBCOT
coding algorithm.

2.2 PR Conditions of the BWFB

The two channel BWFB for image analysis and
synthesis is shown in Fig. 2. The analysis stage contains
two filters, a low-pass filter eh and a high-pass filter eg, both
followed by downsampling for the forward transform.
From this BWFB the image can be constructed in the
synthesis stage using the inverse transform by first
performing an upsampling step and then using two
synthesis filters, a low-pass filter h and a high-pass filter
g. These synthesis filters are needed for smoothing
because the upsampling step is done by inserting a zero
in between every two samples.

image
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Figure 1 Block diagram of the
JPEG2000 image compression
system.
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In Fig. 2, the PR conditions of the BWFB for image
compression are given by

hðzÞehðz�1Þ þ gðzÞegðz�1Þ ¼ 2
hðzÞehð�z�1Þ þ gðzÞegð�z�1Þ ¼ 0

�
ð1Þ

If the PR conditions are satisfied, all the aliasing caused
by the subsampling will be canceled during the image
reconstruction. The first formula shows a pure delay
namely no-distortion and the second shows no-aliasing in
the JPEG 2000 image transform based on the above
BWFB.

2.3 The Lifting Scheme Implementation for the DWT

The wavelet lifting scheme has been introduced for
efficient computation of the DWT in the BWFB, and is
recommended by the JPEG 2000 standard for implement-
ing the DWT. Its main advantage with respect to the
classical DWT structure lies in its improved computa-
tional efficiency, and in enabling a new method for the
BWFB design. The lifting scheme implementation of the
DWT is shown in Fig. 3.

In Fig. 2, the polyphase representation of the BWFB
fhðzÞ; gðzÞ;ehðzÞ;egðzÞg are as follows

hðzÞ ¼ heðz2Þ þ z�1hoðz2Þ
gðzÞ ¼ geðz2Þ þ z�1goðz2ÞehðzÞ ¼ eheðz2Þ þ z�1ehoðz2ÞegðzÞ ¼ egeðz2Þ þ z�1egoðz2Þ

8>><>>: ð2Þ

and he(z) and ho(z), ge(z) and go(z), representing the even
and odd coefficients items respectively, are given as follows

heðzÞ ¼
P
k
h2kz�k

hoðzÞ ¼
P
k
h2kþ1z�k

geðzÞ ¼
P
k
g2kz�k

goðzÞ ¼
P
k
g2kþ1z�k

8>>>>>>><>>>>>>>:
ð3Þ

Application of Fig. 3 to Fig. 2 results in Fig. 4, whereePðzÞ, a polyphase matrix, later on used to build a flexible
DWT based on a lifting scheme, is given by

ePðzÞ ¼ eheðzÞ ehoðzÞegeðzÞ eg0ðzÞ
� �

ð4Þ

Additionally, polyphase matrix P(z), the dual of ePðzÞ, is
used for the inverse DWT and given by the following
equation

PðzÞ ¼ heðzÞ geðzÞ
hoðzÞ goðzÞ

� �
ð5Þ

From Fig. 4 it follows that the PR condition for the
BWFB can now be written as

PðzÞePðz�1ÞT ¼ I ð6Þ

If the polyphase matrix P(z) has determinant 1, filter pair
(h, g) is complementary, and from Eq. 6 it follows that filter
pair ðeh;egÞ is also complementary. Moreover, here not only
will P(z) be invertible but we also can obtain

eheðzÞ ¼ goðz�1ÞehoðzÞ ¼ �geðz�1ÞegeðzÞ ¼ �hoðz�1ÞegoðzÞ ¼ heðz�1Þ

8>><>>: ð7Þ

Therefore, the DWT implementation based on a
lifting scheme only requires the calculation of a filter
pair (h, g) in the BWFB for image compression applica-
tions. Note that he(z) and ho(z) have to be relatively prime
because any common factor would also divide the
determinant of P(z), which we know to be equal to 1.
We can thus run the Euclidean algorithm starting from
he(z) and ho(z), and the greatest common divisor (GCD)
will be monomial. Given the non-uniqueness of the
division we can always choose the quotients qi(z) such

Split
x

Predict Update

d

s

ox

ex

Figure. 3 Filtering structure of Lifting scheme implementation.
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Figure 2 Two channel filter banks for image analysis and synthesis.
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that the GCD is a constant. Let this non-zero constant be
K. We thus have that

heðzÞ
hoðzÞ

� �
¼

Yn
k¼1

qkðzÞ 1
1 0

� �
K
0

� �
ð8Þ

where n is a number of iterate step of Euclidean algorithm
using he(z) and ho(z). Similarly, the following formula can
be obtained

geðzÞ
goðzÞ

� �
¼

Ym
k¼1

qkðzÞ 1
1 0

� �
K
0

� �
ð9Þ

where m is a number of iterate step of Euclidean algorithm
using ge(z) and go(z).

Then the polyphase matrix P(z) in the synthesis stage
can be expressed by

PðzÞ¼ heðzÞ geðzÞ
hoðzÞ goðzÞ

� �
¼ K 0

0 1=K

� �Yn
i¼1

1 siðzÞ
0 1

� �
1 0
tiðzÞ 1

� �
ð10Þ

where si(z)and ti(z) represents lifting and dual lifting.
Similarly, the polyphase matrix ePðzÞ in the analysis stage
can be given by

ePðzÞ ¼ 1=K 0
0 K

� �Yn
i¼1

1 0
�siðz�1Þ 1

� �
1 �tiðz�1Þ
0 1

� �
ð11Þ

We know that the z-transform of a FIR filter is given by

f ðzÞ ¼
Xn
k¼m

fkz
�k ð12Þ

This summation is also known as a Laurent polynomial.
A Laurent polynomial differs from a normal polynomial in
that it can have negative exponents. The degree of a
Laurent polynomial f is defined as fj j ¼ n� m. Note that
in case hoðzÞj j > heðzÞj j, the first quotient q1(z) equals zero.
Here, we can always assume that n is even. Indeed if n is odd,
we can multiply the h(z) filter with z and g(z) with −z−1. This

does not change the determinant of the polyphase matrix. To
design the wavelet kernels BWFB for the JPEG2000
standard part-2, we assume that a BWFB family as shown
in Fig. 2 and the four filters are expressed as follows:

hðzÞ ¼ h0 þ
Pn
k¼1

hkðzk þ z�kÞ

gðzÞ ¼ g0 þ
Pm
k¼1

gkðzk þ z�kÞ

8>><>>: ð13Þ

ehðzÞ ¼ �z�1gð�z�1ÞegðzÞ ¼ z�1hð�z�1Þ
�

ð14Þ

where hðzÞj j > gðzÞj j, and the coefficients of h(z) and g(z) are
denoted by hk ; k ¼ 1; 2; � � � ; n and gk ; k ¼ 1; 2; � � � ;m,
respectively. So that the total numbers of coefficients of both
the filter h(z) and g(z) equals 2n+1, 2m+1, respectively. From
wavelet properties and its normalization condition we can get

h0 þ 2
Pn
k¼1

hk ¼ 1

g0 þ 2
Pm
k¼1

gk ¼ 1

8>><>>: ð15Þ

Moreover, the Eq. 13 resulting in the following truths
based on the wavelet properties,

dkhðzÞ
dzk

����
z¼�1

¼ 0; k ¼ 0; 1; 2; � � � ; n� 1 ð16Þ

According to Eqs. 2 and 13 we can represent the even
and odd coefficients items respectively, as follows

heðzÞ ¼ h0 þ h2ðzþ z�1Þ þ � � � þ hnðzn=2 þ z�n=2Þ
hoðzÞ ¼ h1ðzþ 1Þ þ h3ðz2 þ z�1Þ þ � � � þ hn�1ðzn=2 þ z�ðn�2Þ=2Þ

�
ð17Þ

geðzÞ ¼ g0 þ g2ðzþ z�1Þ þ � � � þ hmðzm=2 þ z�m=2Þ
goðzÞ ¼ g1ðzþ 1Þ þ g3ðz2 þ z�1Þ þ � � � þ gm�1ðzm=2 þ z�ðm�2Þ=2Þ

�
ð18Þ

LP

BP

2

2

2

2

Figure 4 Two channel BWFB
for image analysis and synthesis
using polyphase matrices.
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The polyphase matrix P (z) can be factored into a
product of triangular matrices with polynomials in (1+z) or

(1+z−1), by using the Euclidean algorithm resulting in the
following equation

PðzÞ ¼ heðzÞ geðzÞ
hoðzÞ goðzÞ

� �
¼ K 0

0 1=K

� �Yn=2
i¼1

1 a2i�1ð1þ z�1Þ
0 1

� �
1 0

a2ið1þ zÞ 1

� �
ð19Þ

where α2i-1 and α2i also are lifting and dual lifting steps in
the lifting scheme. The factors (1+z−1) and (1+z) are
alternant with real coefficients; the former is lifted
during low-pass filtering, the latter is lifted during
high-pass filtering, and the first step is a low-pass
lifting step. Note that the algorithm finishes for the
number of lifting steps in the filter h(z) is bounded by
hoðzÞj j þ 1 ¼ n=2� ½�ðn� 2Þ=2� ¼ n, and the total num-
ber of lifting parameters is n+1 including scaling factor K.
Since the total numbers of coefficients of the long filter
h(z) equals also n+1, then according to Eq. 19 all the filter
coefficient in both the filter h(z) and g(z) can completely
be expressed by using the lifting parameters, as follows

hk ¼ fhk ða1;a2; � � � ;anÞ
gk ¼ fgk ða1;a2; � � � ;amÞ

�
ð20Þ

where fhk denote a function relationship of lowpass filter
h(z) with respect to a1;a2; � � � ;an, fgk denote a function
relationship of highpass filter g(z) with respect to
a1;a2; � � � ;am, respectively.

In addition, the Eq. 20 can be substituted into the
Eqs. 15 and 16, then resulting in the following equations

fnða1;a2; � � � ;anÞ ¼ 1
fmða1;a2; � � � ;amÞ ¼ 1

�
ð21Þ

fdk ða1;a2; � � � ;anÞ ¼ 0; k ¼ 1; 2; � � � ; n� 2 ð22Þ

where fn denote a normalization relation for the coefficients of
lowpass filter h(z), fm denote a normalization relation for the
coefficients of highpass filter g(z), fdk denote vanishing
moment condition in wavelet theory, respectively. Further-
more, the BWFB have n+1 lowpass and m+1 highpass filter
coefficients, 2 normalization condition, nj2 vanishing
moment from Eqs. 20, 21 and 22, then BWFB give us in
total (n+1)+(m+1)+2+(nj2)=2n+m+2 independent equa-
tions for these 2n+m+3 variables including n+1 lowpass

and m+1 highpass filter coefficients, n lifting parameters and
1 scale factor K. Therefore, the variables can be expressed as
function with respect to a single lifting parameter αi such as
α1, as follows.

ai ¼ faiða1Þ; i 6¼ 1 ð23Þ

According to the Eqs. 20 and 23 we can obtain below

hk ¼ f 1hk ða1Þ
gk ¼ f 1gk ða1Þ

�
ð24Þ

The Eq. 24 denotes a function relationship of lowpass
filters h(z) and highpass filter g(z) with respect to α1, where
the superscript on f in Eq. 24 correspond to the subscript of
α1. In fact, the Eq. 23 can also be rewritten below

ai ¼ f j
ai
ðajÞ; i 6¼ j ð25Þ

Similarly, the superscript on f in Eq. 25 correspond to the
subscript of αj. Based on Eq. 25 we can obtain more truths
that all the lifting parameters are expressed only one free
variable with exception of all the lifting parameters αi and
scaling factor K such as ξ, as follows

ai ¼ f x
ai
ðxÞ ð26Þ

Then the first lifting parameter α1 is given by using the
Eq. 26

a1 ¼ f xa1
ðxÞ ð27Þ

Combining the Eqs. 24 and 27 the following equations
can be written by

hk ¼ f xhk ðf xa1 ðxÞÞ
gk ¼ f xgk ðf xa1 ðxÞÞ

(
ð28Þ
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In fact, the Eq. 24 can also be rewritten, as follows

hk ¼ f ihk ðaiÞ
gk ¼ f igk ðaiÞ

�
ð29Þ

Finally, we can derive all coefficients of the BWFB in
the Eq. 13 as one dimensional functions with respect to ξ
according to Eqs. 26 and 29, resulting in

hk ¼ f ai
hk
ðf xai

ðxÞÞ
gk ¼ f ai

gk
ðf xai

ðxÞÞ

(
ð30Þ

Therefore, Eq. 30 not only greatly reduces complexity of
the optimization design of the BWFB but is also convenient
for the analysis with regard to the coding gain, regularity
properties, rate distortion in biorthogonal subband coding
systems. Particularly Eq. 30 is convenient for estimation of
the PSNR of the reconstructed images.

2.4 Regularity Condition of the BWFB

The regularity condition is crucial for the design and
optimization of the BWFB. To achieve symmetrical BWFB
fehðzÞ;egðzÞ; hðzÞ; gðzÞg for extending the wavelet kernels of
the JPEG2000 standard part-2, the regularity condition is
required. By using Daubechies’ theorem, we can determine
the interval with respect to the free variable ξ for designing
and optimizing BWFB that satisfy PR condition for
implementing the DWT based on a lifting scheme.

3 General Image Modeling

An autoregressive (AR) process is generated by passing the
white noise process W(n) of the power spectral density (PSD).
The difference equation which generates the AR process [15] is

X ðnÞ �
XL
i¼1

biX ðn� iÞ ¼ W ðnÞ ð31Þ

where process X(n) is called an AR (N) process or Nth order
Markov process, and the bi are called autoregressive
constants. However, the autocorrelation function (ACF) of

the output process X(n) can be calculated for any given set of
coefficients bi; i ¼ 1; 2; � � � ; L. This can be seen by multiply-
ing X(n) with x(n−k) and taking expectations on both sides of
the equation, and by noting that E½W ðnÞX ðn� kÞ� ¼ 0; k > 0
because the signal W(n) is by definition uncorrelated with
past outputs. The PSD of a first-order Markov process is
given by

SxxðejwÞ ¼ 1

1þ r2 � 2r cosw
ð32Þ

Note that the AR constant b1 is the first normalized ACF
value of the AR (1) process, and let b1 ¼ r ¼ 0:95.

Therefore, we can take a first-order Markov process as
an input image model, and use two-channel filter banks to
implement subband coding, in addition, we can calculate
the maximum value of the coding gain and corresponding
value of free variable ξ.

4 Optimization Design for a BWFB

We adopt two channel filter banks to implement the
subband coding with an input image of the model in
section 3. The BWFB satisfies the PR condition, therefore it
can be achieved to remove the aliasing distortion, the
amplitude and phase distortion for the reconstructed image.
In this section, we will design the BWFB based on the
Vaidyanathan optimal coding gain criterion [16]. In Fig. 2,
the variance of the subband signal xkðnÞ; k ¼ 0; 1 can be
obtained as follows

s2
xk
¼ 1

2p

Z þp

�p
SxxðejwÞ HkðejwÞ

�� ��2dw ð33Þ

The input random first-order Markov process with
Gaussian white noise can be calculated by using Eq. 32.
HkðzÞ; k ¼ 0; 1 denote ehðzÞ and egðzÞ the lowpass filter and
highpass filter of the analysis stage defined in section 2,
respectively. The subband noises are uncorrelated and they
remain uncorrelated after passing through the synthesis
filter. Then the output noise variance on the subband coding
system can be written as

s2
SBC ¼ C

W

XW�1

k¼0

2�2bk 1

2p

Z þp

�p
GkðejwÞ
�� ��2dw � 1

2p

Z þp

�p
SxxðejwÞ HkðejwÞ

�� ��2dw ð34Þ

where, W=2, C is a constant that depends on the statistics
of xk(n), bk, k=0, 1 are the numbers of bits allocated to
the two channel filter banks, and Gk(z), k=0, 1

corresponds to lowpass filter h(z) and highpass filter g(z)
of the synthesis stage defined in section 2, respectively.
If we quantize the input signal to these numbers of bits,
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2.5Figure 5 Free variable ξ of the
new 9/7 BWFB.

Table 1 Coding performances using 9/7 BWFB defined by different variable ξ (PSNR/dB), and within parentheses indicates a variable ξ.

Bit rate=0.25 bpp

43.192582(1.00) 44.680161(1.01) 48.446302(1.02) 48.464296(1.03) 48.856082(1.04) 48.554753(1.05)

48.732624(1.06) 48.909152(1.07) 48.830711(1.08) 48.807920(1.09) 48.707917(1.10) 48.767470(1.11)

48.667138(1.12) 48.587628(1.13) 48.484155(1.14) 48.501623(1.15) 48.464763(1.16) 48.308489(1.17)

48.298717(1.18) 48.240907(1.19) 48.085813(1.20) 48.060494(1.21) 47.901344(1.22) 47.865897(1.23)

47.700875(1.24) 47.576375(1.25) 47.304045(1.26) 47.165760(1.27) 47.080027(1.28) 46.793639(1.29)

46.551740(1.30)

Bit rate=0.125 bpp

36.551740(1.00) 37.109991(1.01) 42.524363(1.02) 44.222247(1.03) 46.473645(1.04) 45.911562(1.05)

46.347605(1.06) 46.728545(1.07) 46.701913(1.08) 46.797134(1.09) 46.782938(1.10) 47.001525(1.11)

46.994139(1.12) 46.976332(1.13) 46.910748(1.14) 47.058549(1.15) 47.022296(1.16) 47.172372(1.17)

47.147738(1.18) 47.131913(1.19) 47.031164(1.20) 47.031560(1.21) 46.951704(1.22) 46.935263(1.23)

46.856938(1.24) 46.774074(1.25) 46.574580(1.26) 46.474423(1.27) 46.384795(1.28) 46.194295(1.29)

45.911656(1.30)

Bit rate=0.0625 bpp

25.911656(1.00) 30.044943(1.01) 38.850235(1.02) 40.338173(1.03) 42.255825(1.04) 41.893182(1.05)

42.154643(1.06) 42.383937(1.07) 42.450394(1.08) 42.444969(1.09) 42.566689(1.10) 42.860920(1.11)

42.856777(1.18) 42.895691(1.19) 42.783006(1.20) 42.991442(1.21) 42.895361(1.22) 42.882458(1.23)

43.110399(1.24) 43.109892(1.25) 43.146573(1.26) 43.147197(1.27) 43.062226(1.28) 43.064832(1.29)

43.027509(1.12) 42.926852(1.13) 42.841604(1.14) 42.666601(1.15) 42.516612(1.16) 42.536721(1.17)

42.376745(1.30)

Bit rate=0.03125 bpp

22.376745(1.00) 23.278374(1.01) 36.029273(1.02) 37.105421(1.03) 37.950865(1.04) 37.610988(1.05)

38.377173(1.06) 38.708739(1.07) 38.634700(1.08) 38.611069(1.09) 38.593074(1.10) 38.887561(1.11)

38.835048(1.18) 38.866044(1.19) 38.940916(1.20) 38.984357(1.21) 38.815214(1.22) 38.937806(1.23)

38.842494(1.24) 39.114535(1.25) 38.975289(1.26) 39.225545(1.27) 39.273580(1.28) 39.193119(1.29)

39.170421(1.12) 39.120877(1.13) 38.910224(1.14) 38.800341(1.15) 38.679747(1.16) 38.409165(1.17)

38.362917(1.30)

Bit rate=0.015625 bpp

18.362917(1.00) 20.843106(1.01) 31.854331(1.02) 32.458420(1.03) 32.743809(1.04) 33.027853(1.05)

33.445628(1.06) 33.425510(1.07) 33.733438(1.08) 33.784569(1.09) 33.894714(1.10) 33.910355(1.11)

33.898625(1.18) 34.172572(1.19) 34.194232(1.20) 34.200707(1.21) 34.068329(1.22) 34.266891(1.23)

34.188305(1.24) 34.279474(1.25) 34.491754(1.26) 34.233165(1.27) 34.407422(1.28) 34.483333(1.29)

34.341064(1.12) 34.342284(1.13) 34.540114(1.14) 34.162129(1.15) 34.003458(1.16) 33.816891(1.17)

33.502779(1.30)
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without any subband decomposition, i.e., just pulse
coding modulation (PCM), the noise variance would be

s2
PCM ¼ C2�2bs2

x ¼ C2�2b 1

2p

Z þp

�p
SxxðejwÞdw ð35Þ

where b is the average bit rate. Therefore we can obtain
the coding gain which is defined as the ratio of the above
variances as follows

G ¼ s2
PCM

s2
SBC

¼ 2�2b 1

2p

Z þp

�p
SxxðejwÞdw

� �
� 1

W

XW�1

k¼0

2�2bk 1

2p

Z þp

�p
GkðejwÞ
�� ��2dw � 1

2p

Z þp

�p
SxxðejwÞ HkðejwÞ

�� ��2dw" #
ð36Þ

One of the optimization steps is an optimal bit
allocation. We can make this step now and minimize
the denominator. The optimal bit allocation turns the sum

in the denominator into a product. So we can obtain the
following expression for the coding gain under optimal
bit allocation

GoptðxÞ ¼ 1

2p

Z þp

�p
SxxðejwÞdw

� �
�

YW�1

k¼0

1

2p

Z þp

�p
GkðejwÞ
�� ��2dw � 1

2p

Z þp

�p
SxxðejwÞ HkðejwÞ

�� ��2dw" #1=W
24 35 ð37Þ

In general, horizontal and vertical relations between
adjacent samples of the image are the same, i.e.,
rh ¼ rv ¼ r ¼ 0:95. We combine Eqs. 13, 14, 30, 32 and
37 to derive the one dimensional function Gopt(ξ) which is
optimal subband coding gain with respect to a free variable
ξ. Finally, we can obtain the optimal the BWFB which is
determined by the maximum coding gain Gmax(ξ) according
to dGoptðxÞ=dx ¼ 0, thus all the coefficients and the lifting
parameters of the BWFB which satisfy the coding gain
criterion are determined by Eq. 30.

5 Results and Analysis

5.1 Theoretical Design of the New 9/7 BWFB

In this section, we will present the new 9/7 BWFB with
rational coefficients suitable for infrared thermal images using
the above design approach in the JPEG2000 framework. The
new 9/7 BWFB can also be used as an extension for the

JPEG2000 wavelet kernels. From Eq. 13 with n=4 and m=3,
we obtain the following lowpass filter h(z) and highpass filter
g(z) for the synthesis stage of a new 9/7 BWFB

hðzÞ ¼ h0 þ
P4
k¼1

hkðzk þ z�kÞ

gðzÞ ¼ g0 þ
P3
k¼1

gkðzk þ z�kÞ

8>><>>: ð38Þ

number analysis filter synthesis filter

k low-pass filter eh high-pass filter eg low-pass filter h high-pass filter g

0 43/80 5897/4600 5897/4600 43/80

±1 93/320 2393/4600 2393/4600 93/320

±2 −3/160 −17/92 −17/92 −3/160
±3 −13/320 561/18400 561/18400 −13/320
±4 403/9200 403/9200

Table 2 All coefficients of new
9/7 BWFB.

Table 3 Lifting parameters of new 9/7 BWFB.

Lifting parameter parameter values

α1 −13/6
α2 −9/400
α3 100/69

α4 713/2000

K 40/23
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According to Eq. 2, the polyphase representation for the
filters h(z) and g(z) on synthesis stage in the new 9/7
BWFB can then be written as

heðzÞ ¼ h0 þ h2ðzþ z�1Þ þ h4ðz2 þ z�2Þ
hoðzÞ ¼ h1ðzþ 1Þ þ h3ðz2 þ z�1Þ

�
ð39Þ

geðzÞ ¼ g0 þ g2ðzþ z�1Þ
goðzÞ ¼ g1ðzþ 1Þ þ g3ðz2 þ z�1Þ

�
ð40Þ

According to Eq. 19, we can assemble the polyphase
matrix of the new 9/7 WBFB as

PðzÞ ¼ heðzÞ geðzÞ
hoðzÞ goðzÞ

� �
¼ 1 a1ð1þ z�1Þ

0 1

� �
1 0

a2ð1þ zÞ 1

� �
1 a3ð1þ z�1Þ
0 1

� �
1 0

a4ð1þ zÞ 1

� �
K 0
0 1=K

� �
ð41Þ

Original image CDF 9/7 (at 2.0 bpp ) New 9/ 7(at 2.0 bpp) CDF 9/7(at 1.0 bpp)

New 9/7 (at 1.0 bpp) CDF 9/7 (at 0.5 bpp) New 9/7 (at 0.5 bpp) CDF 9/7 (at 0.25 bpp)

New 9/7 (at 0.25 bpp) CDF 9/7 (at 0.125 bpp) New 9/7 (at 0.125 bpp) CDF 9/7(at 0.0625 bpp)

New 9/7 (at 0.0625 bpp)

Figure 6 The subjective comparison using new 9/7 BWFB and CDF 9/7 BWFB with Infrared image TelevisionTower.
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Substitute Eqs. 39 and 40 into Eq. 41 we thus can obtain

PðzÞ ¼ heðzÞ hoðzÞ
�goðz�1Þ geðz�1Þ

� �
¼ h0 þ h2ðzþ z�1Þ þ h4ðz2 þ z�2Þ h1ðzþ 1Þ þ h3ðz2 þ z�1Þ

�g1ð1þ z�1Þ � g3ðzþ z�2Þ g0 þ g2ðzþ z�1Þ
� �

¼

½ð1þ 2a1a2 þ 2a1a4 þ 2a3a4 þ 6a1a2a3a4Þ
þða1a2 þ a1a4 þ a3a4 þ 4a1a2a3a4Þðzþ z�1Þ ða2 þ a4 þ 3a2a3a4Þðzþ 1Þ þ a2a3a4ðz2 þ z�1Þ½ �K
þa1a2a3a4ðz2 þ z�2Þ�K
ða1 þ a3 þ 3a1a2a3Þð1þ z�1Þ þ a1a2a3ðzþ z�2Þ½ �=K ð1þ 2a2a3Þ þ a2a3ðzþ z�1Þ½ �=K

2664
3775

ð42Þ

The 2×2 matrix in Eq. 42 gives us 4 polynomial
equations, in each of which the coefficients of the
corresponding powers of z are the same, so the functional
relation between coefficients of the new 9/7 BWFB and
their corresponding lifting parameters are given below

h0 ¼ ð1þ 2a1a2 þ 2a1a4 þ 2a3a4 þ 6a1a2a3a4ÞK
h1 ¼ ð3a2a3a4 þ a2 þ a4ÞK
h2 ¼ ða1a2 þ a1a4 þ a3a4 þ 4a1a2a3a4ÞK
h3 ¼ a2a3a4K
h4 ¼ a1a2a3a4K
g0 ¼ ð2a2a3 þ 1Þ=K
g1 ¼ �ð3a1a2a3 þ a1 þ a3Þ=K
g2 ¼ a2a3=K
g3 ¼ �a1a2a3=K

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð43Þ

From Eqs. 15 and 16 we can obtain the following
equations

h0 þ 2
P4
k¼1

hk ¼ 1

g0 þ 2
P3
k¼1

gk ¼ 1

h0 þ 2
P4
k¼1

ð�1Þkhk ¼ 0

g0 þ 2
P3
k¼1

ð�1Þkgk ¼ 0

8>>>>>>>>>>><>>>>>>>>>>>:
ð44Þ

Furthermore, substitute Eqs. 43 into Eqs. 44, all the
lifting parameters in the new 9/7 BWFB can then be

(a) (b) (c)

(d) (e)

Figure 7 Infrared test images, a Building, b Pagoda, c Bridge, d Antenna, e Airplane.
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expressed as a one dimensional function for a free variable
α1, as follows

a2 ¼ 1
4ð1þ2a1Þ2

a3 ¼ �1�4a1�4a2
1

1þ4a1

a4 ¼ 1
16 4� 2þ4a1

ð1þ2a1Þ4 þ
1�8a1

ð1þ2a1Þ2
h i

K ¼ 2ð1þ2a1Þ
1þ4a1

:

8>>>>><>>>>>:
ð45Þ

Substitute Eq. 45 into Eq. 43 we then can obtain a one
dimensional functions of α1, as follows

h0 ¼ 184a3
1þ266a2

1þ125a1þ20

16ð1þ2a1Þ2ð1þ4a1Þ
h1 ¼ 128a3

1þ152a2
1þ58a1þ5

32ð1þ2a1Þ2ð1þ4a1Þ
h2 ¼ � 3þ4a1

8ð1þ4a1Þ
h3 ¼ 8a2

1þ6a1þ3

32ð1þ2a1Þ2ð1þ4a1Þ
h4 ¼ a1ð8a2

1þ6a1þ3Þ
32ð1þ2a1Þ2ð1þ4a1Þ

g0 ¼ 8a1þ3
8ð1þ2a1Þ

g1 ¼ 9a1þ4
16ð1þ2a1Þ

g2 ¼ 1
16ð1þ2a1Þ

g3 ¼ � a2
1

16ð1þ2a1Þ :

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

ð46Þ

Finally, we can simplify the Eq. 46 using the function
relationship a1 ¼ 2x�1

4ð1�xÞ, then resulting in the following
equations

h0 ¼ �ð8x3 � 18x2 þ 7x� 20Þ=ð16xÞ
h1 ¼ ð4x3 � 11x2 þ 15x� 4Þ=ð8xÞ
h2 ¼ ðx� 2Þ=ð4xÞ
h3 ¼ ð4x2 � 7xþ 4Þðx� 1Þ=ð8xÞ
h4 ¼ ð4x2 � 7xþ 4Þð2x� 1Þ=ð32xÞ
g0 ¼ ðxþ 1Þ=4
g1 ¼ ð2xþ 7Þ=32
g2 ¼ �ðx� 1Þ=8
g3 ¼ �ð2x� 1Þ=32 :

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð47Þ

Moreover, the Eq. 45 can be expressed as one dimen-
sional functions of ξ, as follows

a1 ¼ 1�2x
4ðx�1Þ

a2 ¼ �ðx� 1Þ2
a3 ¼ 1

4xðx�1Þ
a4 ¼ x3 � 7x2

4 þ x
K ¼ 2=x :

8>>>>><>>>>>:
ð48Þ

Therefore, we can combine Eqs. 14, 32, 37, 38 and 47 to
calculate the Gopt(ξ) with respect to the free variable ξ;
Gopt(ξ) is plotted in Fig. 5, and we can obtain that when
ξ=1.9478, the maximum value of Gopt(ξ) equals 2.2374 in
Fig. 5, such that we can obtain the theoretically optimal
9/7 BWFB by computing Eqs. 47 and 48.

5.2 Optimization Design of the New 9/7 BWFB

Although the 9/7 BWFB designed in section 5.1 is
optimal in terms of the Vaidyanathan optimal coding gain
criterion, it cannot be applied to the JPEG2000 standard
part-2 immediately for image compression applications,
because the actual image differs from the image model in
section 3. Therefore, we also need to further optimize
the above 9/7 BWFB for the actual image and we do so
based on the PSNR criterion. Finally, we can obtain the
optimal BWFB by determination of the free variable ξ
corresponding to maximum PSNR value for a class of
images in the extensible JPEG2000 image compression
systems [17]. Based on section 2.4, we can see that free
variable ξ ∊ [0.78, 1.85]. Finally, we also consider the
result in section 5.1, and select the variable interval as ξ ∊
[1.00, 1.30]. In this paper, we establish an image
compression verification system, which is based on

Table 4 Comparison of image compression performances between the new 9/7 and CDF 9/7 BWFB (PSNR/dB).

Bit rate(bpp) BWFB TelevisionTower Building Pagoda Bridge Antenna Airplane

2.0 New 9/7 48.501623 48.402436 48.380536 48.315316 48.172654 47.502043

2.0 CDF 9/7 48.309717 48.283014 48.199168 48.16754 48.056815 47.456554

1.0 New 9/7 47.058549 44.929832 46.162533 45.102093 43.342957 41.920155

1.0 CDF 9/7 47.191826 44.839302 46.121347 45.048428 43.399923 42.056013

0.5 New 9/7 42.991442 38.870313 41.851242 39.473175 38.687127 37.423809

0.5 CDF 9/7 43.029705 39.092671 41.730600 39.610948 38.732974 37.696641

0.25 New 9/7 38.984357 33.504103 37.662346 34.197749 34.968250 34.082748

0.25 CDF 9/7 39.168405 33.567664 37.764544 34.275736 35.098284 34.195657

0.125 New 9/7 34.200707 28.903056 33.715839 30.159875 31.378639 30.845426

0.125 CDF 9/7 34.284778 28.837952 33.482506 30.011322 31.409393 30.969722

0.0625 New 9/7 30.340684 24.967672 29.893755 27.044121 28.087401 27.602140

0.0625 CDF 9/7 30.276590 25.095483 29.838113 26.992470 27.825338 27.929777
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reference software Jasper 1.701.0 with an EBCOT coding
algorithm in the JPEG2000 standard part-2. It supports
multi-kernels BWFB for the image compression applica-
tions, and all the BWFB coefficients and their lifting
parameters only depend on the free lifting parameter ξ. In
addition, we select 6 test images from infrared thermal
imaging. The test images shows TelevisionTower, Build-
ing, Pagoda, Bridge, Antenna, and Airplane, at a resolu-
tion of 302×366, 578×386, 545×334, 578×386, 579×
389, 579×389 pixels with 8 bit depth. To find the optimal
9/7 BWFB for infrared thermal images, we apply image
compression to all the test images and compute the PSNR
values for different values of control variable ξ. The
results are shown in Table 1 and show that, for ξ=1.15, the
maximum PSNR value of a reconstructed image in the
extensible JPEG2000 image compression system is
obtained. Therefore, we can determine all the new 9/7
BWFB coefficients and their lifting parameters with
rational coefficients using Eqs. 47 and 48 for optimal 9/7
BWFB as shown in Tables 2 and 3. The new 9/7 BWFB,
compared to CDF 9/7 BWFB with irrational coefficients
in the JPEG 2000 standard part-1, not only takes less
computational complexity but is also more suitable for
implementation in VLSI hardware.

Moreover, using the test images in Fig. 7 we
compared the new 9/7 BWFB to CDF 9/7 BWFB in
JPEG2000 standard part-1 for the image compression
performances at different bit rates as shown in Table 4.
The experimental results show that the PSNR of the
reconstructed image by using new 9/7 BWFB is only
0.030754–0.272832 dB at 1.0, 0.5, 0.25 and 0.125 bpp
less than CDF 9/7 BWFB in the JPEG2000 standard part-
1, but is higher 0.191906 and 0.262063 dB at 2.0 and
0.0625 bpp, respectively.

In order to illustrate performances of the new 9/7
BWFB, we compared the complexity of the proposed
9/7 BWFB with CDF 9/7. The lifting implementation
of CDF 9/7 with irrational coefficients in the
JPEG2000 standard part-1 needs to do 178 multiplica-
tion, however, we proposed 9/7 BWFB with rational
coefficients needs only to do 39 multiplication. The
complexity of VLSI hardware implementation between
new 9/7 and CDF 9/7 BWFB shown in Tables 5 and 6.

Furthermore, the subjective comparison results are
good for infrared thermal images at bit rate 2.0, 1.0,
0.5, 0.25, 0.125 and 0.0625 bpp as shown in Fig. 6, and
also as good as CDF 9/7 BWFB in the JPEG2000 standard
part-1.

6 Conclusions

In this paper we propose a procedure to carry out a fast and
efficient design of the BWFB for the JPEG2000 standard
part-2. At the same time, we exploit 9/7 BWFB for a design
example to find an optimal 9/7 BWFB with rational
coefficients for infrared thermal images. The new 9/7
BWFB with rational coefficients and lifting parameters
can be obtained for the JPEG2000 standard part-2. The
computational complexity of the new 9/7 BWFB with
rational coefficients is greatly reduced compared to the
CDF 9/7 BWFB with irrational coefficients in the
JPEG2000 standard part-1. Furthermore, the new 9/7
BWFB outperforms CDF 9/7 BWFB of JPEG2000 stan-
dard part-1 in computation time, memory cost, and
implementation complexity in VLSI hardware. Therefore,
the new 9/7 BWFB are more suitable for real-time image
transmission in a network and hardware implementation for
object detection, target tracking and monitoring. The
approach presented in this paper cannot only be used to
design the optimal 9/7 BWFB with rational coefficients but
also to design a BWFB with other length in the JPEG2000
framework.

Table 6 The complexity of lifting implementation using the new 9/7
BWFB.

Lifting parameters binary representation
(16 bit fixed point method)

multipliers

−13/6 0010 1010 1010 1011 8

−9/400 0000 0101 1100 0010 5

100/69 0111 0011 0000 0011 7

713/2000 0101 1011 0100 0011 8

40/23 1011 1101 0011 0111 11

Table 5 The complexity of lifting implementation using the CDF 9/7 BWFB.

Lifting parameters binary representation (64 bit double precision floating method) multipliers

−1.586134342 1011 1111 1111 1001 0110 0000 1100 1110 0110 0111 0101 1111 0011 1101 0101 1011 41

−0.052980118 1011 1111 1010 1011 0010 0000 0011 0101 1100 1000 1110 1111 0101 1100 1001 0111 36

0.882911075 0011 1111 1110 1100 0100 0000 1100 1110 1001 0101 1110 0000 0011 0011 1010 1010 32

0.443506852 0011 1111 1101 1100 0110 0010 0110 1010 1001 0000 0111 0000 0000 1110 1101 0111 32

1.149604398 0011 1111 1111 0010 0110 0100 1100 0111 1001 0100 1100 1011 1111 0110 1101 1011 37
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