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Abstract: We analyze the properties and interferograms of vortex four-wave mixing (FWM)
beams by varying the incident angle of the probe field. Based on the properties, we propose
the model of a new type of nonlinear spatial filter without diffraction using a Bragg grating in
the nonlinear FWM process. We show the evolutions of shapes and interferograms of probe
transmission signal (PTS) and FWM by scanning the probe detuning, and demonstrate
the Kerr nonlinearity can manipulate the shapes and spatial location of vortex PTS and
FWM images. Further, we can determine the center position of the new type of nonlinear
filter through interference patterns and use the Kerr nonlinearity of related fields to control
the nonlinear filter precisely. In addition, the interferograms of the reflected signal from
the photonic band gap (PBG) structure are studied both in experiment and theory. We
demonstrate that the number of fork-like patterns of reflected signal changes from one to
three, revealing that the superposition of first-order and third-order beams in the reflected
signal from PBG structure creates an inverted fork-like pattern.

Index Terms: Nonlinear optics, four-wave mixing, interference, coherent optical effects.

1. Introduction
In the past decade, there has been a great many of researches about the orbital angular momentum
(OAM) [1], [2] since the first theory by Allen et al. which demonstrated that the Laguerre-Gaussian
(LG) beam has a well-defined OAM [3]. The photons with OAM can possess prominent advantages
such as compatibility with diverse quantum networks [4], Bose-Einstein condensates [5] and quan-
tum optical communications [6]. The main properties of beams containing vortex phase singularities
were analyzed by Soskin et al. and demonstrate the topological charge changing principle [7], [8]. In
addition, for the optical vortex (OV), related researches involve electromagnetically induced trans-
parency (EIT) [9], second-harmonic generation [10], stimulated down-conversion processes [11],
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Fig. 1. (a) The cascade four-level atomic system and the light fields. (b) Periodic static standing wave
pattern. (c) Precise experiment setup of our experiment. (d) The nonlinear refractive index induced by
dressing field E 2.

[12] and four-wave mixing (FWM) processes [13], [14]. Moreover, the nonlinear Kerr effect on non-
linear beams has been investigated [15] in multilevel atomic systems, which can impose effects on
the spatial intensity distribution of OV such as entangled states [16] and logical gates for quantum
computation [17]. Besides, the study of OAM can be applied to micromanipulation techniques [18]
and glimmer manipulation [19].

In this paper, we experimentally observe the vortex probe transmission signal (PTS) and FWM
signals generated in a photonic band gap (PBG) structure. We propose a model of a new type of
nonlinear spatial filter based on a Bragg grating in the nonlinear FWM process. By analysis of the
spatial images and interference patterns of the vortex PTS and FWM signal with scanning the probe
detuning, we not only explain the characteristics of the signal images such as defocusing, shift and
splitting modulated by the Kerr nonlinearity, but also use the Kerr nonlinearity to control the new
type of nonlinear filter. Besides, we demonstrate the fork-like pattern number of the reflected signal
from the PBG structure can be modulated from one to three by the Kerr nonlinearity of dressing
field.

2. Theoretical Model and Experimental Scheme
The experiment is conducted in a hot rubidium composed of 70% 85Rb and 30% 87Rb and based
on a four-level inverted-Y atomic energy level system that includes 5S1/2(F = 3)(|0〉), 5P3/2(F =
3)(|1〉), 5D 3/2(|2〉) and 5S1/2(F = 2)(|3〉) as shown in Fig. 1(a). The probe laser field E 1 (wavelength
λ1 = 780.243 nm, frequency ω1, wave vector k1, Rabi frequency G 1) connecting |0〉 and |1〉 is a
Laguerre-Gaussian beam with the fixed topological charge m = 1. It carries OAMs of +m� per
photon after being modulated by SLM with fork-like phase patterns (the computer-generated phase
hologram) [20] as depicted in Fig. 1(c). The amplitude of the Laguerre-Gaussian beam is given by

E L G = A 1

[√
2r/�

]|m |
e−r2/�2

exp(imθ)L m
p

[
2r 2/�2] , (1)

where A 1 is the amplitude, � is half beam width, r and θ are radial and azimuthal coordinates,
L m

p is Laguerre polynomial, p and m are the radial and azimuthal numbers with p = 0 in our
experiment. The other two counter propagating coupling beams E 3(λ3 = 780.238 nm, ω3, k3, G 3)
and E ′

3(λ′
3 = 780.238 nm, ω3, k′

3, G ′
3), which are from the same one laser, drives the transition
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from |1〉 to |3〉. The weak probe beam E 1 propagates in the same direction of E ′
3 with a small

angle θ (about 0.2°) going through the Rb vapor cell while E 3 propagates in the opposite direction
of E ′

3 as shown in Fig. 1(b). As a result, a Bragg grating is generated in the medium leading to
a PBG structure as shown in Fig. 1(b). Under this condition, we have a good observation of the
transmitted signal (PTS signal) and the reflected signal which includes third-order signal (FWM)
(phase-matching condition kF = k1 + k3 − k′

3) and first-order signal [21]. Since the probe field’s
absorption background doesn’t exist in the spectrum of the reflected signal and the intensity of the
reflected signal is sensitive to the power of field E 3 and E ′

3 [22], we confirm that the third-order signal
is the dominant in the reflected signal. The dressing laser beam E 2 (λ2 = 775.978 nm, ω2, k2, G 2)
links an upper transition |1〉 and |2〉 having a small angle with E 3. Besides, according to the energy
levels and the perturbation chain (Liouville pathway) theory, the first-order susceptibility related to
the PTS and third-order nonlinear one related to the reflected FWM can be deducted from density
matrix elements based on the relation εoχE = N μρ and G = μE /� in which E represents electric
field; ε0 and N are dielectric constant and the atom density; G and μ are the Rabi frequency
and transition dipole moment, respectively. So the first-order and third-order susceptibilities can be
obtained as [22]

χ(1) = i N μ2

�ε0

1
d1 + |G 3s|2/d3 + |G 2|2/d2

, (2)

χ(3) = − i N μ4

�ε0

1

(d1 + |G 3s|2/d3 + |G 2|2/d2)2d3

, (3)

where |G 3s|2 = |G 3|2 + |G ′
3|2 + 2G 3G ′

3 cos(2k3z), d1 = 	10 + i
1, d3 = 	30 + i (
1 − 
3), d2 =
	20 + i (
1 + 
2). Frequency detuning 
i = �i − ωi (�i is the resonance frequency of the tran-
sition driven by beam E i ); 	ij is transverse relaxation rate between |i 〉 and |j〉.

The beams of PTS and FWM can be modulated by nonlinear Kerr effect of related fields. Kerr
nonlinear coefficient is expressed as n2 = Reχ(3)/(ε0cn1), with n1 being the refractive index at ω1;
ε0 being the dielectric constant. The nonlinear phase of PTS and FWM induced by strong field E i

is:

ϕN L (z, x, y) = 2k1,F nX E i
2 I i e−ξ2

z/ (n1I 1,F ,S) , (4)

where z is the longitudinal coordinate in the propagation direction; E i (i = 3, 3′, 2) represent relative
strong fields; nX E i

2 (nSE i
2 ) are the cross-Kerr (self-Kerr) coefficients induced by E i ; ξ = (x2 + y2)1/2

indicates the transverse dimension, and ω0 is the spot size of relevant beam. Here, 
n = nX E i
2 I i

shows the nonlinear refractive index induced by E i , e.g., the nonlinear refractive index induced by
dressing field E 2 is shown as Fig. 1(d), where the value of the nonlinear refractive index is less
than 0 around 
2 = −80 MHz, and the absolute value get the maximum at the resonance point

1 = −
2 = 80 MHz. Furthermore, output PTS and FWM are related to nonlinear phase:

E P ∝ χ(1)eiϕN L E 1, (5)

E F ∝ χ(3)eiϕN L E 1E 3E ′
3, (6)

where E 1 consists of the spiral phase term. Besides, the topological charge conservation law must
be considered. To write it,

mF = m1 + m3 − m ′
3, (7)

where m3 = m ′
3 = 0 in the experiment.

3. Experimental Results and Theoretical Analyses
Figure 2 shows the process of tuning the FWM signal by varying the overlap of the probe field
E 1 and Bragg grating which is implemented by changing the incident angle of the probe field E 1.
The FWM is generated by the nonlinear process of E 1, E 3 and E ′

3 in which the probe field E 1 is
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Fig. 2. (a1)–(d1) The overlapping position of vortex E 1 beam and Bragg grating (the yellow ring repre-
sents the vortex E 1 beam and the blue circle represents the left view of the Bragg grating). (a2)–(d2)
The vortex PTS corresponds to (a1)–(d1), respectively. (a3)–(d3) The FWM corresponds to (a1)–(d1),
respectively. (a4)–(d4) The interference patterns of PTS corresponds to (a2)–(d2), respectively. (a5)–
(d5) The partial enlargement of fork-like patterns corresponds to (a4)–(d4), respectively. (a6)–(d6) The
interference patterns of FWM corresponds to (a3)–(d3), respectively. (a7)–(d7) The partial enlargement
of fork-like patterns corresponds to (a6)–(d6), respectively.

an OV signal. Therefore, the FWM is also an OV signal with the same frequency ω1 with incident
probe field according to the conservation law of the topological charge in Eq. (7) and its singularity
location changes with the incident angle of probe field E 1, which can be detected by the fork-like
patterns in the interferogram with a same-frequency reference Gaussian beam.

In Fig. 2(a1), the vortex probe field E 1 beam and the Bragg grating are completely overlapped.
In this case, we can clearly see the shapes of the PTS and FWM are similar to donuts as shown
in Fig. 2(a2) and 2(a3), respectively. At the same time, we can observe the fork-like patterns in
PTS and FWM interferograms as shown in Fig. 2(a4) and 2(a6) (Fig. 2(a5) and 2(a7) are the partial
enlargement of the fork-like patterns, respectively). Through comparing the fork-like pattern of FWM
(Fig. 2(a6) and 2(a7)) with the PTS’s (Fig. 2(a4) and 2(a6).), we demonstrate transfer of OAM from
the probe field E 1 to FWM through the nonlinear FWM process.

Then, we change the overlap of the vortex probe field E 1 beam and the Bragg grating by adjusting
the incident angle of the probe. In detail, we adjust the center (singularity) of probe field E 1 to overlap
with the edge of the Bragg grating as shown in Fig. 2(b1). In this case, it’s clear to see the shape of
FWM in Fig. 2(b3) is destroyed into a semicircle compared with FWM in Fig. 2(a3), while the shape
of vortex PTS is basically unchanged as shown in Fig. 2(a2) and 2(b2). Besides, by observing the
interference patterns in Fig. 2(b6–b7), we can find the generated fork-like interference pattern is
away from the center of the FWM as shown by the dotted circle in Fig. 2(b6). The destroyed shape
and shifted fork-like pattern of FWM show that only the overlapped part of probe field E 1 with the
Bragg grating participates in the FWM process. As the position of the vortex E 1 continues to move
away from the Bragg grating as shown in Fig. 2(c1), the PTS beam remains basically unchanged as
shown in Fig. 2(c2) while the FWM shape is seriously damaged in Fig. 2(c3). Simultaneously, the
fork-like pattern of FWM in the lower right corner of the interference pattern is very weak as shown
by the white dash line in Fig. 2(c6) (partial enlargement in Fig. 2(c7)). When the E 1 singularity
moves outside the Bragg grating in Fig. 2(d1), the formed FWM is similar to an ordinary Gaussian
beam in Fig. 2(d3) and it doesn’t show the singularity according to the interference pattern as
shown in Fig. 2(d7). From Figure 2, we can observe that the FWM fork-like interference pattern has
changed from perfect to imperfect, due to the choice of the Bragg grating to OV signal.
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Fig. 3. (a1)–(a7) Evolutions of the vortex PTS by increasing 
1 from 20 to 140 MHz at 
3 = 80 MHz.
(b1)–(b7) Evolutions of the generated vortex FWM corresponding to (a1)–(a7), respectively. (c1)–(c2)
The interference patterns of vortex PTS under 
1 = 20 MHz and 
1 = 140 MHz, respectively. (d1)–
(d7) The interference patterns of vortex FWM correspond to (b1)–(b7). (e1) The self-Kerr coefficient
of PTS beam. (e2), (e4) The nonlinear refractive index induced by field E ′

3 and E 3, respectively. (e3)
Spectrum of the generated FWM versus the detuning 
1 at 
3 = 80 MHz.

From Fig. 2, we propose a method to create a new type of nonlinear spatial filter based on the
PBG structure in the nonlinear FWM process. We use the overlapping area of probe field E 1 and
the Bragg grating as the filter. Furthermore, the incident probe E 1 beam is the input signal and the
reflected signal beam passing through the filter is the output signal. We have defined that the size
of the nonlinear filter is the diameter of overlapping area. In addition, the unchanged shapes of the
output and input signals in Fig. 2(a2) and 2(a3) illustrate that the new type of nonlinear filter can
eliminate diffraction compared with the traditional linear filter, such as aperture diaphragm. Next,
we will use the nonlinear Kerr effect to precisely regulate this new type of nonlinear spatial filter.

In Fig. 3, we studied the detailed evolution of vortex PTS and FWM beams as well as their
interferograms by scanning probe detuning 
1 around the resonance position 
1 = 
3 = 80 MHz.
For the vortex PTS beam, as the detuning 
1 increases, we can see the area of the spot becomes
larger and larger by observing the size of the blue background as shown by the white dash ovals
(the diameter R of white dash oval is from 0.8 to 1.2) in Fig. 3(a1–a7). Actually, the spots locate
in the defocus area with 
1 > 0 MHz according to the nonlinear self-Kerr coefficient nSE 1

2 < 0 as
shown in Fig. 3(e1). Moreover, with the increase of 
1, |
nSE 1

2 | = |nSE 1
2 I 1| gets larger and larger

around 
1 = 80 MHz, which is why the defocus phenomenon becomes more and more obvious as
shown in Fig. 3(a). In addition, we also noticed that the PTS spot has a weak displacement along
the y-direction with the detuning 
1 in Fig. 3(a). It is due to the cross-Kerr effect of the field E ′

3,
which can control the PTS beam effectively in the EIT window generated by the probe and E ′

3 in
the inverted-Y system according to |G 3s|2/d3 of χ(1) in Eq. (2) as shown in Fig. 1(a). Specifically, the
nonlinear phase of the vortex PTS signal is ϕp = 2k1nX E ′

3
2 I ′

3e−ξ2
z/(n1I 1), in which |nX E ′

3
2 I ′

3| gets the
maximum value at 
1 = 
3 = 80 MHz according to Fig. 3(e2). The additional the transverse wave
vector δk = ∂ϕ3F /∂y < 0 decides the repulsion of dressing field E ′

3 to PTS beam along y-direction
and defocusing of PTS leads to a smaller I 1 in ϕp . Henceforth, the repulsion of E ′

3 is strong enough
to cause the shifting of vortex PTS.

Then, we pay attention to the FWM spots in Fig. 3(b). We can observe the intensity of the FWM
versus 
1 with 
3 = 80 MHz is in accordance with the spectrum curve as shown in Fig. 3(e3).
Moreover, it is obvious that the vortex FWM has a shifting along the y-direction when 
1 = 80 MHz.
Similar to the evolution of the PTS signal, the FWM is repulsed by the field E 3 in the EIT window
produced by the FWM and E 3 in the inverted-Y system. By observing the FWM in Fig. 3(b),
the largest shift occurs at 
1 = 80 MHz because |nX E 3

2 I 3| in the nonlinear phase of FWM ϕ3F =
2kF nX E 3

2 I 3e−ξ2
z/(n1I F ) reaches maximum according to the nonlinear refractive index of E 3 as shown
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Fig. 4. (a1)–(a5) Simulation interference patterns of vortex reflected signal by increasing the detuning

2 from −140 to −20 MHz at
1 = 
3 = 80 MHz. (b1)–(b5) Experimental evolutions of the interference
patterns of reflected signal corresponding to (a1)–(a5), respectively.

in Fig. 3(e4). Other than the shifting, we can observe that the shape of the FWM spot gradually
changes from a two-petal spot to a three-petal spot at the resonance point 
1 = 80 MHz. The
nonlinear phase of FWM induced by E 3 caused not only the displacement, but also the splitting of
the spot.

It is an effective way to observe the shifting of PTS and FWM signals through their interference
with a same frequency Gaussian beam. Figures 3(c) and 3(d) are the interference patterns of
vortex PTS beam and FWM beam versus detuning 
1, respectively. We can use the location of
the singularity of PTS and FWM to visually observe the effect of the nonlinear phase. From PTS
interference patterns as shown in Fig. 3(c), we can intuitively observe that the position and shape of
the fork are basically unchanged. It is because the nonlinear effects on PTS are weak since probe
is in the same order of magnitude strength as strong fields. But when we look closely at the partial
enlargement in Fig. 3(c1) and 3(c2), which are corresponding to Fig. 3(a1) and 3(a7), we can see
that there is a slight movement of the PTS singularity along the y-direction at 
1 = 20 MHz and

1 = 140 MHz.The shifting of the fork-like patterns in Fig. 3(c) verifies the weak displacement of
the PTS we described in Fig. 3(a). In contrast, FWM signal is much weaker compared with the PTS.
So we can observe that the displacement of FWM singularity is more obvious in the interference
patterns (the displacement reach the maximum at the resonance point 
1 = 
3 = 80 MHz as
shown in Fig. 3(d4)).

From Fig. 3, we can resort to the Kerr nonlinearity of strong field (e.g, E ′
3) to make the probe shift

precisely so as to control the size of the nonlinear filter. For example, we can accurately determine
the incident signal spot in Fig. 3(a) moved up 0.5 mm with the strong field E ′

3 through measuring the
interference patterns in Fig. 3(c). Thus we can get the selected output signal. More importantly, the
diffraction during propagation can be eliminated by the self-Kerr nonlinearity after passing through
the nonlinear filter through placing the input signal in the focus area, such as the one with 
1 < 0
in Fig. 3(e1) [23].

In addition, the interferograms of the reflected signal from the PBG structure are studied both in
theory and experiment as shown in Fig. 4. First, we adjust the incidence angle θ of E 1 from 0.2° to
0.15° in Fig. 4 compared with Fig. 3. Then, we theoretically analyze the interferograms of reflected
signal containing first-order and third-order signals from the PBG structure by scanning the detuning

2 as shown in Fig. 4(a). Topological charge is +1 for the leftward fork-like pattern in Fig. 4 and −1
for the rightward fork-like pattern. We can observe that the number of fork-like patterns of reflected
signal changes with 
2 in theory. There is only one fork-like pattern of reflected signal, which
indicates that the topological charge of reflected signal mR = +1, in Fig. 4(a1) (
2 = −140 MHz)
and 4(a5) (
2 = −20 MHz) when 
2 is far from the resonance point 
2 = −
1 = −80 MHz. On
the contrary, we can simulate the interference pattern of reflected signal with three fork-like patterns
(including leftward, rightward, leftward fork-like patterns) along y-direction when the detuning 
2
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meets the resonance point 
2 = −80 MHz as shown in Fig. 4(a3). To explain the above phenomena,
we need to mention the difference between the third-order and first-order signal in the reflected
signal from the PBG structure. First of all, we have known that the topological charges of third-order
and first-order signals are mRF = m1 = +1 and mR1 = m1 = +1 according to Eq. (7). Secondly,
the nonlinear phase of the first-order and third-order signals in reflected signal induced by field
E 2 are ϕR1 = 2k1nX E 2

2 I 2e−ξ2
z/(n1I R1) and ϕRF = 2k1nX E 2

2 I 2e−ξ2
z/(n1I RF ), respectively. Furthermore,

the first-order signal is more seriously affected by Kerr nonlinearity of field E 2 than the third-order
signal because the third-order signal intensity is dominant in the reflected signal as we discussed
in the theoretical section. In Fig. 4(a1) and 4(a5), the topological charge of reflected signal is
one because the first-order signal and third-order signal in reflected signal are coaxial beams
carrying singularities due to the smaller ϕR1 and ϕRF when detuning 
2 is far away resonance
point 
2 = −
1 = −80 MHz (according to Fig. 1(d)). On the contrary, the first-order signal and
third-order signal are non-coaxial beams due to the repulsion along y-direction caused by the
Kerr nonlinearity of field E 2 at the resonance point as shown in Fig. 4(a3). The superposition of
first-order and third-order beams creates a new leftward fork-like pattern (topological charge −1)
between their singularities. Figure 4(b1–b5) are the experimental interferograms of reflected signal
carrying phase singularities from PBG structure by scanning the detuning 
2. We can see that they
are in good agreement with the theoretical results in Fig. 4(a).

4. Conclusions
In conclusion, our analysis of the nonlinear FWM process with different incident angles of the
probe has provided a new model of nonlinear spatial filter. We have researched the effect of Kerr
nonlinearity to the characters of vortex PTS and FWM images in order to control the new type
nonlinear filter. More importantly, we have studied in detail the superposition of first-order and third-
order beams in the reflected signal from the PBG structure under the Kerr nonlinearity of dressing
field E 2, creating an inverted fork-like pattern in the interferogram.
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