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In this paper, a two-dimensional double multiple-relaxation-time (MRT) thermal lattice Boltzmann
model was developed to simulate the magneto-hydrodynamic (MHD) flow and heat transfer of Cu–water
nanofluids in an inclined cavity with four heat sources. For the outer square cavity, the top and down
walls were thermally insulated and the other two walls were maintained at a constant temperature.
While for the four square heat sources, the outer walls were kept at a higher constant temperature.
The space between the outer square and the inner heat source was filled with a nanofluid composed
of the water and the Cu spherical nanoparticles. The flow and temperature fields were solved with the
D2Q9-MRT and D2Q5-MRT model, which have been validated by previous investigations. Based on the
double MRT thermal lattice Boltzmann model, the effects of the Hartmann number, the Rayleigh number,
the inclination angle, and the volume fraction of nanoparticles on the fluid flow and heat transfer are
investigated in the study. The results show that the addition of Cu shows greater impact on the flow fields
than on the temperature patterns. The inclination angle and the Hartmann number present a significant
influence on the flow and temperature patterns. The average Nusselt number increases significantly with
the increase of nanoparticles volume fraction, but it decreases in the presence of a magnetic field at any
given Rayleigh number and inclination angle. In addition, for high Rayleigh numbers, the average Nusselt
number decreases at first as the inclination angle increases to a specific inclination angle and then
increases with further increased inclination angle at low Hartmann numbers, while at high Hartmann
numbers, The average Nusselt number increases at first as the inclination angle increases to a certain
inclination angle and then decreases with further increased inclination angle. The results are expected
to provide supplementary data and also a validation of LBM for simulations in engineering applications.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The classical problem of natural convection flow and heat trans-
fer in enclosures has many engineering and environmental appli-
cations such as heat exchangers, nuclear and chemical reactors,
cooling of electronic systems, energy systems, space technologies
(creation of reliable cooling system for airborne electronics, heat
pipes) and furnace engineering [1–4]. In most of the previous stud-
ies [5–7] on natural convection in enclosures, the base fluids in
common use, such as water, ethylene glycol and engine oil, often
have low thermal conductivity, which in turn limits the enhance-
ment of the heat transfer. To overcome this drawback, there is a
strong motivation to develop advanced heat transfer fluids with
substantially higher conductivities to enhance thermal characteris-
tics. Nanofluids, a suspension of nanoparticles into conventional
fluids, have been considered as an effective medium in views of
its abnormally higher thermal conductivity [8]. Compared with
micron-sized particles, nano-phase has much larger relative sur-
face areas and a great potential for heat transfer enhancement.
At this circumstance, the use of nanofluids can be considered as
a promising solution [9–13].

The study of natural convection heat transfer within systems
using nanofluids has been carried out in differentially heated
enclosures. Khanafer et al. [14] numerically investigated the
natural convection heat transfer of a copper–water nanofluid in a
differentially heated square cavity. They found that the heat trans-
fer rate increases with an increase in the nanoparticle volume frac-
tion at any given Rayleigh number in their study. Ho et al. [15]
numerically examined the effect of uncertainties due to adopting
different formulas for the effective thermal conductivity and
dynamic viscosity. They simulated natural convection heat transfer

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2015.11.071&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2015.11.071
mailto:dfche@mail.xjtu.edu.cn
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2015.11.071
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


Nomenclature

B magnetic field strength
c lattice speed
ei discrete lattice velocity in direction
f i distribution function for flow
gi distribution function for temperature
Fi external force
g gravitational acceleration
Gr Grash number
H length of the square cavity
Ha Hartmann number
Ma Mach number
Nu Nusselt number
P pressure
Pr Prandtl number
Ra Rayleigh number
T temperature, K
u velocity
wi weight coefficient in direction i
x space coordinate in a 2D lattice
xb the boundary node
xf the nearest neighbor fluid node of xb
x coordinates defined in Fig. 1

Greek letters
a thermal diffusivity
b volume expansion coefficient

dt lattice time step
dx grid step
u solid volume fraction
k thermal conductivity
k inclination angle
m kinematic viscosity
q density
sm relaxation time for flow
sT relaxation time for temperature

Subscripts
0 initial, or ambient
c cold wall
f base fluid
h hot wall
m average
i direction of micro velocity
nf nanofluid
p nanoparticle

Superscripts
eq equilibrium
neq nonequilibrium
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in a vertical square enclosure filled with an Al2O3–water nanofluid
and found that the heat transfer across the enclosure could be
enhanced or mitigated depending on the formulas used for the
estimated dynamic viscosity of the nanofluids. Nnanna [16] exper-
imentally examined the heat transfer behavior of a buoyancy-
driven Al2O3–water nanofluid in a two dimensional rectangular
cavity with differentially heated vertical walls and adiabatic hori-
zontal walls. He developed an empirical correlation for Nusselt
number as a function of the volume fraction of the nanoparticles
and the Rayleigh number and argued that the enhanced heat trans-
Fig. 1. Schematic diagram of the physical model and coordinate system.
fer rate can be achieved at a small volume fraction of nanoparticles.
Ghasemi and Aminossadati [17] numerically investigated the influ-
ences of pertinent parameters such as Rayleigh numbers, inclina-
tion angles and solid volume fractions on the heat transfer
characteristics of natural convection in a square cavity. The results
showed that adding nanoparticles into the pure water improves its
heat transfer performance; however, there is an optimum solid
volume fraction which maximizes the heat transfer rate. Abu-
Nada and Oztop [18] studied the buoyancy-induced flow in a wavy
walled cavity. They found that the geometry parameter is more
effective on the flow fields than that of temperature distributions.
Akhtari et al. [19] presented an experimental and numerical study
on the heat transfer of nanofluids flowing in the heat exchangers
under laminar flow conditions. The results indicated that the heat
transfer performance of the heat exchangers increases with
increasing the hot and cold volume flow rates, as well as the parti-
cle concentrations and nanofluids inlet temperature. Most of the
previous studies on natural convection in enclosures have focused
on either vertical or horizontal heat sources. However, in a variety
of applications, enclosures are inclined with respect to the acceler-
ation of gravity, so that the buoyancy force has both tangential and
normal components relative to the differentially heated walls. In
these cases, the flow structure and heat transfer through the cavity
are affected by the inclination angle. Sourtiji et al. [20] studied the
unsteady periodic natural convection flows through an alumina-
water nanofluid in a square cavity due to a sinusoidal time-
dependent temperature of a thin heat source located at the center
of the enclosure. They found that the performance of the nanopar-
ticle utilization on the enhancement of the heat transfer at higher
Rayleigh numbers is less than that of lower Rayleigh numbers.
Pourmehran et al. [21] applied collocation method, least square
method and fourth-order Runge–Kutta method to unsteady flow
of a nanofluid squeezing between two parallel plates. The results
of least square method are more accurate than collocation method.
Later, they presented a thermal and flow analysis of a fin shaped
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microchannel heat sink cooled by different nanofluids and found
that Nusselt number enhancement has direct relationship with
inertial force parameter and volume flow rate [22]. An analytical
investigation was applied to unsteady motion of a rigid spherical
particle in a quiescent shear-thinning power-law fluid by
Rahimi-Gorji et al. [23]. The results showed that collocation
method is simpler and more accurate than other method. Recently,
Rahimi-Gorji et al. [24] numerically studied the effect of different
nanofluids on the heat transfer for the microchannel heat sink.
The results showed that the Brownian movement of the particles
increases by increasing the nanoparticles volume fraction and
consequently the difference between coolant and wall temperature
becomes less.

The effect of the magnetic field on the heat transfer and fluid
flow has received considerable attention during the recent years
due to its importance in some practical cases such as the crystal
growth in fluids, the metal casting, the fusion reactors and the
geothermal energy extractions. The existence of a magnetic field
has a noticeable effect on heat transfer reduction under natural
convection. Several studies have been conducted to evaluate the
effect of the magnetic field on natural convection flow and heat
transfer in cavities filled with electrically conducting fluids. Rashidi
et al. [25] studied the effects of heterogeneous heating on natural
convection of Al2O3–water nanofluid in a square cavity. They found
that the Nusselt number is minimized where the heat flux in the
vicinity of adiabatic wall is smallest while the heat flux near the
cold wall is biggest for high values of Rayleigh number.

Sathiyamoorthy and Chamkha [26] examined the steady lami-
nar tow-dimensional natural convection in the presence of an
inclined magnetic field in a square enclosure filled with a liquid
gallium. They found that the heat transfer decreases with an
increase in the magnetic intensity and the vertically and horizon-
tally applied magnetic fields affect the heat transfer differently.
Magnetic field effect on entropy generation in a nanofluid-filled
enclosure with sinusoidal heating on both side walls was pre-
sented by Mejri et al. [27]. The results showed that the heat trans-
fer rate and entropy generation respectively increase and decrease
with the increases of volume fraction and the proper choice of
Rayleigh number, Hartmann number, phase deviation, and solid
volume fraction could be able to maximize heat transfer rate
simultaneously minimizing entropy generation. A numerical study
of natural convection in a square cavity with a thin fin that is under
the influence of a uniform magnetic field was presented by
Aminossadati et al. [28]. The results showed that the flow and tem-
perature fields and the heat transfer rate of the cavity are all influ-
enced by the magnetic field, especially at higher Rayleigh number.
As the Hartmann number increases, the magnetic field limits the
convective flow circulations and, as a result, the heat transfer rate
decreases. Bourantas and Loukopoulos [29] developed a mesh-less
point collocation method utilizing a velocity correction scheme to
investigate the MHD natural convection flow in the presence of a
magnetic field in an inclined rectangular enclosure. The results
showed that both the strength and orientation of the magnetic
field significantly affect the flow and temperature fields. Selime-
fendigil and Oztop [30] performed a numerical study of MHD
mixed convection lid driven square enclosure filled with nanoflu-
ids. They found that averaged heat transfer decreases with increas-
ing the Hartmann number while increases as the solid volume
fraction increases.

The LBM has been demonstrated to be a very effective numeri-
cal tool and various models have been built to investigate the
thermal fields and hydrodynamics that are problematic for con-
ventional methods [31–36]. The LBM was developed to investigate
the nanoparticles distribution and flow pattern of nanofluids by
Xuan and Yao [37]. They found that the flow and rising tempera-
ture of the fluid can improve the nanoparticles distribution, which
is beneficial to energy transport enhancement of nanofluids.
Nemati et al. [38] studied the natural convection heat transfer in
an lid-driven cavity by lattice Boltzmann Method. The results indi-
cated that the effect of solid volume fraction grows stronger
sequentially for fluids containing Al2O3, CuO, and Cu nanoparticles.
In addition, the increase of the Reynolds number leads to a
decrease of the solid concentration effect. Recently, LBM simula-
tion of turbulent natural convection with large-eddy simulations
(LES) in a square cavity filled with water/copper nanofluids was
investigated by Sajjdai et al. [39]. The results indicated that heat
transfer declines with the increase in the aspect ratios, but the
effect of nanoparticles is dissimilar for various aspect ratios at dif-
ferent Rayleigh numbers. Kefayati [40] applied lattice Boltzmann
method to simulate the heat dissipation effect of a ferrofluid on
natural convection flow in the presence of an external magnetic
source. Zhang and Che [41] studied the natural convection heat
transfer in an inclined square cavity using the lattice Boltzmann
method. They found that the inclination angle and the heat source
length have a significant impact on the flow and temperature fields
and the heat transfer rate. Kefayati [42] analyzed the effect of a
magnetic field on natural convection flow in a nanofluid-filled cav-
ity with sinusoidal temperature distribution by lattice Boltzmann
method. The results showed that the heat transfer is decreased
by the increment of Hartmann number for various Rayleigh num-
bers. Also the magnetic field augments the effect of nanoparticles
at high Rayleigh numbers. Sheikholeslami and Gorji [43] studied
the free convection of ferrofluid in a cavity heated from below in
the presence of an external magnetic field. The results showed that
particles with a smaller size have better ability to dissipate heat,
and a larger volume fraction would provide a stronger driving force
which leads to increase in temperature profile. Sheikholeslami
et al. [44] studied the magneto-hydrodynamic natural convection
heat transfer of Al2O3-Water nanofluid in a horizontal cylindrical
enclosure with an inner triangular cylinder. They found that the
value of the maximum stream function decreases with increasing
Hartmann number. Elshehabey and Ahmed [45] presented a
numerical investigation on MHD mixed convection in a lid-
driven cavity filled with nanofluid. The results showed that the
presence of an inclined magnetic field in the flow region leads to
lose the fluid movement.

Despite a number of studies on MHD natural convection heat
transfer using nanofluids reported in the previous literature, there
is still a serious lack of information regarding the problem of MHD
heat transfer of nanofluids in inclined enclosures with complicated
geometric objects. Therefore, more works will be required in order
to better understand the fluid dynamic and thermal characteristics
of nanofluids in the presence of a magnetic field. In fact, to the best
knowledge of the authors, no studies have been reported before in
the literature to investigate the MHD natural convection of
nanofluids in inclined square enclosures with four heat sources
using double multiple-relaxation-time (MRT) thermal lattice Boltz-
mann method, which has superior numerical features compared to
that of the single relaxation time. Thus, the main objective of the
present work is to establish a double multiple-relaxation-time
(MRT) thermal lattice Boltzmann method as a viable tool for the
simulation of magneto-hydrodynamic (MHD) flow and heat
transfer of Cu–water nanofluids in an inclined square enclosure
with four inner square heat sources. In this model, the flow and
temperature fields are solved with the D2Q9-MRT model and the
D2Q5-MRT model, respectively, and the results of this solution
are validated with previous numerical investigations. The effects
of the Hartmann number, the Rayleigh number, the inclination
angle, and the volume fraction of nanoparticles on the fluid flow
and heat transfer process are studied and the results are expected
to provide supplementary data and also a validation of LBM for
simulations in engineering applications.
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2. Problem description

The schematic of the physical model is shown in Fig. 1. The edge
length of the outer square cavity is H. There are four square heat
sources in the square cavity and the side length of all square heat
sources in the square is 0.125 H. The distance between the side of
the outer square cavity and the outer side of each square heat
source is 0.25 H. The gap between each square heat source is also
0.25 H. For the outer square cavity, the top and down walls are
thermal insulated and the other two walls are maintained at a con-
stant temperature, Tc . While a constant temperature, Th, is applied
on each out wall of the four square heat sources. The space
between the outer square and the inner heat sources is filled with
a nanofluid composed of the water and the Cu spherical nanopar-
ticles. The nanofluid is assumed to be Newtonian and incompress-
ible. The base fluid (water) and the spherical nanoparticles (Cu) are
presumed to be in thermal equilibrium. The inclination angle, k,
ranges from 0� to 90� in this simulation. For k ¼ 0�, the two cold
walls are parallel with the acceleration of gravity, g. The magnetic
field of strength B is applied in the same direction as the gravity. All
walls are impermeable. The flow is considered to be steady and
laminar. The length of the inner and outer enclosure perpendicular
to the figure is large enough to reduce the present problem to a
two-dimensional one.

3. Numerical procedure

3.1. D2Q9-MRT-LBE model for the flow problem

For the flow fields, the continuous Boltzmann equation is writ-
ten as follows:

@f i
@t

þ ei � rf i ¼ Xiðf Þ ¼ �1
s

f iðrj; tÞ � f eqi ðrj; tÞ
� � ð1Þ

where f iðrj; tÞ is the volume-averaged discrete distribution function
with D2Q9 velocity ea at lattice node rj, Xiðf Þ is the discrete collision
operator, f eqi is the discrete equilibrium distribution function, and, s
is the dimensionless relaxation time. After introducing BGK approx-
imation, the commonly used discretized form of Eq. (1), which
employs a single relaxation time (SRT) model to simulate the evolu-
tion of macroscopic quantities (such as density, pressure and veloc-
ity), can be written as:

f iðrj þ eidt ; t þ dtÞ � f iðrj; tÞ ¼ Xiðf Þ ¼ �1
s
½f iðrj; tÞ � f eqi ðrj; tÞ� ð2Þ

In order to improve the numerical stability and accuracy of the
lattice Boltzmann method, the MRT collision operator [46] was
proposed as follows:

Xiðf Þ ¼ �K½f iðrj; tÞ � f eqi ðrj; tÞ� ð3Þ
where K ¼ M�1SM is the collision matrix, M is an orthogonal trans-
formation matrix, S is a diagonal matrix. The relaxation times for
hydrodynamic and non-hydrodynamic moments can be separated.
The MRT-LBM evolution equations [47] with forcing term Ci can
be written as:

f iðrj þ eidt ; t þ dtÞ � f iðrj; tÞ ¼ �K½f iðrj; tÞ � f eqi ðrj; tÞ� þ Ci ð4Þ
The D2Q9 model with standard two dimensional, nine veloci-

ties square lattice for flow part is used in this work. The discrete
velocities in the D2Q9 model take the form [48]:

ei ¼
ð0;0Þ; i ¼ 0

c cos ði� 1Þ p2
� �

; sin½ði� 1Þ p2�
� �

; i ¼ 1;2;3;4ffiffiffi
2

p
c cos ð2i� 1Þ p4

� �
; sin ð2i� 1Þ p4

� �� �
; i ¼ 5;6;7;8

8>><
>>: ð5Þ
where, c ¼ dx=dt is the lattice speed, in which dx is the grid step and
dt is the time step. Based on this lattice model, the density distribu-
tion function f iðrj; tÞ can be projected onto the moment space with

m ¼ Mf ¼ ðq; e; e; jx; qx; jy; qy;pxx;pxyÞT through the transformation
matrix. And in this order, these nine moments have the following
physical meaning: q is the fluid density, e is the energy mode, e is
related to energy square, ðjx; jyÞ are the momentum components,
ðqx; qyÞ correspond to the energy flux, and ðpxx; pxyÞ are related to
the diagonal and off-diagonal components of the stress tensors,
respectively. With the ordering of the above specified velocity
moments, the corresponding transform matrix M is given by [46]:

M ¼

1 1 1 1 1 1 1 1 1
�4 �1 �1 �1 �1 2 2 2 2
4 �2 �2 �2 �2 1 1 1 1
0 1 0 �1 0 1 �1 �1 1
0 �2 0 2 0 1 �1 �1 1
0 0 1 0 �1 1 1 �1 �1
0 0 �2 0 2 1 1 �1 �1
0 1 �1 1 �1 0 0 0 0
0 0 0 0 0 1 �1 1 �1

2
66666666666666664

3
77777777777777775

ð6Þ

Among the nine velocity moments, only the density m0 ¼ q and
the momentumm3;5 ¼ jx;y are conserved quantities, while the other
six velocity moments are non-conserved quantities.

The local equilibrium density distribution functions can be
given by [36]:

f eqi ¼
q0 � 5p

3c2 þ q0siðuÞ i ¼ 0
p

3c2 þ q0siðuÞ i ¼ 1;2;3;4
p

12c2 þ q0siðuÞ i ¼ 5;6;7;8

8><
>: ð7Þ

siðuÞ ¼ wi 1þ 3
ei � u
c2

þ 4:5
ðei � uÞ2

c2
� 1:5

u2

c2

 !
ð8Þ

The lattice weights wi are given as follows: w0 ¼ 4=9, wi ¼ 1=9
for i ¼ 1;2;3;4 andwi ¼ 1=36 for i ¼ 5;6;7;8. Based on the equilib-
rium distribution function f eqi , f eqi ðrj; tÞ can be projected onto the
moment space with meq ¼ Mf eq ¼ ðq0; e

eq; eeq; jx; q
eq
x ; jy; q

eq
y ;

peq
xx ; p

eq
xyÞT. The equilibrium moments meq of the present model can

be constructed accordingly as [49]:

meq
1 ¼ eeq ¼ �4þ 6pþ 3q0juj2

meq
2 ¼ eeq ¼ 4þ 9pþ 3q0juj2

meq
4 ¼ qeq

x ¼ q0ux

meq
6 ¼ qeq

y ¼ q0uy

meq
7 ¼ peq

xx ¼ q0ðu2
x � u2

yÞ
meq

8 ¼ peq
xy ¼ q0uxuy

ð9Þ

In this simulation, the mean fluid density q0 is set to be 1 for
simplicity. The incompressibility approximation, i.e., ðjx; jyÞ � q0u,
has been use in the equilibrium moments.

As suggested by Lallemand and luo [49], the non-conserved
moments relax linearly towards their equilibrium values. There-
fore, for the D2Q9 model, the collision process of the MRT method
is accomplished as follows:

mþ ¼ m� Kðm�m0Þ þ dt I � K

2

� �
C ð10Þ

where I is the 9� 9 unit matrix. The streaming step is still carried
out in the velocity space by:

f iðrj þ eidt ; t þ dtÞ ¼ fþi ðrj; tÞ ð11Þ
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where f þ ¼ M�1mþ.
In the present work, the total body force F is included by adding

a forcing term to the collision step in the moment space with the
fluid velocity being redefined. F can be defined as F i ¼ wi ðei � aÞ=½
ðRT0Þ þ ua : ðeiei � RT0IÞ=ðRT0Þ2� [50]. The components of the forc-
ing term C in the moment space are given by:

C0 ¼ 0; C1 ¼ 6q0u � a; C2 ¼ �6q0u � a
C3 ¼ q0ax; C4 ¼ �q0ax; C5 ¼ q0ay

C6 ¼ �q0ay; C7 ¼ 2q0ðuxax � uyayÞ; C8 ¼ q0ðuxay þ uyaxÞ
ð12Þ

In order to incorporate the buoyancy force and the magnetic
force in the model, the total body forces considered the inclined
angle can be calculated as follows [42]:

Fx ¼ q0gbðT � TmÞ sin kþHa2l
H2 v sin k cos k� u sin2 k

h i
ð13Þ

Fy ¼ q0gbðT � TmÞ cos kþHa2l
H2 u sin k cos k� v cos2 k

� � ð14Þ

where Fx, Fy are the total body forces at x and y directions, respec-
tively. Ha ¼ HB

ffiffiffiffiffiffiffiffiffi
r=l

p
is the Hartmann number, in which r is the

electrical conductivity, B is the magnitude of the magnetic field,
and H is the length of the cavity. k is the incline angle.
Tm ¼ ðTh þ TcÞ=2 is the average temperature.

The diagonal relaxation matrix S is given by:

S ¼ diagðsq; se; se; sj; sq; sj; sq; sm; smÞ ð15Þ
The relaxation parameters sa can be determined by a linear

stability analysis. In the present simulation, they are chosen as
the following: s0 ¼ s3 ¼ s5 ¼ 1, s1 ¼ s2 ¼ 1:1, s4 ¼ s6 ¼ 1:2 and
s7 ¼ s8 ¼ 1=sm.

When the forcing term is included, the macroscopic fluid veloc-
ity is defined as:

u ¼

X
i

eif i

q0
þ dta
2q0

ð16Þ

The macroscopic fluid pressure p is defined as:

p ¼ q0
5c2

48

X8
i¼1

f i þ s0ðuÞ
 !

ð17Þ
3.2. D2Q5-MRT-LBE model for the temperature problem

For the temperature fields, the MRT-LME based on the D2Q5
model is introduced to solve the advection–diffusion, and its equa-
tions can be defined as:

giðrj þ edt ; t þ dtÞ � giðrj; tÞ ¼ �N�1QN giðrj; tÞ � geq
i ðrj; tÞ

� � ð18Þ
where giðrj; tÞ is the volume-averaged discrete distribution function
with D2Q5 velocity ea at lattice node rj, g

eq
i is the discrete equilib-

rium distribution function, N is an orthogonal transformation
matrix, and, Q is a diagonal matrix.

The discrete velocities in the D2Q5 model are as follows:

ei ¼
ð0;0Þ; i ¼ 0

c cos ði� 1Þ p2
� �

; sin ði� 1Þ p2
� �� �

; i ¼ 1;2;3;4

(
ð19Þ

The transformation matrix N is given by [51]:
N ¼

1 1 1 1 1
0 1 0 �1 0
0 0 1 0 �1
�4 1 1 1 1
0 1 �1 1 �1

2
6666664

3
7777775

ð20Þ

For the non-conserved moments, it is assumed that they relax
towards the equilibrium neq. Therefore, for the D2Q5 model, the
collision process of the MRT method is accomplished as follows:

nþ ¼ n� Qðn� neqÞ ð21Þ
where n ¼ Ng. The temperature is the only conserved quantity and
is computed by:

T � n0 ¼
X4
i¼0

gi ð22Þ

And then, the equilibrium moments neq ¼ Ngeq can be con-
structed accordingly as:

neq
0 ¼ T; neq

1 ¼ uxT; neq
2 ¼ uyT; neq

3 ¼ AT; neq
4 ¼ 0 ð23Þ

where A is a constant. To avoid the so-called ‘‘checkerboard” type
numerical instability of the D2Q5 model, the value of A must be
smaller than 1 [52]. In this work, A is set to be �2 in simulations.
The diagonal relaxation matrix Q is given by:

Q ¼ diagðr0;r1;r2;r3;r4Þ ð24Þ
In the present simulation, the relaxation parameters are chosen

as the following: r0 ¼ 1, r1 ¼ r2 ¼ 1=sT , and r3 ¼ r4 ¼ 1:1.
The streaming step is still carried out in the velocity space by:

giðrj þ eidt ; t þ dtÞ ¼ gþ
i ðrj; tÞ ð25Þ

where gþ ¼ N�1nþ.
According reference [53], the local equilibrium temperature dis-

tribution function can be given by:

geq
i ¼ wiT 1þ 5ei � u

c2

� �
ð26Þ

where the lattice weight coefficients wi are given as follows:
w0 ¼ 3=5, wi ¼ 1=10 for i ¼ 1;2;3;4.

The kinematical viscosity and the effective thermal diffusivity
are given by:

m ¼ 1
3
c2ðsm � 0:5Þdt ð27Þ

a ¼ 1
5
c2ðsT � 0:5Þdt ð28Þ
3.3. Boundary conditions

In the present model, the extrapolation rule for velocity bound-
ary condition is employed to treat the solid/fluid interactions at the
walls [32]. The distribution functions on the boundary node xb are
decomposed into equilibrium and non-equilibrium parts:

f iðxb; tÞ ¼ f eqi ðxb; tÞ þ f neqi ðxb; tÞ ð29Þ
The non-equilibrium part is approximated by:

f neqi ðxb; tÞ ¼ f neqi ðxf ; tÞ þ Oðd2t Þ ¼ f iðxf ; tÞ � f eqi ðxf ; tÞ þ Oðd2t Þ ð30Þ
where xf is the nearest neighbor fluid node of xb along the link ei.
The equilibrium part is approximated as follows:

f eqi ðxb; tÞ ¼ f eqi ðpðxb; tÞ;uðxb; tÞÞ þ OðdtMa2Þ ð31Þ



Table 1
Thermal-physical properties of pure water and Cu.

Property Pure water Cu

q (kg m�3) 997 8954
CP (J kg�1 K�1) 4179 383
b (K�1) 0.00021 0.00000167
k (W m�1 K�1) 0.613 400
l (kg m�1 s�1) 0.000855

Fig. 2. Validation of the present simulation against Abu-Nada and Oztop.

Table 2
Comparison of the present numerical results with the reported data in literature [60].

Ha Gr ¼ 2� 104 Gr ¼ 2� 105

Present Rudraiah et al. Present Rudraiah et al.

0 2.52285 2.5188 5.07702 4.9198
10 2.23118 2.2234 4.96846 4.8053
50 1.08412 1.0856 2.99103 2.8442
100 1.00647 1.0110 1.45786 1.4317
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For the velocity boundary condition, the uðxb; tÞ is known, but
pðxb; tÞ is unknown. A modified equilibrium is defined as follows:

f eqi ðxb; tÞ ¼ f eqi ðpðxf ; tÞ;uðxb; tÞÞ þ OðdtMa2Þ ð32Þ
The discrete distribution function f iðxb; tÞ at the boundary node

xb is calculated as:

f iðxb; tÞ ¼ f eqi ðxb; tÞ þ f iðxf ; tÞ � f eqi ðxf ; tÞ ð33Þ
which has the accuracy of Oðd2t þ dtMa2Þ.

The corresponding thermodynamic boundary conditions with
second order accuracy are implemented in the similar way. The
discrete temperature distribution on the boundary is given by:

giðxb; tÞ ¼ geq
i ðxb; tÞ þ giðxf ; tÞ � geq

i ðxf ; tÞ ð34Þ
The temperature on the boundary node can be approximated

by:

Tðxb; tÞ ¼ 4Tðxf ; tÞ � Tðxff ; tÞ � 2Dx � rTðxb; tÞ
3

ð35Þ

where Dx ¼ xf � xb ¼ xff � xf (xff is the nearest fluid node of xf along
the link ei).

3.4. Governing parameters

The non-dimensional parameters are the Prandtl number Pr and
the Rayleigh number Ra defined by:

Pr ¼ m
a

ð36Þ

Ra ¼ gbDTH3

ma
ð37Þ

where DT ¼ Th � Tc is the reference temperature difference.
The Mach number is defined as Ma ¼ u0=cs, where

u0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbDTH

p
and cs ¼ c=

ffiffiffi
3

p
which are the characteristic velocity

and the sound speed of the lattice fluid, respectively. In the stan-
dard LBM, the lattice speed c is often set to be 1 with dx ¼ dt ¼ 1.
Thus, when the Prandtl number and the Rayleigh number are spec-
ified, the Mach number is directly proportional to sm and inversely
proportional to H. Sheikholeslami et al. [30] found that the average
Nusselt number varies even for a same lattice numbers if Mach
number changes at a constant Rayleigh number. So Mach number
should have a constant value similar to other parameters for all
calculations to cover a steady solving. To comply with the incom-
pressible limit of the flow, the Mach number should be Ma < 0:3.
Unless otherwise specified, the Mach number is fixed at Ma ¼ 0:1
in the present work, and then the non-dimensional relaxation
times are defined by:

sm ¼ 1
2
þMaH

ffiffiffiffiffiffiffiffi
3Pr

p

cdt
ffiffiffiffiffiffi
Ra

p ð38Þ

sT ¼ 1
2
þ 5ðsm � 0:5Þ

3Pr
ð39Þ
Fig. 3. Effect of grid size on the average Nusselt number at the cold wall.
3.5. Lattice Boltzmann method for nanofluids

The dynamical similarity depends on three dimensionless
parameters: the Prandtl number Pr, the Rayleigh number Ra, and
the Mach number Ma. The nanofluids have a unique feature which
is quite different from those of the convectional solid–liquid
mixtures in which millimeter and/or micrometer-sized particles
are added. The nanofluid is asolid–liquid mixture in which metallic
or nonmetallic nanoparticles are suspended and behaves more like
a fluid rather than a conventional solid–fluid mixture. So, the
nanofluid can be assumed to be a pure fluid. And then, the nano-
fluid qualities are obtained. The properties of the nanofluid are
assumed to be constant except for the density variation, which is
approximated by the Boussinesq model.
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The density of the nanofluid is given by:

qnf ¼ ð1�uÞqf þuqp ð40Þ
where u refers to the volume fraction of nanoparticles and the sub-
scripts nf, f, p denote the nanofluid, the base fluid and the particle,
respectively.

By assuming a thermal equilibrium between the particles and
the surrounding fluid, the specific heat is obtained as:

ðqCPÞnf ¼ ð1�uÞðqCPÞf þuðqCPÞp ð41Þ
Fig. 4. Streamlines and isotherms at different inclination angle

Table 3
Maximum stream function for different inclination angles with Ra ¼ 105 and u ¼ 0:1.

Property k ¼ 0� k ¼ 15� k ¼ 30�

Pure water 1940 �2238 �2561
Nanofluid 3619 �4162 �4806
The thermal expansion coefficient of the nanofluid can be deter-
mined by:

ðqbÞnf ¼ ð1�uÞðqbÞf þuðqbÞp ð42Þ
The thermal diffusivity of the nanofluid is:

anf ¼ knf
ðqCPÞnf

ð43Þ

The Maxwell–Garnetts model [54] was used to calculate the
effective thermal conductivity of the nanofluid:
s for Ra ¼ 105 and u ¼ 0:1 (—: nanofluid and ––: water).

k ¼ 45� k ¼ 60� k ¼ 75� k ¼ 90�

�2992 �3315 �3329 2006
�5607 �6194 �6167 3750



Fig. 5. Streamlines for different inclination angles and Hartmann numbers with Ra ¼ 105 and u ¼ 0:1.
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Fig. 6. Isotherms for different inclination angles and Hartmann numbers with Ra ¼ 105 and u ¼ 0:1.
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knf
kf

¼ kp þ 2kf � 2uðkf � kpÞ
kp þ 2kf þuðkf � kpÞ ð44Þ

The use of Eq. (44) is restricted to spherical nanoparticles where
the nanoparticles of other shapes are not taken into account.
According to reference [55–57], this model is found to be appropri-
ate for studying heat transfer enhancement using nanofluids.

The viscosity of the nanofluid can be approximated as [58]:

lnf ¼
lf

ð1�uÞ2:5
ð45Þ

The Nusselt number is a measure of heat transfer ratio of natu-
ral convection. The local Nusselt number and the average Nusselt
number are defined, respectively by:

Nu ¼ � knf
kf

H
DT

@T
@x

� �
w

ð46Þ

Nuave ¼ 1
H

Z H

0
Nudy ð47Þ

where the temperature gradient @T=@x is calculated using five
points formula.

The corresponding thermal-physical properties of the based
fluid and the nanoparticles are shown in Table 1.

4. Code validation and grid independence

The validation of the computations is very important in the
numerical study. Two test cases were performed to validate the
accuracy of the present numerical solution. The first benchmark
solution for nanofluids natural convection in an inclined square
cavity was published by Abu-Nada and Oztop [59]. They employed
a two-dimensional enclosure for which two walls were maintained
at different constant temperatures and the other two walls were
Fig. 7. Average Nusselt number at the cold wall versus
thermally insulated. Fig. 2 presents the variation of the average
Nusselt number along the hot wall versus inclination angle at
different Rayleigh numbers and excellent agreement is achieved.
Another test of the validation was verified against the existing
results for natural convection inside the square enclosure in the
presence of an external magnetic field. As shown in Table 2, a good
comparison of the present results with the benchmark solution of
Rudraiah et al. [60] is observed.

In order to determine a proper grid for the final computations,
Grid-independence examination was conducted for the natural
convection heat transfer in the square cavity as shown in Fig. 1.
Seven different lattice sizes, 48� 48, 96� 96, 144� 144,
192� 192, 240� 240, 288� 288, and 336� 336 were employed
to validate the solution independency of the grid number. Fig. 3
shows the variation of the average Nusselt number over the cold
wall with the different grid sizes. It is observed that an 192� 192
uniform grid can be considered as a grid-independent one for the
Rayleigh number Ra ¼ 104. Through the same method, the lattice
sizes of 144� 144 for Ra ¼ 103, and 240� 240 for Ra ¼ 105, were
obtained, respectively.
5. Results and discussion

Numerical simulations are performed to investigate the fluid
flow and heat transfer of water-based nanofluids in an inclined
square cavity with four heat sources in the presence of the mag-
netic field. The computations are carried out for a wide range of
Rayleigh numbers (Ra ¼ 103, 104 and 105), Hartmann numbers
(Ha ¼ 0, 10, 50 and 100), inclination angles (0� 6 k 6 90� with
Dk ¼ 15�), and volume fractions of nanoparticles (u ¼ 0:03, 0.07
and 0.1). The streamlines, isotherms, local and average Nusselt
numbers are presented for various values of pertinent parameters
involved in the study.
inclination angle for different Rayleigh numbers.
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5.1. Flow and temperature fields

Fig. 4 presents the streamlines and isotherms in the enclosure
for different nanoparticles volume fractions (u ¼ 0 and u ¼ 0:1)
and inclination angles (k ¼ 0�, 15�, 30�, 45�, 60�, 75�, and 90�) in
the absence of a magnetic field. The Rayleigh number is Ra ¼ 105.
The larger absolute values of the stream function are detected for
the nanofluid compared to that for the pure water, and this indi-
cates that the strength of the circulation increases with an increase
in the nanoparticles volume fraction at a particular inclination
angle. Similar trend can be found in Table 3 by comparing the mag-
nitude of the maximum stream function for the pure water with
that for the Cu–water nanofluid. The high energy of irregular
motion of nanoparticles in the fluid explains the higher streamline
intensity, which in turn enhances the heat transfer process of the
nanofluid in the square cavity. Moreover, the temperature gradient
of the nanofluid near the cold surface is similar to that of the pure
water. This demonstrates that the temperature gradient has very
small influence on the Nusselt number according to Eq. (29). How-
ever, since the effect of the ratio of nanofluid conductivity to water
Fig. 8. Local Nusselt number along the cold wall for different inclination angles. (a) k
conductivity, knf =kf , is more pronounced than the effect of temper-
ature gradient, and the enhancement of heat transfer is observed
with the addition of nanoparticles in the following discussions.

Figs. 5 and 6 respectively show the streamlines and the
isotherms in the enclosure filled with the Cu–water nanofluid at
different inclination angles and Hartmann numbers. The Rayleigh
number is Ra ¼ 105 and the nanoparticles volume fraction is
u ¼ 0:1. When k ¼ 0�, the enclosure is placed horizontally and
the buoyancy force acts only in the y-direction. The flow domain
and the boundary conditions are symmetrical, and then the
streamlines and the isotherms are symmetric with respect to the
vertical centerline of the square cavity. At low Hartmann numbers
(Ha ¼ 0 and Ha ¼ 10), two symmetrical counter-rotating vortices,
a counterclockwise and a clockwise, are generated within the
square cavity. As the Hartmann number increases (Ha ¼ 50), two
small symmetrical circulation cells begin to form in the upper
portion of the square cavity near the out corner of the heat sources.
With further increase of the Hartmann number (Ha ¼ 100), two
another secondary symmetrical eddies start to develop in the
bottom portion of the square cavity near the out corner of the heat
¼ 0� , (b) k ¼ 15� , (c) k ¼ 30� , (d) k ¼ 45� , (e) k ¼ 60� , (f) k ¼ 75� , and (g) k ¼ 90� .
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sources. The inclination angle has a remarkable effect on the flow
patterns for all values of Hartmann numbers. For Ha ¼ 0 and
Ha ¼ 10, the left initial anticlockwise vortex is squeezed thinner
and dragged to the up left part of the enclosure while the primary
clockwise starts to develop towards the left bottom part of the cav-
ity as the inclination angle increases from k ¼ 15� to k ¼ 75�. At
k ¼ 90�, the primary two counter-rotating vortices become sym-
metrical again with respect to the horizontal centerline of the
square cavity in the x-direction. For Ha ¼ 50 and Ha ¼ 100, the ini-
tial two large counter-rotating vortices are quite similar to those
for low Hartmann numbers as the inclination angle increases from
k ¼ 15� to k ¼ 90�. While the initial two secondary vortices start to
die out as the inclination angle increases from k ¼ 15� to k ¼ 75�,
and again develop at k ¼ 90�. The inclination angle also has a
noticeable effect on the formation of the isotherms for low Hart-
mann numbers. However, for High Hartmann numbers, this effect
becomes marginal as can be seen in Fig. 6. Moreover, the strength
of the circulation patterns in the enclosure becomes weaker as the
magnetic intensity becomes stronger at any given inclined angle.
This can clearly be demonstrated by the values of the stream func-
tion in Fig. 5. Hence, the intensity of convection decreases signifi-
cantly as the Hartmann number increases, which indicating a
lower heat transfer rate.

5.2. Heat transfer rate

Caculations of the heat transfer rate across the enclosure is very
important in engineering applications. In order to find the effect of
the nanoparticles volume fraction, the Rayleigh number and the
inclination angle on the heat transfer rate, the variations of the
average Nusselt number along the cold wall as a function of
inclination angle k at different values of nanoparticles volume
fraction and Rayleigh numbers are presented in Fig. 7. In general,
the results show that the average Nusselt number increases as
the Rayleigh number increases due to the strengthened buoyant
Fig. 9. Average Nusselt number at the cold wall versus
flow. The average Nusselt number is lower for the enclosure filled
with pure water than that filled with the Cu–water nanofluid for
any given Rayleigh number and inclination angle considered in this
paper. This is an indication of improvement in the heat transfer
performance as a result of adding nanoparticles into the base fluid.
Fig. 7 also presents the effect of the inclination angle on the aver-
age Nusselt number. For the low Rayleigh number (Ra ¼ 103),
where the viscous force is greater than the buoyancy force, there
is no discernible influence of the inclination angle on the average
Nusselt number, as expected, since the dominant energy transport
mechanism is mainly due to conduction. As the Rayleigh number
increases to Ra ¼ 104, the average Nusselt number generally
decreases with increasing the inclination angle and reaches its
minimum value at k ¼ 90�. This reduction can be explained by that
the major heat transfer mechanism in the cavity shifts from the
conduction mode to the convective mode and the buoyancy force
is reduced by a factor of the inclination angle. However, the aver-
age Nusselt number decreases at first as the inclination angle
increases and reaches a minimum at a specific inclination angle,
around k ¼ 75� at Ra ¼ 105, then increases with increasing the
inclination angle to k ¼ 90�. The reason is that the convective is
the principal mode of the heat transfer and the convection inten-
sity is very strong. The temperature contours are compressed
towards the right cold wall, as can be seen in Fig. 6, which in turn
results in a larger heat transfer rate at k ¼ 90�.

Fig. 8 shows the distributions of the local Nusselt number along
the cold wall in the inclined cavity for different Hartmann numbers
and inclination angles. The volume fraction of nanoparticles is
u ¼ 0:1 and the Rayleigh number is Ra ¼ 105. The results show
that the Hartmann number has a significant effect on the local
Nusselt number distribution patterns along the cold wall. Also, it
is found that the initial maximum of the local Nusselt number at
the cold wall is parentally decreased as the Hartmann number
increases from Ha ¼ 0 to Ha ¼ 50 for any given inclination angle
inclination angle k for different Rayleigh numbers.
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in this study. This is because that the high values of the stream
function (i.e., high flow rate) are suppressed by the stronger mag-
netic field in the cavity.

The effects of Hartmann numbers and Rayleigh numbers on the
average Nusselt number at the cold wall are displayed in Fig. 9. It is
observed that the average Nusselt number is lower for the square
cavity in the presence of the magnetic field than that for the enclo-
sure in the absence of the magnetic field at any given Rayleigh
number and inclination angle. For Ha ¼ 0 and Ha ¼ 10, the average
Nusselt number is decreased as the inclination angle increases
when Ra ¼ 103 and Ra ¼ 104. And for Ra ¼ 105, the average Nusselt
number decreases at first as the inclination angle increases and
reaches a minimum at a specific inclination angle, and then
increases with increasing the inclination angle to k ¼ 90�. As the
Hartmann number increases to Ha ¼ 50, the average Nusselt num-
ber increases at first as the inclination angle increases and reaches
a maximum at around k ¼ 45�, and then decreases with increasing
the inclination angle to k ¼ 90� for Ra ¼ 105. This is because that
the fluid velocities are considerable and the heat transfer is mainly
due to convection, the influence of the magnetic field on the heat
transfer process becomes considerable. The intensity of isotherms
in the vicinity of the vertical walls decreases as the Hartmann
number increases, which results in a lower heat transfer rate. With
further increasing the Hartmann number (Ha ¼ 100), the inclina-
tion angle dose not have a considerable effect on the average
Nusselt number for all values of Rayleigh numbers. This can be
explained by that the effect of the magnetic field on the heat trans-
fer rate becomes stronger, which results in a significant reduction
of the heat transfer.
6. Conclusions

In this work, magneto-hydrodynamic (MHD) flow and heat
transfer of Cu–water nanofluids in an inclined square enclosure
with four heat sources were numerically studied using the double
multiple-relaxation-time (MRT) thermal lattice Boltzmann
method. The flow and temperature fields were solved with the
D2Q9-MRT and D2Q5-MRT model, respectively. The present solu-
tions are well validated in comparisons with previous numerical
investigations, and consequently the MRT lattice Boltzmann
method is competent for solving heat transfer performance of
nanofluids in enclosures that is influenced by a magnetic field.
The effects of the inclination angle, the Rayleigh number, the vol-
ume fraction of nanoparticles, and the Hartmann number on the
fluid flow and heat transfer of the cavity were investigated. From
the results presented above, the following main conclusions can
be drawn.

The addition of nanoparticles of Cu into the base fluid is more
effective on the flow fields than on the temperature distributions.
The enclosure with nanofluids exhibits a remarkable enhancement
heat transfer compared to that with the pure water. The average
Nusselt number increases significantly with the increase of volume
fraction of nanoparticles for all values of Rayleigh numbers.

The inclination angle has a significant impact on the flow fields,
the temperature patterns, and the local Nusselt Number distribu-
tions. The average Nusselt number decreases at first as the inclina-
tion angle increases and reaches a minimum at a specific
inclination angle, around k ¼ 75�, and then increases with further
increasing the inclination angle to k ¼ 90� at Ra ¼ 105.

The heat transfer rate is suppressed in the presence of a mag-
netic field for all values of Rayleigh numbers and inclination
angles. Moreover, when Ra ¼ 105, the average Nusselt number
increases at first as the inclination angle increases and reaches a
maximum at a certain inclination angle, and then decreases with
the inclination angle further increased at Ha ¼ 50. As the
Hartmann number increases to Ha ¼ 100, the inclination angle
shows have a inconsiderable effect on the average Nusselt number
for all values of Rayleigh numbers.
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