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Control of mixed convection (combined forced and natural convection) in a lid-driven square cavity is
performed using a short triangular conductive fin. A numerical technique is used to simulate the flow
and temperature fields. The vertical walls of the cavity are differentially heated. Both the top lid and
the bottom wall are adiabatic. The fin is located on one of the motionless walls of the cavity. Three dif-
ferent cases have been studied based on the location of the fin. In this context, Cases I, II and III refer to
the fin on the left, bottom and right walls, respectively. Results are presented for +x and �x directions of the
top lid in horizontal axis and different Richardson numbers as Ri = 0.1, 1.0 and 10.0. It is observed that the
triangular fin is a good control parameter for heat transfer, temperature distribution and flow field.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Lid-driven flow in a cavity has been an important research sub-
ject due to its wide spectrum of engineering applications. These
applications can be traced to oil extraction, cooling of electronic
equipments, design of heat exchangers, flow and heat transfer in so-
lar ponds, crystal growth, dynamics of lakes and float glass produc-
tions [1–3]. Earlier studies on lid-driven cavities can be mainly
classified into three groups as (a) cavity flows generated by double
sided moving lids in the absence of buoyancy effects, (b) cavity flows
including buoyancy effects, namely mixed convection, for double
sided or single moving lid and (c) cavity flows with fin attached to
the wall to control heat transfer. The problem of lid-driven cavity
flow is also a benchmark configuration for the evaluation of numer-
ical solution procedures for the Navier–Stokes equations [4–7].

Lid-driven cavities with vertical moving lids were studied by
Chamkha [8] including hydromagnetic mixed convection with
internal heat generation or absorption. Aydin [9] compared aiding
and opposing mechanism in a shear-driven and buoyancy-driven
cavity. Freitas et al. [10] and Iwatsu and Hyun [11] studied the
three dimensional lid-driven cavity flows. Sharif [12], Morzynski
and Popiel [13], Freitas and Street [14], Iwatsu et al. [15], and
Mohamad and Viskanta [16] made numerical analyses on effects
ll rights reserved.
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of horizontally moving lid in cavities. All of these authors indicated
that the ratio of lid velocity to power of buoyancy force was the
most important parameter to flow field, temperature distribution
and heat transfer. The pioneer works on mixed convection in dou-
ble sided lid-driven cavities were published by Oztop and Dagtekin
[17] and Alleborn et al. [18]. They indicated that moving direction
of lid was extremely important to mixed convection.

Control of heat transfer and fluid flow in a lid-driven cavity is an
important issue to save energy and enhance the total quality of
thermal system. Unfortunately, numbers of studies on this phe-
nomenon are extremely limited in earlier literature. In this context,
Shi and Khodadadi [19–21] indicated that the flow and heat trans-
fer can be controlled using an oscillating fin attached on the
motionless wall through a numerical study. Oztop [22] made a
study to control heat and fluid flow with an adiabatic rectangular
body. Dagtekin and Oztop [23] modeled the cooling of electronic
devices in a lid-driven enclosure. Mahapatra et al. [24] solved the
mixed convection problem in differentially heated square enclo-
sure with two adiabatic partitions (ceiling and floor) using FLUENT
commercial software. They indicated that the effect of the partition
location on heat transfer is marginal for Ri = 1.0 and more pro-
nounced for Ri = 0.1. Mansutti et al. [25] applied a discrete vector
potential model to unsteady incompressible viscous flow using a
lid-driven cavity with a square body insertion. As shown in the lit-
erature survey [26–33], there are very few studies on mixed con-
vection heat transfer in lid-driven cavities.

The main aim of the present study is to examine the control
parameters of mixed convection in a top lid using triangular
cross-sectional conductive fin. To examine heat transfer by the

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.09.068
mailto:yubobox@cup.edu.cn
mailto:hfoztop1@gmail.com
mailto:hfoztop1@yahoo.com
mailto:hfoztop1@yahoo.com
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.09.068
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt


Nomenclature

A aspect ratio, H/L
Cp specific heat, kJ/(kg K)
D diameter, m
Gr Grashof number (=gb(Th � Tc)L3/m2)
H height of the cavity, m
K thermal conductivity ratio (=kf/ks)
L length of the cavity, m
n any direction
Nu Nusselt number
p pressure, Pa
Pr Prandtl number (=m/a)
Re Reynolds number (=uH/m)
Ri Richardson number (=Gr/Re2)
Ra Rayleigh number (=PrGr)
T temperature, K
u, v velocities, m/s
x, y coordinates, m

Greek symbols
a thermal diffusivity, m2/s
b thermal expansion coefficient, K�1

h dimensionless temperature (=(T � Tc)/(Th � Tc))
k thermal conductivity, W/(m K)
m kinematic viscosity, m2/s
q density, kg/m3

Subscripts
c cold
f fluid
h hot
p top lid
s solid
w wall
cond conduction
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fin, three locations of the fin were tested. These cases were also
compared with the case of the lid-driven cavity without insertion.
The detailed analyses of heat transfer and fluid flow were carried
out using control volume method.

2. Physical model

Sketch of the considered physical model is given in Fig. 1(a)–
(d) for four different cases in this study. Fig. 1(a) depicts Case 0
Fig. 1. Configurations
without triangular fin inside the cavity. Fig. 1(b) describes Case I
in which the triangular fin is attached to the left wall. Fig. 1(c)
shows Case II in which the triangular fin is attached to the bot-
tom wall. Fig. 1(d) is Case III in which the triangular fin is at-
tached to the right wall. The fin is isosceles triangular.
Horizontal walls are kept as adiabatic. The top lid of the cavity
moves in two different ways as +x or �x direction with constant
velocity. Vertical walls are differentially heated and isothermal
while the left wall has higher temperature than the right wall.
for studied cases.
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Gravity acts are considered in �y direction. Fig. 2 illustrates the
detailed view for an example configuration with dimensions and
coordinates. The cavity is square (H = L). The distance of the tri-
Fig. 2. Streamlines with arrows and isotherms for differen
angle top to the cavity bottom is h = 0.5H. The height of the tri-
angle is w = 0.1H and the bottom length of the triangle is
a = 0.05H.
t cases with lid moving in the +x direction at Ri = 0.1.



Table 2
Mean Nusselt numbers at Gr=105 for different Ri and K.

U = �1 U = +1

Ri = 0.1 Ri = 1.0 Ri = 10.0 Ri = 0.1 Ri = 1.0 Ri = 10.0

Case I
K = 0.1 6.22 4.82 3.74 5.70 4.68 4.21
K = 1.0 6.16 4.75 3.64 5.50 4.57 4.12
K = 10.0 6.15 4.72 3.61 5.45 4.55 4.09

Case II
K = 0.1 6.43 4.92 3.94 6.81 5.06 4.50
K = 1.0 6.42 4.92 3.94 6.81 5.06 4.50
K = 10.0 6.42 4.92 3.94 6.80 5.06 4.50

Case III
K = 0.1 5.36 4.49 3.69 6.57 4.92 4.27
K = 1.0 5.18 4.38 3.58 6.47 4.83 4.18
K = 10.0 5.09 4.36 3.56 6.44 4.80 4.15

Table 1
Comparison with Refs. [35–38] at Ra = 104 and Ra = 105.

Present work Barakos et al. [35] Markatos and Pericleous [36] De Vahl Davis [37] Fusegi et al. [38]

Ra = 104 Ra = 105 Ra = 104 Ra = 105 Ra = 104 Ra = 105 Ra = 104 Ra = 105 Ra = 104 Ra = 105

Case 0

Nu 2.29 4.61 2.25 4.51 2.20 4.43 2.24 4.52 2.30 4.65
Numax 3.60 7.94 3.54 7.64 3.48 7.63 3.53 7.72 3.65 7.80
Numin 0.59 0.73 0.58 0.77 0.64 0.82 0.59 0.73 0.61 0.79
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3. Governing equations and boundary conditions

The study domain is two-dimensional cavity with a moving lid
and a solid triangular fin. Fluid inside the cavity is considered as
Newtonian, incompressible and constant properties. The flow is
laminar and steady-state. Boussinesq approximation is performed,
i.e., all physical properties of the fluid except density in the buoy-
ant force term are constant. In these conditions, the continuity,
momentum and energy equations can be written as follows:

@u
@x
þ @v
@y
¼ 0 ð1Þ

u
@u
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þ v @u

@y
¼ � 1

q
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þ m

@2u
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Heat conduction equation is valid on the fin:

@2T
@x2 þ

@2T
@y2 ¼ 0 ð5Þ
Table 3
Mean Nusselt numbers and reduction at Gr = 105 and K = 1.0.

U = �1

Ri = 0.1 r (%) Ri = 1.0 r (%) Ri = 10.0 r (%

Case 0 6.75 – 5.01 – 4.01 –
Case I 6.16 8.74 4.75 5.19 3.64 9.2
Case II 6.42 4.89 4.92 1.8 3.94 1.7
Case III 5.18 23.26 4.38 12.57 3.58 10.7

r ¼ NuCase0�NuCaseðJÞ

NuCase0
� 100% J ¼ I; II; III.
The following non-dimensional variables are defined as:

h ¼ T � Tc

Th � Tc
; Re ¼ uH

m
; Gr ¼ gbðTh � TcÞH3

m2 ; Pr ¼ m
a
; K ¼ kf

ks

X ¼ x
H
; Y ¼ y

H
; U ¼ u

uP
; V ¼ v

uP
; P ¼ p

qu2
P

ð6Þ

where h is dimensionless temperature, Re is Reynolds number, Gr is
Grashof number, Pr is Prandtl number and K is thermal conductivity
ratio. Richardson number is defined by Eq. (7). It characterizes the
mixed convection flow where Gr and Re represent the strength of
the natural and forced convection effects, respectively. For Ri ? 0,
the heat transfer regime is forced convection and Ri ?1, natural
convection

Ri ¼ Gr

Re2 ð7Þ

Using the above parameters, the governing equations (1)–(4)
can be written in dimensionless forms as:
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Heat conduction equation of solid fin is given as:

@2h

@X2 þ
@2h

@Y2 ¼ 0 ð12Þ

Local Nusselt number is:

Nuy ¼
ð@h=@XÞw
ð@h=@XÞcond

ð13Þ

Note that (@h/@X)cond is the temperature gradient for conductive
heat transfer without a partition. The average Nusselt number is
calculated by integrating the local Nusselt number along the wall
as follows:
U = +1

) Ri = 0.1 r (%) Ri = 1.0 r (%) Ri = 10.0 r (%)

7.46 – 5.29 – 4.61 –
3 5.50 26.27 4.57 13.61 4.12 10.63
5 6.81 8.71 5.06 4.35 4.50 2.39
2 6.47 13.27 4.83 8.70 4.18 9.33
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Fig. 3. Local Nusselt number and the mean Nu for different cases with lid moving in the +x direction at Ri = 0.1. �r ¼ NuCase0�NuCaseðJÞ

NuCase0
� 100% J ¼ I; II; III.
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Nu ¼
Z 1

0
Nuy dY ð14Þ

Boundary conditions and dimensions are shown in Fig. 1. They
can be listed as:

On the moving (top) lid (0 6 X 6 1, Y = 1): U = 1, V = 0 (+x direc-
tion), @h

@Y ¼ 0; U = �1, V = 0 (�x direction), @h
@Y ¼ 0.

On the right vertical wall (X = 1, 0 6 Y 6 1): U = 0, V = 0, h = 0.
On the left vertical wall (X = 0, 0 6 Y 6 1): U = 0, V = 0, h = 1.
On the bottom wall (0 6 X 6 1, Y = 0): U = 0, V = 0, @h

@Y ¼ 0.
On the solid (fin)/fluid interface: @h

@X

��
s
¼ K @h

@X

��
f
; @h
@Y

��
s
¼ K @h

@Y

��
f
.

4. Numerical methods

The commercial software Fluent was used for the calculation
and Gambit was used for spatial discretization [32]. The SIMPLE
method was used to couple the velocity and pressure term [33].
QUICK (Quadratic Upwind Interpolation for Convective Kinemat-
ics) scheme [34] was performed for the discretization of convective
terms in the momentum and energy equations. Uniform grids were
generated. We used four sets of grids, changing from 64 � 64 to
120 � 120, to do the calculation for three typical cases to check
the effect of grid numbers on the results. After comparison,
100 � 100 grid dimension is considered enough for calculation.

The present work was compared to Refs. [35–38]. The compar-
ison results are shown in Table 1. It shows that the results are rea-
sonable and reliable using the method in our present work.

In this study, two validation tests were performed to compare
obtained results with literature. In the first case, the computational
procedure was validated by the numerical results of Iwatsu and
Hyun [11] and Sharif [12] for a top heated moving lid and bottom
cooled square cavity filled with air (Pr = 0.71). The general agree-
ment between the present computation and those of Iwatsu and
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Hyun [11] and Sharif [12] are seen to be very well with a maximum
difference within 5%. In the second case, we compared our results
with Kahveci [39]. In his case, conjugate-natural convection heat
Fig. 4. Streamlines with arrows and isotherms for differen
transfer and fluid flow was performed for a fully partitioned square
enclosure. Both results showed a good agreement between each
other.
t cases with lid moving in the +x direction at Ri = 1.0.
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5. Results and discussion

In this study, the fin is located on the center of left wall, right
wall and bottom wall in three cases. Ri = 0.1, 1.0, 10.0, K = 0.1,
1.0, 10.0 and Grashof number is fixed at 105. Prandtl number is ta-
ken as 0.71 corresponding to air.

Mean Nusselt numbers at different Ri and K are shown in Table
2. They increase with decreasing Ri at the same K indicating that
the faster the lid moves the stronger heat transfer. They decrease
with increasing K at the same Ri because heat conduction of the
fin becomes weak. However, this decrease is very small. The
streamlines, isotherms and local Nu at K = 0.1, 1.0, 10.0 are almost
the same respectively (not shown restricted to page numbers).
Thus, the results at K = 1.0 is selected for discussions below. The
Table 3 presents the effects of lid direction for different cases at dif-
ferent Richardson number. It is shown that direction of lid makes
important effect on heat transfer.
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Fig. 5. Local Nusselt number and the mean Nu for different cases with lid mo
When the top lid moves in the +x direction, flow and heat trans-
fer results for three locations of the fin are compared with those
without fin. At Ri = 0.1 (Fig. 2), the existence of the fin generates
a large vortex downstream due to the disturbance of the fin on
the flow field. The greatest disturbance is achieved when the fin
is on the right wall. When the fin is on the bottom wall, the iso-
therms do not change much because the bottom wall is adiabatic.
When the fin is on the left wall, the interval of the isotherms at the
location of the fin becomes larger compared to Case 0. The greatest
influence on the isotherms is achieved when the fin is on the right
wall corresponding to the location for the greatest disturbance on
the flow field. The reason of the widened isotherms is that flow
velocity is reduced around the fin so that heat convection is weak-
ened and heat conduction is dominant. Compared with the local
Nusselt number on the left wall in Case 0 (Fig. 3(a)), the local Nus-
selt number on the left wall of Case I is smaller below Y = 0.8 and
larger above Y = 0.8; the local Nusselt number on the left wall of
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Case II is smaller below Y = 0.4 and larger above Y = 0.4; the local
Nusselt number on the left wall of Case III is smaller below
Fig. 6. Streamlines with arrows and isotherms for different
Y = 0.5 and larger above Y = 0.5. The distribution of the local
Nusselt number on the right wall (Fig. 3(b)) does not change
cases with lid moving in the +x direction at Ri = 10.0.
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apparently for Case I and Case II. In Case III, the local Nusselt num-
ber on the right wall fluctuates around Y = 0.4. The mean Nusselt
number decreases by 26.27%, 8.71% and 13.27% for Case I, Case II
and Case III, respectively compared to Case 0.

At Ri = 1.0 (Fig. 4), the fin only generates a small downstream
vortex while the forced convection is comparable with the natural
convection. The influences of the left-wall-fin and the right-wall-
fin on the isotherms are comparable. Compared with the local Nus-
selt number on the left wall in Case 0 (Fig. 5(a)), the local Nusselt
number on the left wall of Case I is smaller between Y = 0.2 and
Y = 0.7; the local Nusselt number on the left wall of Case II is smal-
ler below Y = 0.5 and larger above Y = 0.5; the local Nusselt number
on the left wall of Case III is smaller along the whole left wall. Com-
pared with the local Nusselt number on the right wall in Case 0
(Fig. 5(b)), the local Nusselt number on the right wall of Case III
is smaller between Y = 0.2 and Y = 0.8 while the local Nusselt num-
bers on the right wall of the other two cases are almost the same.
The mean Nusselt number decreases by 13.61%, 4.35% and 8.70%
for Case I, Case II and Case III, respectively compared to Case 0.
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Fig. 7. Local Nusselt number and the mean Nu for different cases with lid mo
At Ri = 10.0 (Fig. 6), the influence of the fin on the flow field is
slight because the forced convection is weak. Velocities become
all clockwise. Correspondingly, the isotherms have tiny changes
around the fin. It can be seen in Fig. 7(a) that the comparison re-
sults of the local Nusselt number on the left wall are the same as
those at Ri = 1.0 (Fig. 5(a)). On the right wall (Fig. 7(b)), the local
Nusselt number of Case III drops down between Y = 0.3 and
Y = 0.7 while the local Nusselt numbers of the other two cases do
not change compared to Case 0. The mean Nusselt number de-
creases by 10.63%, 2.39% and 9.33% for Case I, Case II and Case III,
respectively compared to Case 0.

When the top lid moves in the�x direction, flow and heat trans-
fer results for three locations of the fin are also compared with
those without fin. At Ri = 0.1 (Fig. 8), the fin on the left wall causes
the two corner vortexes to form a large one. The fin on the bottom
wall or the right wall makes the two corner vortexes larger. A very
small vortex can be found downstream of the fin when the fin is on
the right wall. The greatest impact on the isotherms occurs when
the fin is on the left wall where the interval of the isotherms is
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Fig. 8. Streamlines with arrows and isotherms for different cases with lid moving in the �x direction at Ri = 0.1.
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larger than Case 0, indicating that the temperature gradient is
smaller. Compared with the local Nusselt number on the left wall
in Case 0 (Fig. 9(a)), the local Nusselt number on the left wall of
Case I is smaller below Y = 0.4 and larger above Y = 0.4; the local
Nusselt numbers on the left wall of the other two cases are almost
the same. Compared to the local Nusselt number on the right wall
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in Case 0 (Fig. 9(b)), the local Nusselt number on the right wall of
Case I is smaller below Y = 0.65 and larger above Y = 0.65; the local
Nusselt number on the right wall of Case II is smaller below
Y = 0.45 and larger above Y = 0.45; the local Nusselt number on
the right wall of Case III is smaller below Y = 0.7 and larger above
Y = 0.7. The mean Nusselt number for three locations decreases
by 8.74%, 4.89% and 23.26% for Case I, Case II and Case III, respec-
tively compared to Case 0.

At Ri = 1.0 (Fig. 10), the cavity without fin is occupied by two
large vortexes. The lower one is clockwise. The upper one is coun-
terclockwise since it is generated by the top lid. When the fin is on
the left wall, the interaction of the two vortexes goes down due to
the fin locally restricts flow. When the fin is on the bottom wall or
the right wall, it only affects the clockwise vortex nearby. The fin
does not change the isotherms much even in the local area of the
fin, no matter where it is. Compared with the local Nusselt number
on the left wall in Case 0 (Fig. 11(a)), the local Nusselt number on
the left wall of Case I decreases between Y = 0.25 and Y = 0.65
while the local Nusselt numbers on the left wall of the other two
cases are almost the same. Compared with the local Nusselt num-
ber on the right wall in Case 0 (Fig. 11(b)), the local Nusselt number
on the right wall of Case I is smaller along the whole right wall; the
local Nusselt number on the right wall of Case II does not change
apparently; the local Nusselt number on the right wall of Case III
is smaller between Y = 0.35 and Y = 0.78. The mean Nusselt number
decreases by 5.19%, 1.8% and 12.57% for three locations, respec-
tively compared to Case 0.

At Ri = 10.0 (Fig. 12), the vortex driven by the lid is restricted to
the top area since the forced convection is weaker than the natural
convection. The fin on the left, bottom or right wall disturbs the
flow field only locally. The streamlines are smooth and no vortex
generates. Flow field far from the fin is almost not affected by
the fin. The impact of the left-wall-fin on the isotherms is compa-
rable with that of the right-wall-fin. The impact of the fin can be
neglected when it is on the bottom wall. Compared with the local
Nusselt number on the left wall in Case 0 (Fig. 13(a)), the local



Fig. 10. Streamlines with arrows and isotherms for different cases with lid moving in the �x direction at Ri = 1.0.
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Nusselt number on the left wall of Case I is smaller between Y = 0.2
and Y = 0.7; the local Nusselt number on the left wall of Case II does
not change much; the local Nusselt number on the left wall of Case
III is smaller along the whole left wall. Compared to the local
Nusselt number on the right wall in Case 0 (Fig. 13(b)), the local
Nusselt number on the right wall of Case I is smaller along the
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whole right wall; the local Nusselt number on the right wall of
Case II does not change much; the local Nusselt number on the
right wall of Case III is smaller between Y = 0.3 and Y = 0.7. The
mean Nusselt number decreases by 9.23%, 1.75% and 10.72% for
Case I, Case II and Case III, respectively compared to Case 0.

From the analyses above, summarizations can be made as fol-
lows. With the lid moving in the +x direction, the fin on the left
wall decreases the mean Nusselt number most. When the forced
convection is dominant, the fin on the right wall changes the
streamlines and isotherms most; when the two convections are
comparable, three locations of the fin have the same impact on
the streamlines and isotherms; when the natural convection is
dominant, the fin has no influence on the streamlines and iso-
therms no matter where it is. With the lid moving in the �x direc-
tion, the fin on the right wall has the greatest impacts on the mean
Nusselt number. When the forced convection is dominant, the fin
on the left wall changes the streamlines and isotherms most; when
the two convections are comparable or the natural convection is
dominant, three locations of the fin have the same impact on the
streamlines and have no influence on the isotherms no matter
where it is.

6. Conclusions

Based on the analyses in Section 5, the conclusions can be made
as follows:

(1) The mean Nu decreases with increasing K. Streamlines, iso-
therms and local Nu change very slightly with K.

(2) The existence of the fin decreases the mean Nu because the
fin interrupts the mixed convections. The largest decrease is
26.37% when the fin is on the left wall and Ri = 0.1 with the
lid moving in the +x direction.

(3) The fin reduces the fluid velocity nearby causing the weak-
ened heat convection. Thus, the local Nu in this area is smal-
ler than that without fin.



Fig. 12. Streamlines with arrows and isotherms for different cases with lid moving in the �x direction at Ri = 10.0.
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(4) The fin on the vertical walls causes the isotherms wider. The
fin on the bottom wall has no influence on the isotherms
because the bottom wall is adiabatic and the fluid has no
heat exchange with the bottom wall.

(5) When the top lid moves in the +x direction, the fin has the
greatest impact on the flow field when it is attached to
the left wall. When the top lid moves in the �x direction,
the fin achieves the greatest impact on the flow field when
it is attached to the right wall. The fin on the bottom wall
has tiny effect on the flow field and isotherms no matter
which direction the top lid moves.
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